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INTRODUCTION 


Par M. H. Poincare 


M. Hill est une des physionomies les plus originales du monde scienti- 
fique américain. Tout entier 4 ses travaux et 4 ses calculs, il reste étranger 
a la vie fiévreuse qui s’agite autour de lui, il recherche ]’isolement, hier dans 
son bureau du Nautical Almanac, aujourd’hui dans sa ferme tranquille de la 
vallée de l’Hudson. Cette réserve, j’allais dire cette sauvagerie, a été une 
circonstance heureuse pour la science, puisqu’elle lui a permis de mener 
jusqu’au bout ses ingénieuses et patientes recherches, sans en étre distrait 
par les incessants accidents du monde extérieur. Mais elle a empéché que 
sa réputation se répandit rapidement au dehors; des années se sont écoulées 
avant qu’il eit, dans l’opinion du public savant, la place 4 laquelle il avait 
droit. Sa modestie ne s’en chagrinait pas trop et il ne demandait qu’une 
chose, le moyen de travailler en paix. 

M. Hill est né 4 New York le 8 mars 1838. Son pére, d'origine an- 
glaise, était venu en Amérique en 1820 4 l’dge de 8 ans; sa mére, d’une vieille 
famille huguenote, lui apportait les traditions des premiers colons de la terre 
américaine, 

Quoique né dans une grande ville, M. Hill est un campagnard; peu de 
temps aprés sa naissance, son pére quitta New York et vint s’établir 4 West 
Nyack, N. Y.; c’était une ferme, prés de la riviére Hudson, 4 25 milles en- 
viron dela grande Cité. C’est 1a que M. Hill passa son enfance; il aima tou- 
jours cette résidence; il y revenait toutes les fois qu’il le pouvait, et quand 
il eut quitté le Nautical Almanac, c’est encore 1a qu’il s’établit définitivement; 
eest 14 qu’il poursuit tranquillement ses travaux, évitant le plus qu’il peut 
les voyages 4 New York. 

Ses aptitudes exceptionnelles pour les mathématiques ne tardérent pas 4 
se manifester et on décida de l’envoyer au collége. Hn octobre 1855, a lige 
de 17 ans, il entra au Collége Rutgers, New Brunswick, N. J. Son pro- 
fesseur de mathématiques était le Dr. Strong, ami de M. Bowditch, le traduc- 
teur de la Mécanique Céleste de Laplace. 

Le Dr. Strong était un homme de tradition, un laudator temporis acti; 
pour lui Huler était le Dieu des Mathématiques, et aprés lui la décadence 


avait commencé; il est vrai que c’est 14 un dieu que l’on peut adorer avec 
vii 
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profit. De rares exceptions prés, la bibliothéque du Dr. Strong était im- 
pitoyablement fermée 4 tous les livres postérieurs 41840. Heureusement 
on a écrit d’excellentes choses sur la Mécanique Céleste avant 1840; on 
trouvait 14 Laplace, Lagrange, Poisson, Pontécoulant. Tels furent les maitres 
par lesquels Hill fut initié au rudiment. 

En juillet 1859 il recut ses degrés au Collége Rutgers et se rendit 
i, Cambridge, Mass., dans l’espoir d’accroitre ses connaissances mathématiques, 
mais il n’y resta pas longtemps, car au printemps de 1861 il obtint un poste 
d’assistant aux bureaux du Nautical Almanac 4 Washington. I] resta au 
service de cette éphéméride pendant trente années de sa vie, les plus 
fructueuses au point de vue de la production scientifique. 

Les bureaux du Nautical Almanac étaient 4 cette époque 4 Cambridge 
(Massachusetts), ot ils pouvaient profiter des ressources scientifiques de l’Uni- 
versité Harvard et ils étaient dirigés par M. Runkle. Ce savant avait fondé 
un journal de mathématiques élémentaires, The Mathematical Monthly, dans 
le but de favoriser les études mathématiques en Amérique en facilitant la 
publication de courts articles et en proposant des prix pour la solution de 
problémes mathématiques. L’un des premiers articles publiés révélait la main 
d’un maitre, et gagna aisément le prix. II s’agissait des fonctions de La- 
place et de la figure de la Terre. L’auteur était M. Hill, qui venait de sortir 
du collége. 

C’est ainsi que l’attention de M. Runkle fut attirée sur ce jeune homme et 
qu’il songea 4 utiliser ses services pour les calculs de l’éphéméride améri- 
caine. 

On |’autorisa néanmoins 4 continuer sa résidence dans sa maison fami- 
liale de West Nyack (village qui s’appelait alors Nyack Turnpike). Il y 
resta encore quand en 1886 les bureaux du Nautical Almanac furent trans- 
férés 4 Washington. 

Mais en 1877 M. Simon Newcomb prit la direction de l’éphéméride. 
I] voulut entreprendre une tache colossale, la reconstruction des tables de 
toutes les planétes; la part de M. Hill était la plus difficile; c’était la théorie 
de Jupiter et de Saturne, dont il avait commencé 4 s’occuper depuis 1872. 
I] ne pouvait la mener a bien qu’auprés de son chef et de ses collégues. I] 
fallut done se résigner 4 l’exil; importance de l’ceuvre 4 accomplir lui fit 
facilement accepter ce sacrifice. 

Ses services furent hautement appréciés; en 1874 il fut 6lu membre de 
’Académie Nationale des Sciences. Hn 1887 la Société Royale Astrono- 
mique de Londres lui accorda sa médaille d’or pour ses recherches sur la ~ 
théorie de la Lune. II fut président de la Société Mathématique Américaine 
pendant les années 1894 et 1895. L’université de Cambridge (Angleterre) 
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lui conféra des degrés honoraires, et il en fut de méme de plusieurs 
universités américaines. 

Hn 1892 il prit sa retraite et quitta les bureaux du Nautical Almanac; 
il eut hate de s’installer pour ses derniéres années dans cette chére maison 
ou il avait passé son enfance; au début, il la quittait encore plusieurs fois 
par semaine pour venir professer 4 l’Université Columbia 4 New York; mais 
il ne tarda pas 4 se lasser de cet enseignement et depuis il y vit seul avec 
ses livres et ses souvenirs. 

Le travail quotidien du Nautical Almanac, qui est fort absorbant, lui lais- 
sait cependant assez de temps pour ses recherches originales, dont quelques- 
unes portent sur des objets étrangers 4 ses études habituelles. Dans les 
premiéres années surtout, on trouve fréquemment son nom dans ces recueils 
périodiques, ot: les amateurs de mathématiques pures se proposent de petits 
problémes et se complaisent dans l’élégance des solutions, par exemple, dans 
“The Analyst.” 

Mais il ne tarda pas 4 se spécialiser. Non seulement ses fonctions l’y 
contraignaient, mais ses gotts l’y portaient. Le travail courant, nécessaire 
pour la préparation de |’éphéméride, lui fournissait déja des occasions de se 
distinguer. Nous citerons des tables pour faciliter le calcul des positions 
des étoiles fixes et qui sont précédées d’une note de M. Hill ot la théorie de 
cette réduction est exposée d’une facon simple et claire. 

A cette époque le prochain passage de Vénus préoccupait tous les astro- 
nomes. En vue des expéditions projetées, le bureau de |’éphéméride dut se 
livrer 4 de longs travaux préliminaires. M. Hill fut ainsi conduit 4 refaire 
les tables de Vénus. C’était son premier ouvrage de longue haleine, et on 
peut y voir déja le germe des qualités que l’on admirera plus tard dans tous 
ses écrits. Dans cette premiére période de sa vie scientifique, il revint a 
plusieurs reprises sur le calcul des orbites. C’est 14 un probléme qui se 
présente constamment au calculateur astronomique et qui devait  naturelle- 
ment retenir l’attention d’un praticien constamment aux prises avec les diffi- 
cultés qu’il fait naitre. Citons une élégante discussion de l’équation fonda- 
mentale de Gauss et diverses notes relatives au méme sujet. Les progrés de 
Yastronomie d’observation avaient d’ailleurs fait entrer la question dans une 
phase nouvelle; les découvertes de petites planétes se multiplient et devien- 
nent de plus en plus fréquentes. LHlles se succédent avec une telle rapidité 
que les calculateurs sont distancés par les observateurs. Ceux-ci fournissent 
aux premiers plus de besogne qu’ils n’en peuvent faire, et ils veulent étre 
servis promptement, parce que dés qu’une nouvelle planéte est découverte 
ils craignent de la perdre. La question aujourd’hui est donc avant tout de 
faire vite ; il faut des méthodes rapides, qui n’exigent pas de trop longs cal- 
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culs et permettent d’utiliser les premiéres observations. On a été ainsi con- 
duit 4 négliger d’abord l’excentricité des ellipses et 4 calculer des orbites 
circulaires. Tel est le point de vue ot s’est placé M. Hill dans une série de 
notes qui ont paru dans divers recueils entre 1870 et 1874. 

Mais j’ai hate d’arriver 4 son ceuvre capitale, 4 celle ot s’est dévoilée 
toute l’originalité de son esprit, 4 sa théorie de la Lune. Pour en bien faire 
comprendre la portée, il faut d’abord rappeler quel était l’état de cette thé- 
orie au moment ot M. Hill commenga 4 s’en occuper. 

Deux ceuvres de haute sagacité et de longue patience venaient d’étre 
menées & bonne fin; je veux parler de celle de Hansen et de celle de Delau- 
nay. Le premier, par une voie inutilement détournée, était arrivé le premier 
au but, devangant de beaucoup ceux qui avaient pris la bonne route. Ce phé- 
noméne, au premier abord inexplicable, n’étonnera pas beaucoup les psycho- 
logues. Sisa méthode, qui nous parait si rébarbative, ne l’effrayait pas, c’est 
précisément parce qu'il était infiniment patient, et c’est pour cela aussi qu’il 
est allé jusqu’au bout. Ht c’est aussi parce qu’elle était étrange qu'elle lui 
semblait avoir un cachet d’originalité, et c’est dans le sentiment de cette 
originalité qu’il a puisé la foi solide qui l’a soutenu dans son entreprise. Une 
autre raison de son succés, c’est qu’il n’a cherché que des valeurs purement 
numériques des coéfficients sans se préoccuper d’en trouver l’expression 
analytique; ce qui chez les autres représentaient de longues formules, se 
réduisait pour lui 4 un chiffre, et cela dés le début du calcul. 

Quoi qu’il en soit, c’est encore sur les tables de Hansen que nous vivons 
et il est probable que les nouvelles théories plus savantes, plus satisfaisantes 
pour l’esprit, ne donneront pas des chiffres trés différents. 

Delaunay est 4 l’extréme opposé; ses inégalités se présentent sous la 
forme de formules algébriques; dans ces formules ne figurent que des lettres 
et des coéfficients numériques formés par le quotient de deux nombres en- 
tiers exactement calculés. Il n’a donc pas fait seulement la théorie de la 
Lune, mais la théorie de tout satellite qui tournerait ou pourrait tourner 
autour de n’importe quelle planéte. A ce point de vue il laisse Hansen loin 
derriére lui. La méthode qui lavait conduit 4 ce résultat constituait le 
progrés le plus important qu’edit fait la Mécanique Céleste depuis Laplace. 
Perfectionnée aujourd’hui et allégée, elle est devenue un instrument que 
chacun peut manier et qui a rendu déja bien des services dans toutes les 
parties de l’Astronomie. Telle que Delaunay l’avait d’abord congue, elle 
était d’un emploi plus pénible. Peut-étre aurait-il abrégé considérablement 
son travail s’il en avait fait un usage moins exclusif, mais il faut beaucoup 
pardonner aux inventeurs. 
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I] mena a bonne fin sa tache d’algébriste, mais les formules demandaient 
a 6tre réduites en chiffres; quand un accident imprévu l’enleva 4 ses admi- 
rateurs, il était sur le point de commencer ces nouveaux calculs. Sa mort 
arréta ce travail, et ce n’est que dans ces derniers temps qu'il put étre repris 
et terminé. 

Malheureusement les séries de Delaunay ne convergent qu’avec une dé- 
sespérante lenteur. Elles procédent suivant les puissances des excentricités 
de l’inclinaison, de la parallaxe du soleil, et de la quantité que l’on appelle m et 
qui est le rapport des moyens mouvements. Cette quantité est de 7s environ, 
et si les coéfficients numériques allaient en décroissant, la convergence serait 
sufisante. Malheureusement il n’en est pas ainsi, ces coéfficients croissent, 
au contraire, trés rapidement par suite de la présence de petits diviseurs. 
Aussi désespérant de pousser assez loin le calcul des séries, Delaunay fut-il 
obligé d’ajouter au jugé des termes complémentaires. 

M. Hill s’assimila promptement la méthode de Delaunay, et en a fait 
objet de plusieurs de ses écrits, mais celle qu'il proposa était tout 4 fait 
différente et trés originale. C’est dans un mémoire de |’American Journal 
of Mathematics, tome 1, que nous en voyons les premiers germes. 

Les séries de Delaunay, nous l’avons dit, dépendent de cing constantes, 
qui sont les excentricités, l’inclinaison, la parallaxe du soleil et enfin la quan- 
tité m. Si nous supposons que les quatre premiéres sont nulles, nous aurons 
une solution particuliére de nos équations différentielles. Cette solution par- 
ticuliére sera beaucoup plus simple que la solution générale, puisque la plu- 
part des inégalités auront disparu, et qu’une seule d’entre elles subsistera, 
celle qui est connue sous le nom de variation. D’autre part cette solution 
particuliére ne représente pas exactement la trajectoire de la Lune, mais elle 
peut servir de premicre approximation, puisque les excentricités, l’inclinaison 
et la parallaxe sont effectivement trés petites. Le choix de cette premiére 
approximation est beaucoup plus avantageux que celui de l’ellipse Képle- 
rienne, puisque pour cette ellipse le périgée est fixe, tandis que pour lorbite 
réelle il est mobile. 

Les équations différentielles sont d’ailleurs elles-mémes plus simples, 
puisque l’excentricité et la parallaxe étant nulles, le Soleil est supposé décrire 
une circonférence de rayon trés grand. M. Hill simplifie encore ces équations 
par un choix judicieux des variables. I] prend non pas les coordonnées 
polaires, mais les coordonnées rectangulaires, et c’est 14 un grand progrés. 
Que ces derniéres soient plus simples 4 tout égard, c’est de toute évidence, 
et cependant les astronomes répugnent 4 les adopter. Je comprends 4 la 
rigueur cette répugnance pour la Lune, puisque ce que nous observons, ce 
que nous avons besoin de calculer c’est la longitude, mais j’avoue que je me 
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Vexplique difficilement en ce qui concerne les planétes, puisque ce n’est pas 
la longitude héliocentrique, mais la longitude géocentrique qu’on observe. 
En tous cas, pour la Lune, elle-méme, M. Hill a jugé que les avantages 
l’emportent sur les inconvénients, et qu’on peut bien se résigner 4 faire a la 
fin du calcul un petit changement de coordonnées, pour ne pas trainer pen- 
dant toute une théorie, un encombrant bagage de variables incommodes. 

Les variables de M. Hill ne sont pas d’ailleurs des‘coordonnées reetan- 
gulaires par rapport & des axes fixes, mais par rapport a4 des axes mobiles 
animés d’une rotation uniforme, égale 4 la vitesse angulaire moyenne du 
Soleil. D’ot une simplification nouvelle, car le temps ne figure plus explicite- 
ment dans les équations. Mais l’avantage le plus important est le suivant. 

Pour un observateur lié 4 ces axes mobiles, la Lune paraitrait décrire 
une courbe fermée, si les excentricités, l’inclinaison et la parallaxe étaient 
nulles. Comme les équations différentielles sont d’ailleurs rigoureuses, 
c’étatt lu le premier exemple d'une solution périodique du probléme des 3 corps, 
dont l’existence était rigoureusement démontrée. Depuis ces solutions péri- 
odiques ont pris une importance tout 4 fait capitale en Mécanique Céleste. 
Mais l’auteur ne se borna pas & démontrer cette existence, il étudia dans le 
détail cette orbite (ou plutét ces orbites périodiques, car il fit varier le seul 
paramétre qui figurdt dans ces équations, le paramétre m); il détermina 
point par point ces trajectoires fermées et calcula les coordonnées de ces 
points avec de nombreuses décimales. Les développements de Delaunay 
furent remplacés par d’autres plus convergents et pour de grandes valeurs de 
m, quand les séries nouvelles elles-méme ne suffirent plus, M. Hill eut re-’ 
cours aux quadratures mécaniques. I] arrive finalement au cas, ot, pour |’ob- 
servateur mobile dont nous parlions, l’orbite apparente aurait un point de 
rebroussement. 

Une derniére remarque; M. Hill, dans le mémoire que nous analysons, 
transforme ses équations de facon 4 les rendre homogénes et il tire de ces 
équations homogénes un remarquable parti; il serait ais¢ de faire quelque 
chose d’analogue dans le cas général du probléme des trois corps; il suffirait 
d’éliminer les masses entre les équations du mouvement; l’ordre de ces équa- 
tions se trouverait ainsi augmenté, mais on arriverait 4 n’avoir plus dans 
les deux membres que des polynédmes entiers par rapport aux coordonnées 
rectangulaires et 4 leurs dérivées. Les équations ainsi obtenues ne pourraient 
servir 4 l'intégration, mais elles pourraient rendre de précieux services 
comme formules de vérification. | 

Par ce mémoire les termes qui ne dépendent que de m se trouveraient 
entiérement déterminés avec une précision infiniment plus grande que dans 
aucune des théories antérieures; les termes les plus importants ensuite sont 
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ceux qui sont proportionnels 4 l’excentricité de la Lune et ne dépendent 
dailleurs que de m. Ces termes dépendent des mémes équations différen- 
tielles; mais comme on connait déja une solution de ces équations et que 
celle que l’on cherche en différe infiniment peu, tout se raméne 4 la considé- 
ration des ‘‘équations aux variations.’”’ Or ces équations sont linéaires, 
elles sont 4 coéfficients périodiques; elles sont du 4éme ordre, mais la connais- 
sance de l’intégrale de Jacobi permet de les ramener aisément au 2éme ordre. 
La théorie générale des équations linéaires 4 coéfficients périodiques nous 
apprend que ces équations admettent deux solutions particuliéres suscepti- 
bles d’étre représentées par une fonction périodique multipliée par une expo- 
nentielle. C’est ’exposant de cette exponentielle qu’il s’agit d’abord de 
déterminer et cet exposant a une signification physique trés simple et trés 
importante, puisqu’il représente le moyen mouvement du périgée. 

La solution adoptée par M. Hill est aussi originale que hardie. Notre 
équation différentielle doit étre résolue par une série. En y substituant une 
série S 4 coéfficients indéterminés, on obtiendra une autre série © qui devra 
étre identiquement nulle. Hn égalant a zéro les différents coéfficients de 
cette série >, on obtiendra des équations linéaires ot les inconnues seront 
les coéfficients indéterminés de la série S. Seulement ces équations de méme 
que les inconnues étaient en nombre infini. Avait-on le droit d’égaler a 
zéro le déterminant de ces équations? M. Hill ]’a osé et c’était 14 une grande 
hardiesse; on n’avait jamais jusque-la considéré des équations linéaires en 
nombre infini; on n’avait jamais étudié les déterminants d’ordre infini; on ne 
savait méme pas les définir et on n’était pas certain qu il fit possible de donner 
a cette notion un sens précis. Je dois dire cependant, pour étre complet, 
que M. Kotteritzsch avait dans les Poggendorf’s Annales abordé le sujet. 
Mais son mémoire n’était guére connu dans le monde scientifique et en tout 
cas ne l’était pas de M. Hill. Sa méthode n’a d’ailleurs rien de commun 
avec celle du géométre américain. 

Mais il ne suffit pas d’étre hardi, il faut que la hardiesse soit justifiée 
par le succés. -M. Hill évita heureusement tous les piéges dont il était envi- 
ronné, et qu’on ne dise pas qu’en opérant de la sorte il s’exposait aux erreurs 
les plus grossiéres; non, si la méthode n’avait pas été légitime, il en aurait 
été tout de suite averti, car il serait arrivé 4 un résultat numérique absolu- 
ment différent de ce que donnent les observations. La méme méthode donne 
les coéfficients des diverses inégalités proportionnelles a l’excentricité et dont 
les plus importantes sont l’équation du centre et lévection. Comparons ce 
calcul avec celui de Delaunay; la méthode de Hill avec deux ou trois appro- 
ximations donne un grand nombre de décimales; Delaunay pour en avoir 
moitié moins devait prendre huit termes dans sa série, et ce nétait pas 
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assez, il fallait évaluer par des procédés approchés le reste de la série; s'il 
avait fallu attendre qu’on arrive 4 des termes négligeables, la plus robuste 
patience se serait lassée. A quoi tient cette différence? Le mouvement 
g du périgée nous est donné par la formule 


cos gx = ¢ (m) 


@ (m) étant une série procédant suivant les puissances de m et rapidement 
convergente. M. Hill calcule directement cos g wet en déduit facilement g. 

Au contraire, Delaunay s’efforce de développer g suivant les puissances 
croissantes de m. Or, la convergence du développement est beaucoup plus 
lente. On ne doit pas s’en étonner, si l’on supposait par exemple 


cos gx = 1l—am 


on aurait cos gu tout de suite, tandis que le développement de g suivant les 
puissances de m convergerait trés lentement si a m était trés voisin de 1 et ne 
convergerait plus du tout si am était plus grand que 1. 

Et ce n’est pas tout, Delaunay traine désormais un boulet dont il ne peut 
se débarrasser et qui dans toute la suite de ses calculs s’oppose 4 la conver- 
gence rapide de ses séries. I] serait amené 4 des séries de la forme > A,,m" 
dont les termes décroitraient assez vite. Mais les coéfficients A, dépendent 
de g, et g dépendde m. Comme il veut tout développer suivant les puissances 
de m, il développe ces coéfficients A,. Or, le développement de A,, et par 
conséquent les séries finales ne peuvent converger plus vite que g; nous 
sommes donc condamnés 4 n’avoir plus que des convergences trés lentes. 

On voit par ces considérations toute létendue du progrés réalisé par 
M. Hill. La méthode qui avait réussi pour le mouvement du périgée pouvait 
étre appliquée au mouvement du noeud. 

Désormais, les principales difficultés sont vaincues et les approximations 
suivantes sont plus aisées; les termes dépendant de l’excentricité ou de la 
parallaxe solaire, ou bien des puissances supérieures de |’excentricité lunaire, 
peuvent se calculer plus facilement; on n’a plus qu’a intégrer des équations 
linéaires 4 second membre, sachant intégrer les équations sans second membre, 
puisque ces équations sans second membre ne sont pas autre chose que celles 
méme que M. Hill a eu 4 résoudre pour trouver le mouvement du périgée. 

La méthode classique de la variation des constantes donne immédiate- 
ment la solution. On rencontre, néanmoins, encore des difficultés pratiques. 
M. Hill en signale une dans un article de l’Astronomical Journal, No. 471 (On 
the Inequalities in the Lunar Theory strictly proportional to the Solar 
Kecentricity). Hn dirigeant d’une certaine maniére le calcul on arrive trés 
vite 4 exprimer la solution par deux quadratures; mais les fonctions sous le 
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signe fi ne sont pas développables en séries trigonométriques, car elles sont 


susceptibles de devenir infinies. Pour éviter cette difficulté, M. Hill revient 
aux coordonnées polaires. Ce n’est pas la la solution qu’a adoptée dans ces 
derniers temps M. Brown; celle-ci est plus satisfaisante 4 beaucoup d’égards 
que celle de M. Hill; nous devons toutefois faire observer qu’elle oblige a 
quatre quadratures et que chacun des quatre termes ainsi obtenus est 
beaucoup plus grand en valeur absolue que le chiffre qui exprime le résultat 
final du calcul, c’est 4 dire que la somme algébrique des quatre termes. 

C’est sur ces principes qu’est fondée la nouvelle théorie de M. Brown. 
Celle-ci est beaucoup plus parfaite que toutes les théories de la Lune que 
nous connaissons et il y a lieu d’espérer quelle permettra de pousser 
lapproximation plus loin que ne l’avaient fait Hansen et Delaunay. I 
serait injuste de méconnaitre la part personnelle que M. Brown a prise 4 ce 
grand travail, et loriginalité des idées qui lui appartiennent en propre. 
Mais il serait plus injuste encore d’oublier que c’est M. Hill qui a posé les 
principes; qu il a vaincu les premiéres difficultés et que ces difficultés étaient 
les plus grandes. La,nouvelle théorie tient le milieu entre celle de Hansen 
et celle de Delaunay, elle n’est ni purement numérique comme la premiére, 
ni purement littérale comme la seconde; la lettre m est seule remplacée 
par sa valeur numérique; les lettres qui désignent les autres constantes 
continuent 4 figurer explicitement. 

Dans la théorie de la Lune, il convient de faire deux parts; il faut 
étudier d’abord les inégalités dues 4 l’action du Soleil; ce sont celles qui se 
produiraient si la Terre, le Soleil et la Lune existaient seuls et se réduisaient 
& des points matériels. Nous venons de voir ce que M. Hill et M. Brown 
nous en ont fait connaitre. Mais ces inégalités ne sont pas les seules. En 
dehors du Soleil et de la Lune, il y a les planétes qui troublent le mouve- 
ment de notre satellite, d’abord par leur action directe, et ensuite parce que, 
par suite de leur attraction, le mouvement relatif de la Terre et du Soleil 
ne suit plus les lois de Képler. D’autre part la Terre n’est pas sphérique, 
et la Lune en est si rapprochée que l’attraction du renflement équatorial 
influe sur son mouvement. 

Dans leffet des planétes nous devons distinguer les variations séculaires, 
les plus importantes et les plus délicates de toutes. M. Hill s’en est occupé 
a diverses reprises; il a étudié successivement |’accélération séculaire du moyen 
mouvement, celle du mouvement du périgée et l’influence des variations de 
Pécliptique. Nous avons d’autre part les inégalités planétaires périodiques 
et surtout celles dont la période est assez longue; ce sont celles-la qui nous 
donnent encore aujourd'hui le plus de soucis, car on n’est jamais sir de n’en 
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avoir pas oublié. M. Neison en avait découvert une nouvelle due 4 Jupiter ; 
M. Hill a montré qu'il s’était trompé dans le calcul du coéfficient; on lira 
cette discussion avec le plus grand intérét. 

Enfin, il a consacré un assez long mémoire 4 linfluence de l’aplatissement 
terrestre; nous signalerons surtout la discussion des observations de pendule, 
faite en déterminant les coéfficients numériques des différentes inégalités. 
Le théoréme de Stokes nous apprend, en effet, que l’attraction du sphéroide 
terrestre sur un point extérieur, et en particulier sur la Lune, est entiérement 
déterminée quand on connait l’intensité de la pesanteur en tous les points 
de la surface terrestre. 

La théorie de la Lune n’absorbait pas cependant toute son activité et 
les perturbations des planétes attirérent également son attention; la question 
classique du développement de la fonction perturbatrice et les généralités 
sur le probléme des 8 corps, la théorie de Céres et d’Hestia sont l’objet de 
plusieurs mémoires, mais nous nous arréterons surtout sur un ouvrage de 
longue haleine, dont l’importante pratique est trés grande. 

La théorie de Jupiter, et en particulier la détermination de la masse de 
cette planéte, l’avaient déja occupé & plusieurs reprises quand il aborda l'étude 
compléte des perturbations mutuelles de Jupiter et de Saturne. 

Laplace avait abordé cette théorie, qui présente de grandes difficultés a 
cause de la grande inégalité, mais ses évaluations des termes du 2d ordre 
n’étaient que grossiérement approchées. Hansen fut plus heureux et dirigea 
le calcul de facon qu'il soit aisé de se rendre compte de importance des 
termes négligés, mais il n’a traité complétement que le cas de Saturne, se 
bornant pour Jupiter aux termes du premier ordre. 

Les mémoires qui suivirent jusqu’a celui de Le Verrier ont peu ajouté 
& nos connaissances sur le sujet; mais en 1876 Le Verrier publia une théorie 
tout a fait compléte; ses formules sont entiérement littérales, de sorte que 
si l’on est amené a apporter de petites corrections aux éléments, on trouvera 
immédiatement les corrections correspondantes des coéfficients des inégalités, 
D’ailleurs ce ne sont pas les coordonnées qui sont calculées mais les éléments 
elliptiques osculateurs, conformément 4 l’esprit de la méthode de la varia- 
tion des constantes. 

Cette fagon de procéder avait ses avantages, mais elle exigeait un 
surcroit considérable de labeur, et comme résultat final la précision est 
insuffisante, de sorte que pour une partie de son calcul Le Verrier est forcé 
d’en revenir aux quadratures mécaniques. Les tables de Le Verrier ne sont 
d’ailleurs pas d’un usage commode. Mais ce n’est pas pour ces raisons que 
M. Hill entreprit son travail; au moment ot il commenca les tables de Le 
Verrier n’étaient pas publiées et on ne savait trop quand elles le seraient. 
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—Celles qui étaient en usage, c’est 4 dire celles de Bouvard, ne répondaient 
plus aux besoins de |’Astronomie. Le but poursuivi par l’auteur était 
purement pratique, il fallait obtenir de bonnes tables dans un temps trés 
court. C’est pourquoi il ne voulut pas perdre de temps 4 chercher une 
méthode nouvelle, et il se contenta de celle de Hansen. Nous ne devons 
donc pas nous attendre 4 trouver dans ce nouvel ouvrage la méme originalité 
que dans les études sur la Lune. Les perfectionnements apportés 4 la 
méthode de Hansen ne porteront que sur des détails; ce sont avant tout 
des simplifications; c’est ainsi, par exemple, que pour ne pas avoir deux 
variables indépendantes, il ne fait pas de l’anomalie excentrique le méme 
usage que Hansen; et cet usage en effet n’est justifié que si lon doit se 
borner aux termes du premier ordre. M. Hill évite ainsi plusieurs transforma- 
tions de séries qui allongeaient inutilement le travail dans la forme primitive 
de la méthode de Hansen. 

Un autre perfectionnement consiste 4 incorporer parmi les termes du 
2d ordre, les plus importants des termes du 3e ordre. Remarquons que 
c’était 14 se rapprocher de la méthode de Delaunay, qui serait 4 mon sens 
celle qu'il conviendrait d’employer pour l'étude de l’action mutuelle de 
Jupiter et de Saturne. : 

Une question délicate était celle du choix des valeurs 4 attribuer aux 
masses. M. Hilla été conduit 4 modifier les masses adoptées par Le Verrier, 
et c'est la peut-étre la principale cause des divergences que l’on remarque 
entre ses tables et celles de son devancier. 

Le résultat de ce long travail a été un volume de recherches théoriques 
et deux volumes de tables précises et commodes; |’un pour le mouvement de 
Jupiter, l’autre pour-celui de Saturne. 

Les derniers progrés de la Mécanique Céleste attiraient constamment 
Vattention de M. Hill, qui cherchait 4 s’assimiler et 4 éprouver les méthodes 
récemment proposées; nous venons de voir comment il avait transformé et 
appliqué 4 Jupiter la méthode de Hansen; il a publié d’autre part sur cette 
méme méthode une étude critique dans |’“American Journal of Mathe- 
matics,” 

De méme il ne pouvait manquer de soumettre 4 la discussion les travaux 
si intéressants de Gyldén; c’était l’époque ot l’astronome suédois introduisait 
dans la Science la notion d’orbite intermédiaire. Cette idée de substituer 4 
Yellipse Képlerienne une orbite plus approchée était trop ingénieuse pour ne 
pas le frapper. Non seulement il a analysé et discuté les principaux 
mémoires de Gyldén, mais il a lui-méme proposé une orbite intermédiaire 
qui pourrait étre employée avec avantage dans la théorie de la Lune. On 
n’a qu’a distraire de la fonction perturbatrice deux termes destinés 4 mettre 
en évidence le mouvement du périgée et celui du noeud, et 4 tenir compte 
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de ces deux termes dds la premidre approximation. I] y ali une idée dont 
on aurait pu tirer parti, si M. Hill ne l’avait lui-méme d’avance rendue 
inutile par la perfection de ses premiers travaux. 

Il comprit également la portée de la méthode de Delaunay; dans 
plusieurs notes il a montré que cette méthode n’est pas limitée a la théorie 
de la Lune et qu’on peut l’employer utilement dans le calcul des perturbations 
planétaires. Certes ce résultat n’était pas nouveau et Tisserand l’avait établi 
depuis longtemps, mais M. Hill a beaucoup ajouté 4 nos connaissances 4 ce 
sujet en approfondissant les conditions dans lesquelles ces nouveaux procédés 
sont applicables au calcul du mouvement d’Hécube ou des variations séculaires 
des excentricités et des inclinaisons. L’étude du mouvement d’Hécube se 
rattachait d’ailleurs naturellement pour lui 4 la recherche de ces solutions 
périodiques, 4 la découverte desquelles il avait eu une si grande part. 

Il s’occupa rarement de la théorie de la figure de la Terre et de celle de 
la précession. Néanmoins un de ses premiers articles est relatif 4 la premiére 
de ces questions et il y est revenu plus récemment a deux reprises. 

Ainsi aucune des parties de la Mécanique Céleste ne lui a été étrangdre, 
mais son oeuvre propre, celle qui fera son nom immortel, c’est sa théorie 
de Lune; c’est 14 qu'il a été non seulement un artiste habile, un chercheur 
curieux, mais un inventeur original et profond. Je ne veux pas dire que 
ces méthodes qu’il a créées ne sont applicables qu’d la Lune; je suis bien 
persuadé du contraire, je crois que ceux qui s’occupent des petites planétes 
seront étonnés des facilités qu’ils rencontreront le jour ot en ayant pénétré 
Vesprit ils les appliqueront & ce nouvel objet. Mais jusqu’ici c’est pour la 
Lune qu’elles ont fait leurs preuves; quand elles s’étendront 4 un domaine 
plus vaste, on ne devra pas oublier que c’est 4 M. Hill que nous devons un 
instrument si précieux. 


Mars 1905. 
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MEMOIR No. 1. 


On the Curve of a Drawbridge. 


(Runkle’s Mathematical Monthly, Vol. I, pp. 174-175, 1859.) 


In Mr. Watson’s article in the January number of the monthly, On the 
Curve of a Drawbridge, I would like to notice that the investigation could 
be much shortened. For, drawing vertical lines from the roller EF and 
center of gravity of the platform, along which lines the weights W, and W 
tend to move, and applying the principle of virtual velocities, we have 


W,6 (a—r cos ¢) — Wo (Al cos 0) = 0; 
or 


W,6 (r cos ¢) + We ( Lest ee 2) =10% 
By integrating 


Wr cos g + w! eee wa | constant 


or since 
2W,e? 
Wl 


2Br cos g — 2cr + r? = constant 


= B, 


which is the equation to the curve. 


RUTGERS COLLEGE, January 22, 1859, 
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MEMOIR No. 2. 


Discussion of the Equations which Determine the Position of a Comet 
or other Planetary Body from Three Observations. 
(Runkle’s Mathematical Monthly, Vol. III, pp. 26-29, 1860.) 


These equations may be found in the Mécanique Céleste, Tom. I, p. 207, 
or in Pontécoulant, Théorie Analytique du Systeme du Monde, Tom. II, p. 21, 
where the analysis conducting to them is given. The equations are 


p= «(5-B) ” = K? —2Rp cos c + p’; 
in which p is the comet’s distance from the earth, r its radius vector, R the 
earth’s radius vector, ¢ the angular distance of the comet from the sun, and 
ma function of known quantities. The unknown quantities are p and 7. 
Now, to find the values of p and r, it has always been advised to determine 
them from the equations in the above form by the method of double position. 
But this way is needlessly complex in calculation, and we shall give the 
equations a much simpler form, to which the tentative process can be easily 
applied. 
Assume 


eich, sine __ #sin (@—c), 
sin 0 es sin 0 4 

these values, substituted in the last equation, render it identical; and from 

the first we obtain 


sin’ do __ 1 sin (0 —c) 


sin® ¢ js Bin) Oy in? 

or, 

sin‘ 6 = sin’c [(1 + m cos ¢) sin 6 — m sinc cos 0]. 
Let 

sin'c (1+ mcosc)= Acosf, msintc= A sinf; 
whence 

m sin ¢ m sin‘ ¢ sin‘ ¢ 
tan ee A a = — 5 ° 
B 1+m cose’ sin 2 sin (¢— 8) 


Then the equation becomes 
sint@ = A sin (0@—f). 


This is probably the most elegant form to which the above equations can be 
reduced. Taking the logarithms of both sides, we have 
4 log sin @— log sin (0 —£)=log A. 
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_ From this a near approximate value of @ can be found by inspection of the 
table of logarithmic sines, without any calculation but that which can be 
performed mentally. The exact value may then be obtained by a single 
application of the method of double position. 

We proceed to notice some properties of the roots of the equation to 
which we have reduced the two first given. 

The equation may be put under this form 


sin’ 0 — 2A cos # sin’ é + A? sin? @ — A’ sin? 6=0. 


From the powers of sin 6, which are wanting, we perceive that the equation 
has at least four imaginary roots; and the sign of the last term being nega- 
tive, there are at least two real roots, one positive, the other negative. By 
reference to the equations which determine p and 7, it will be seen that 
they are satisfied by the values p= 0 and r= #; the corresponding value 
of 6 isc, which, put in the equation sin* 6 = A sin (6 — @), renders it iden- 
tical. Since, by the nature of the problem, only positive values of p and r 
are admissible, and consequently 6 being contained between the limits c 
and 7, we may reject as useless the four imaginary roots, the negative root 
and the root 9=c. There remain two roots which are necessarily real, 
because the problem must have at least one solution, and we are led to the 
important conclusion that it cannot have more than two. 

Let us here deduce a relation which exists between the known quanti- 
ties when these two roots are real. Differentiating the equation 


4 log sin @— log sin (@ — #) = log A 


with respect to 6, we get for the equation containing the values of 0, when 
the left member is a maximum or minimum, 


4 cot @—cot(@—#)=90, or 4 tan (0@—f)=tand@; 


from which we derive 


3+ 7 (9—16 tan’) : 


tan 6 3 tan B 


If tan? 8 > 3, this value of tan 0 is imaginary, and the left member of 
the equation differentiated is not susceptible of a maximum or minimum 
value, and the equation in sin 6 has only two real roots, which are among 
those rejected. Hence we conclude, that when the data are taken from 


observation, the quantity oe ee will always be contained between the 
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limits + ?. If we substitute 0 for 6 in the equation sin‘ § — A sin (6 — 8) 
= 0, the result is A sin 6, and for 6=7, the result is — A sin 6; showing 
the existence of and odd number of roots between the limits @ = 0 and 0=7, 
which odd number is three, since ¢ and the root which the problem demands 
are within these limits. If we make 0 =c-+dc, there results the quantity 


[4 sine cos c— A cos (¢ — 8)] de. 


or, since 


Mm sin C 
1 + mi cos c’ 


oe eine ae, 
ae CES tan 6 = 
the quantity 


(3 cos e— m) sin’ cde. 


And — A cos @, the result, on putting 6=7, is equal to —™m sin‘ c. 
Therefore, sin c being always positive, 6 has two real values, or only one 
(between the limits c and 2), and, consequently, the problem two or one 
answer, according as m and m— 8 cos ¢ have the same or opposite signs. 

It is evident that A cos 8 must be positive, in order that the equation in 
sin 6 may have three positive real roots ; so the quantity 1 + mcosc is always 
positive, and tan @ has the same signasm. If @ be taken between the 
limits + + , Ais always positive. Since the equation in sin @ must have 
no root greater than one, unity substituted for sin 6 in the first derived 
function of its equation must render it positive; that is, the expression 
4—5Acos(@-+ A? is positive, which gives A< 2and AcosG<#. Accord- 
ing as m is positive or negative, the equation for finding @ presents itself 
under two shapes, sin‘ 6= A sin (@— @) and sint6= A sin (0+ £), in 
which A is always positive and less than 2, and @ never exceeds 36° 53’ 

From the expression for p in terms of 7, it is clear that r is less or 
greater than #, according as m is positive or negative. Therefore, in the 
first case, 0 is contained between the limits c and m —c¢; and, in the second 
case, if c is in the first quadrant, between 1 — c and 2 — (7; but if ¢ bein the 
second quadrant between c andw—(. These remarks may be of use to 
shorten the tentative process of finding 0. 

With regard to 6, it is clear it is the angle subtended at the comet by 
its radius vector and the line joining it and the earth prolonged beyond the 
comet. 
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MEMOIR No. 3. 


On the Conformation of the Earth.* 


(First Prize Essay, Runkle’s Mathematical Monthly, Vol. III, pp. 166-182, 1861.) 


1. All the particles which compose the mass of the earth are animated 
by the attraction of gravitation. The law of this force is, that the attrac- 
tion of any atom for a spherical surface of material points, described about 
it as a center, is constant. Hence, if the attraction of an atom for a mate- 
rial point be represented by A, and r be the radius of the spherical sur- 
face and NV the number of material points in a unit of surface, the attrac- 
tion of the central atom for the spherical surface is 42N7?A = a constant 


=—4nNM. Whence A = — a ; that is, the attraction varies inversely 


as the distance squared. The constant M is called the mass of the attract- 
ing atom. We have given A the negative sign because it represents a force 
tending to decrease the line 7. 


2. Making A= ele then V= = . Viscalled the potential function, 
and has this property: that if the partial derivative of it be taken with 
respect to any of the three spaceal coordinates of which it is necessarily a 
function, the result will be the partial force in the direction of that coordi- 


nate axis. 


3. If the attraction of a single atom give V= ee D denoting the 


distance, the attraction of an indefinite number or assemblage of atoms will 
give V=S. = . If&, ),¢ represent any three lines at right angles with 
OV dV aV 


each other, then ZEl Ov’ O6 are the forces acting in each of these direc- 


tions respectively. In a rectangular system 
D={(e'— a+ (y—yP + & —2 FF," 


x This memoir, written at the end of 1859 and beginning of 1860, was designed to show how all the 
formulae connected with the figure of the earth could be derived from Laplace’s and Poisson’s equa- 
tions, combined with the hydrostatic equilibrium of the surface, without any appeal to the definite 
integrals belonging to the subject of attraction of spheroids. Some of the assumptions are quite 
unwarranted, nevertheless I allow them to stand. 
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where the accented letters pertain to the attracting atom, and the unaccented 
to the attracted. Consequently, 


Ox pe & — #)s ayn pe Y a); oe -—ppa @ 2) (4) 
4, Differentiating again, 
eH HL Me x) we 
OVE ee AR UGB gay tone 
nS DY 9-1} | (2) 
av MCAS, oie eee: 
aE S. ys | me —z2) i} 


In this differentiation M has been regarded as independent of x, y, 2; 
but, in order to render equations (2) altogether general, the attracting mass 
must be considered as extending into the pointz,y,z. Let p be the den- 
sity of the atom occupying this point, which becomes zero when the attract- 
ing mass does not reach the point. This atom may be regarded as spherical, 
then for it M= $7pD?; substituting this value in equations (1), the results 
are 


oF = tn0 ( — 2), Toate —y), OF = 4m (2! — 2). 


Hence, we must add the term — 4p to the right members of equations (2), 
and then we can regard D as having always a finite value. By adding 
these equations, there results 

eV, av, av 


Ox’ oy an oz a 4np i 0. (3) 


The integration of this gives V; p is a function of x, y, 2; in the case of 
solid bodies, as the earth, a limited function. 


5. Transform (3) to terms of polar coordinates; put 


z=ri (1l—p)cosw, r=¥7 (’+y74+7), 


z 


y=rv 1i—p’)sine, C= TGP He’ 


fms Oia w= tant 2 
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Then 
OVO Vivo Vi or eV or .a”.. or OV 
on * Oy * OF i oat or oe ans Or 
Ow 28 aV Ce onioon ts ov 
- 132 i+ 9 oat On? Ai Ox’ ", Oy’ im af Ou 


Ow? a Ow?) OV Ow , Ow , Ow) AV 
+ {S+So+ _ Bat 1 Satoe toe} So 
+2{ ron, Ordu , Orde OV. 
OxOx  OyOyY dz 0zJ Ordp 
gf Ov0w , Qudw , Opdw OV 
+21 Boon + See 02 0zS Audw 


(UCI SEI Si 


Oxdx ° yoy OzdzS dvdr 
20V mi Oiltie Onn. 
aoe p or PA) ae Ow? : 
or Op. ats Rt 


Hence (3) becomes 


oi eae a. 1— no ae a 
a + 5s at dnpr? = 0. 


6. To show the application of (4), take the simple case when the sur- 
faces of equal density are concentrically spherical. Placing the origin of 
coordinates at the common centre, p becomes a function of r alone, either 


continuous or discontinuous as the case demands; and evidently ls == 0, 
le 
eV: 
mae therefore, (4) becomes 
20V 
fe) A Or 


By integration 
. OVS lies 44 ayes 
Onin (¢ ; S ie a) : 


Between the limits 0 and r, 47 f pr’ dr is equal to the mass contained 


within the sphere whose radius is 7; denoting this by J, it is clear that 
C= 0, since the expression must agree with that for the attraction of a 
single atom. Thus ot —<. Or the principle may be stated: The 
force acting on any point, wherever situated, equals the mass of all the particles 
nearer the center than the point attracted, divided by the square of the distance 
of the point from that center, taken with the negative sign. 
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7. The earth revolves about a constant axis; hence, to remove our 
problem from dynamics to statics, it is necessary to introduce the force of 
pressure called the centrifugal force. Making the coordinal axis of z coin- 
cide with the earth’s axis, and 7 denoting the period of the earth’s rotation, 
the potential of the centrifugal force is 


Ve + yf) = "hr 2). 


Since this force animates every particle, include its potential in Vand make 
V the potential of both are ee centrifugal force. It then becomes 


necessary to add to (4) the term — Le r*, whence 
TOV 1 0 ee tee E 
0.7 tage OS toa san + 4n(o— Fe) =0 (5) 
or Op 7 1— Te i 


8. To apply this equation to the solution of the earth’s conformation, 
we must combine it with some condition of equilibrium. From the manner 
in which the atmosphere and ocean cover the earth, we may conjecture it 
was once fluid, and in solidifying, preserved the form it had taken by the 
laws of hydrostatics. In passing from the solid earth to the ocean, and 
from the ocean to the atmosphere, there occur two faults in the continuity 
of the earth’s density ; hence 9 is strictly represented by a discontinuous 
function. But, as the mass of the ocean and atmosphere is about ans of 
the whole, its influence may be neglected, and p supposed continuous from 
center to surface. 


9. If pis the pressure, then dp = pd V, and V-+ B= 0 is the equation 
to surfaces of level, B having a different value for each surface. Let p be 
a function of p, and thus of V. In (5) make 


tx (o—R)=SN)- 


10. The centrifugal force being small compared with gravity, may be 
regarded as a perturbing force. Supposing at first this force is zero, the 
particles would arrange themselves symmetrically about a center, since 
there is no reason why they should accumulate more in one place than in 


another. Take the origin of coordinates at this center, then Se = me a ee cy 
Thus (5) becomes 
On Ts Ov, 
or 


ys! teas +rfoV)=0. 
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Consequently V is a function of r alone, and the general equation of sur- 
faces of level V-+ B= 0, when solved gives r = a constant ; these surfaces 
are then concentrically spherical. 


2 
11. The term S ry” (1— 4p’), which the centrifugal force introduces 


into V, and which causes a departure from the spherical form, does not con- 
tain @, and so whatever derangement it may produce, cannot introduce 
into V; thatis, the earth isa solid of revolution. Consequently (5) becomes 


(tr f(V)=0. (6) 


12. From the form of this same term, it may be concluded that 


Vee Vie Yee cw. 2 Yn, (7) 


where Y;, is a function of r alone, anda quantity of the order of the 7" power 
of the centrifugal force. Substitute this expression of V in (6) and put the 
coefficient of u™ resulting equal to zero, and let the coefficient of u™ in 
rf (V) be U;; then 


nak 
ANI “dr 8 
ap + 6+ 1) (2+ 2) Yin — WQW4+1) V+ U=0. (8) 


This equation has the inconvenience of introducing Y;,,; let us therefore 
assume more generally V=>.V,M,, V,; being a function of 7 of the same 
order as Y,, and M/, a function of w. Making these substitutions in (6) , 


aV, » AM, 
on a. (1a) : 
mime ap ae Maree ey + rf (2.ViM) =, 
which may be written 
a0 OF da - Ge (9) 
y) oF 1 An 4 #4 3. 7,.M,=0. 


dp. 
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In order that the left member may be arranged in a series of the same form 
as >. V,M,, we must have 
a.a— 


dp = nM,,* 


in which n is independent of «. We may determine n from the considera- 
tion that, V, being of the same order as Y,, M;, cannot contain any higher 
power of uw than uw”. Making M;=2. hu”, this relation results: 


Maeda m+ 28 (8 +1) 
rs + 1)(2s + 2) °° 


To make this series end at /;,, n must ehh — 21 (20 + 1); and 


ne Oi rg TC mR} Va 


hence, putting 4 = 1, which is allowable, 


1 MQEFD » , G2) MAMAN) 
Hd rats oe aa ey aie ey, 


see CSA es) pt 


‘ IRS eke 


For V, we have from (9), by rejecting the sign > and ee by I, 


the equation 
d. pals 


ae 2 (+1) K+ T=. ee 
From the expression (10) we easily deduce 
Pose ee, 
ELE aad SME Dy, 5) 
The inversion of which is 
aha ey: Tia + oe i= 4 ae eae Pera (13) 


eee oe + 2)(26 + 1I)(Qi + 3) 
ee Tae Fist... 


* The complete integral of this equation when n = — 2i (24 + 1), # being an integer, is 
di 
M, = (as et LE +)" + K' (1=—)%, 


where K and X’ are the arbitrary constants. 
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The upper sign is to be used when 7 is even, the lower when odd. From 
(10) we obtain 


Mi=%$—4M,+324mM. (14) 
From this and the equation r°/(=.V,M,) = >. 7,M,, pursuing the approxi- 
mation to quantities of the second order, we get these expressions for 7; , 
Ty =f (Vo) + 3 VES" (Vo) + oo 
rT, = Vif (Vi)y—% Vif" (Ve) + «+ +s ) 
rT, = Vif (Vi) +24 Vf" (Vi) +... 


If quantities of the second order are neglected, the two differential equa- 
tions to be integrated are 


ave 


VD ep 
dr +r V)y=0, 

dh al 
ai —6V,+ 7Vif' (Yo) =0. 


To pursue the analysis farther would require a knowledge of the form /(V). 


13. However, when the point 7, uw, w is without the surface of the 
earth, (11) can be integrated. Supposing the point not to partake in the 
motion of rotation, the centrifugal force must be neglected, and, since p= 0, 
generally 7; = 0; consequently (11) becomes 


av, 
de 


ie 6 . — 
po +1) K=O. 


a”) 


The integral of this is 


V; = ag ae by erat 


in which a;= 0; otherwise the earth’s attraction would be infinitely great 
at an infinite distance. From the equation V=2.V,M,, by giving @ suc- 
cessively the values 0, 1, 2, etc., we have, then, 


V = bor + by (1— 8p) + br (1 — 10e9 + 38 ') +... (18) 
We have written Vin this case V. Ifr, uw, o is situated in the atmosphere 
or at the surface, and revolves with the earth, we have only to add to V 


2 
the potential of the centrifugal force sa *(1— 4’), and may then call it 


V; and for points within, write V. 


12 COLLECTED MATHEMATICAL WORKS OF G. W. HILL 


14. The integration of (11) introduces an indefinite number of con- 
stants, of which the superfluous are to be eliminated in the usual way of 
treating partial differential equations, viz., by equations of limitation ; 
which, in the present question, are the equations having place at the limit 


of the attracting mass. At this limit oV ov, ; Me derived from the inte- 
Or ’du ’ do 


gration of (5), must have the same value, whether p in that equation equals 
zero or its value at the surface. Consequently we have 


a(V—V)_, aV—-V_, @8V—V)_ 
MMB eam Tag as oa rye me oe 
Hydrostatics furnishes two other equations, 
V+ B=0,- V +.B =0. (20) 


These five are all equations to the same surface, of which it must be 
noticed that they are not independent, but any one is a consequence of the 
other four. They will give all the conditions needed to eliminate the super- 
fluous arbitrary constants. The last of (19) is, since V does not involve a, 
an identical equation ; select then the first of (19) and the two of (20) for 
the purpose of elimination. It is evident from V=2.V,M, that each one 
of these equations to the surface can be transformed to this shape: 
r=>.¢M,, ¢, being a constant and of the 1” order with respect to the cen- 
trifugal force. By substituting this value of rin equations (19) and (20) 
and equating the coefficients of I; generally to zero, and rejecting. the two 
involving B and B’, we have, pursuing the approximation to the 7" order, 
3¢ + 1 equations. The constants they involve are the constants resulting 
from the integration of (11), 22 + 2in number, and the constants ¢,,7+ 1 
in number, in all 31+ 3. Thus two constants are left indeterminate, which 
is as it should be, since the units of length and density are arbitrary. We 
may assume, then, c = 1;* making this substitution in V+B=0 , using 
accents to denote differentiation and the putting rv afterwards equal to unity, 
and taking account of quantities of the second order, we have 


Viat Vi-— 24(V'4+2V)=0, 


Vids + Vi +220,(Vig+2V)=0. (21) 


Treating V+ B/=0 in the same way, two similar equations result, which 
may be derived from (21) by making 


2 2 
Vg =a a Tae Oe ae ANC Vet—s0a teers 


* An injudicious proceeding, as the homogeneity of the formulas is thereby lost. 


CONFORMATION OF THE HARTH 13 


Thus 


ae Dye rps) + bk + oe #.0,(2b.c, — 6, + 2°) =0, | 
373)" Se ian Ser , 
0. 


(22) 
— bye + b, + 2 Hie (2a — 68, + 37) = 


From the equation Bicol = 0, we also have 


To+ BGT +20) = ly + gmt Bea(— Gb +240, + | 
4x? 


igo Hea (Te"at 21%") = (20 + gn) — 38h, + 


a7) 


oe (23) 


37? 
Vi'ty + Vet BBO Val" + 20%") = Buty — 5a + Bh 0 (— Bye + 245, + 


2 


se cs (— Bye, + 240, + 


73) 


3 


If we make 


ora = 4 [y(1 —3e,) + 30,], 


equations (22) and (23) can be reduced to the following simpler forms: 
b= —A+$9+59 —Fqn+ Ba) (N + ¥a(V' a+ 2nH')), | 

h=[A- Ht Do-— Fee gat eT), 
by =(a— Pada + $40, )d, 


Vo", + Vi — 2.,( V0", + 202") —[(. — $2 Cues q— le aes (25) 
Voi + Vy + Bt (V0, + 207") — (8 — FF 94 + F408) VY = 


f (24) 
: 


15. In this article we shall neglect quantities of the order of g’. Let 
$w denote the quantity obtained by dividing the second member of the 
second equation of (23) by the second member of the first equation ; then 


—3d,+ Lid e Ts 
= 3 i Ga bg Oe 
b, by 


from the second equation of (24), 3c,= 3 = + 3q=e, the approximate 
0 


value of the earth’s compression, as is clear from the equation 
patel sey. 
Hence, by addition, 
e+w=6y+$q-65 = $y. (26) 


The relation enunciated by this equation is known as Cuarraut’s THEOREM. 
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16. The equation of the earth’s surface is 


r=1+o (1—3p’) +o (1—10y? + 38 4) +. 
a Cet psa eee ebaee. geet (2'7) 
=a[l+e,sin?¢ +e sin'0+...]5 


in which 0 is the geocentric latitude. If ¢ represents the compression, or 
part of its own length by which the equatorial radius exceeds the polar, 


e=— 6 —e, = 8¢,(1-—4)— Sq. (28) 


17. Denoting the normal or astronomical latitude by 6’, we have 


= 0— fan Se =0— (+ 6 —4$e,") sin 26 —(f¢,—He,’) sin 40, (29) 


the inversion of which is 


6=0' + (¢, + & — 44,7) sin 20’ + (e, + $e,”) sin 40’. (30) 


18. A line geodetically measured on the earth’s surface is clearly the 
shortest possible ; hence, if ds is the element of the curve, » by the principles 
of the Calculus of Variations 


of as+ wV=0, 


A being the indeterminate multiplier of SV. Also, 


ds* = dr? + nee AS ,+r7(l—v’) do’. 


The coefficients of d7, du, da each equal zero; retaining only that of do, 
as sufficient for our purpose, we have 


CW Anat | dw __ 2 a dw _ 
alr (1 #75 == Oui OF m(— 4s") a= ah. 


That is, the sine of the angle made by the curve with the meridians varies 
inversely as the distance from the earth’s axis. Hence, 


“ _ ats (Byaq AE efi+(#la-~ koa 


au AA Vrad—Ay—am and aa Vrd—“)—@n 
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Taking account only of terms of the first order with respect to q, 
hdp he, pide 

GQ—4#)V¥1—V¥-— A—W— 2)?’ 

which, integrated, gives 


dw = 


(31) 


24 Reis p | 

fl—-B vl=P—=- |* 
This, then, is the equation to the curve; if w,, a, are the extreme values of 
@, and u,, u, those of u, A can be found from the expression for o,—o,. Ife 
is the angle made by the curve with the meridian at the commencement, 
then h = cos 6, sin e(1 + e, sin?6,), and, as affording an approximate value 
of ¢, we have 


tan 0, cos 0, 


ve ie 
eee sin (w,—w,) 


—sin 0, cot (w,—w,). 


For the length of the curve, 


ae 1+ ey? hep? 
Oc iesy 5 aor i ey ae | oe 


which, integrated, gives 


OS ae DE 
s=C+a{]1+a+m) 4 sin ath oe) 


7g ~2 ¥1—P— 
Ifh=0, this expression gives the ae i. any arc of the meridian, but 
in this case 


(32) 


2 
ds = NOP PP = r(1 + 4 sin* 20 ) do, =a [2 + ¢@, sin’d + @, sin‘ 0 +3 sin?20 do, 
which, integrated, gives 


s=O+al(1+ Aer 


> + . + $e) 0 474 sin 20 — oe % sin 40]. (83) 


19. All areas on the earth’s surface, bounded by lines whose equations 
are (31),can be divided into a finite number of parts, each contained by an arc 
of a meridian, an arc of a parallel of latitude, and a line whose equation is 
(31). Let A denote the area of this, then ds being the element of the meri- 


dian, A = ft ip r cos 6 do ds, or, neglecting quantities of the second order, 
A a J r dude. If this is integrated along a meridian, the result is 


Asa fla + geu,)u,-G +9) H] do 


Md foe atte 
= r(1 woke 5 Ae: ra) 1,4 Lip ys; Sag Ut aempcp es cer ace p?) = 2 a — p3) 4 pay (34) 
a 1 1+34, 3aVvl— nas } 
rear Water apt pL SCrTE yey earn Rl 


— a@(1 a $e*,,) OO Wes ,) Bear ig 
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The arbitrary constant C in all these formulas is determined by the condi- 
tion that the length or area must vanish when the beginning and end of the 
geodetic line coincide.* 


20. Let F’ denote the force of gravity at the surface, then 


NOW “er nO 22 (J, 2 
R= ia 1 +(<7) = Gell + 8d w)). 


If A,, A,, A, are the numerical values of the members of equations (23), 
then 
P= (4,+ 4, + 4,)| 1— 


=Altwwt+wpit+.... 


34, + 10A,—18V ic 1», 98d, —18 Vick 4 
A,+ A, Ay x 


21. Thus far the general theory of the subject. We shall now assume 
some particular law of density. Suppose that the matter of which the 


earth is composed is compressible inversely as its density. This gives 
2 
a . a , m being aconstant. Substituting for dp its value pdV, and 


2 
integrating, p= S V. No constant is added, because it may be supposed 


contained in V. Then 


f(V)= me V5, 
and from (15) generally 
ir Pana 
but 


and thus (11) becomes 


av, 
d. Beer 


dr 
In integrating, the part of V, involving negative powers of 7 may be 


— [20 (24 + 1) — mr] Vi =0. (36) 


neglected, since it belongs to V. If a, is an arbitrary constant, and /* 


denotes the operation = — performed 2% times, the integral of (36) is 


Vie= 0,0 (Asin myc 


* Equation (34) in the original memoir is erroneous; the correct form is given here. 


CONFORMATION OF THE EARTH 107 


It may also be obtained thus: put (36) under this form 
Ag eine eet Der.=0. 


adr’ (37) 


Assume 
rV,=P sinmr + P’ cos mr; 
which, by substitution, gives 
d'(P + P’) d(P£P') (+1) 
qa tom (PP 


)=0 
Make 
Po = bs ea Her Ber oe. sas 
then this equation results 
+ 2m(n +1) 8,4,.4+[n(n + 1) — 21027 +1914, =0, 
whence 
_ _ (n—2i)(n + % 41) 
| Bn4i=F Teil) Bn» 
the upper sign being taken when n is even, the lower when it is odd. 
Then making 6). =+m”a,, in order to agree with the expression 
V, = a,;r*"—1f (sin mr), we have 


2%4—n+1 a+ 
y= EE ata, (38) 


the upper sign having place when 272—~yn is of the forms 47+ 2, 47+ 3, 
the lower when it is of the forms 47, 4v + 1. 


2 
V= Jae + ar—*f? (sin mr) + arf? (sin mr) (1 — 3y7) (39) 
+ arf *(sin mr) (1— 10+ 35 y4) +. 


or, expanding f” (sin mr) by using (38), 


sin mr 3 sinmr 3mcosmr 
aa 0 + | (a— nt) rd ar (1 — 3y?) (40) 


r r 
ake »| (Fr dont ms)ominn (or a) mPa + 35 y*) +. 


r r° . 


22. Since Vcontains a constant, the term a may be neglected except 


Pri ae 
in finding the value of the density. Moreover, for simplicity, let aj = 1 and 
—,* = — H;; then, from (36) and (40), we derive 


V. = (2H —1)m'd,, ) 

Vrs [2 + (m’— 6)H] m’V,, | 

V, =a,(83H—1) m’d,, 

V;) =a,[3 + (m’—9)H] md,, | (41) 
Vi" = a, [m’— 12 — (5m?— 36) HH] m’V,, 

V, =a, [m?— 35 — (10m?— 105) 2] m’V,, 

V,! = a,[— 10m? + 175 — (m*— 65m? + 525) HH] m'V,. J 
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By substituting these expressions in (21) and (25), neglecting quantities of 
the second order, they become, after removing the factor m, Vj, 


(3H —1)a— He, =0, 
[3 + (m?— 9)H]a,4+ (83H —1)q,=8qH. 


Whence, 
H H(3H—1) 


“= 31H GH—1)? “= t4m—BH—1)* Oe 


23. Represent the volume of the earth by »v, its superficial density by 
FR, its mean density by #’. Then, neglecting quantities of the second order, 


2 
= = ; and, if(V) denote the value of V at the surface, R= i (V). 


2 
Since 6, is the mass of the earth, Rk’ = iy Bee . Hence ” (VY) = = or, 
v An by Pl 
putting for &, its value from (24), 
Vodties R 
m(V) 3h + $9) 
If, in the expression for V, we make 3u”= 1, and, consequently, 7 =1; 
87? 2 
(Vy = t =%—S Ve, 
then 
Hine ee 
_ T+ 27H 3k +3)’ 
or 
R' 
H=3R—2y(h =f): Se 
j Vi 
To find m we have, since H= —,*_, 
m’ Vi 
(ag — cotm) = H. (44) 


24. In order to test the preceding theory by numerical calculation, we 
adopt the following values for g, R, R’, the best we can find: 


G= Fie, = 2.69, f= 5.67. 
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We shall mark with an accent the numbers of the formulas from which the 
numerical values of the following quantities are obtained :* 


(43)' H =0.7432817, Vi"= 2.39744? V, , 
(44y’ ie = 146° 27’ 56’.2, V, =  1.2298451m? Via, , 
= 2.556307, Vi = 1.167591%m? Via, , 
(42) { a = 0.0006715666 , (41)’ | Vi =— 2.99279m? Via, , 
¢ = 0.0011111845 , V, =  1.00801m? Via, , 
(41)’ Vi = 0.48656m? V, , Ve 7 84084200 Vis: 


To obtain the values of a,, a,, c,, G true to quantities of the order of g’, by 


substituting the preceding in (21) and (25), we have 


(21) 0.748281 %¢c,— 1.2298451a, + 0.0000006695 = 0, 
(25)’  1.2298451¢e,+ 1.1675917a,— 0.0021543100 = 0, 


(21)’ 0.74828c, — 1.00801a, 
(25)’  2.71641¢c, + 3.40342a, 


The solution gives 


a, = 0.0006%30400 , 
, = 0.0000002964 , 


— 0.0000009039 = 0, 
— 0.0000054038 = 0. 


¢, = 0.0011127213, 
¢, = 0.0000016180 . 


(24) V =), [r-*+ 0.0005328715r—* (1 — 3,2) + 0.0000010445r-* (1—104? + 85 y4)], 
(27) r =a[1 — 0.003350630 sin? 4 + 0.000018877 sin‘ 0], 


1 
Us 2 — 
(28)’ e = 0,003831753 = 300.1493” 


(29) 6 = 6 + 688.3811 sin 20 — 1.3679 sin 40, 
(30)’ 6 = 6'— 688.3811 sin 26’ + 3.6836 sin 40’, 
(83)’ s = a[0.998334571 6 + 0.000832938 sin 26 — 0.000000112 sin 40], 
(35! F= F,[1 + 0.005406990 sin? 9 — 0.000041419 sin‘ 0]. 


The following table contains the values of p and of e, the compression 
of the surfaces of level, for every tenth of the equatorial radius, calculated 


BY, 3 m 


from the equations 


_m__ Rsinmr 
°=457" —"rsinm ’ 
* 
a : . 
0.0 11.800 0 


0.1 11.672 1 — 3773" 
0.2 11.292 1 — 1880" 
0.3 10.677 1 — 1242” 
0.4 9.848 1— 9119" 
0.5 8.839 1— 722" 


and ¢=— 


—— cotmr 
ane cot m 


p e 
7.688 1—587™ 
6.437 1— 489" 
5.133 1 — 413" 
3.822 1 — 351" 
2.550 1— 300" 


* The numbers following this in the original memoir are erroneous; they are here rectified. 
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MEMOIR No. 4. 


Ephemeris of “the Great Comet of 1858. 


(Astronomische Nachrichten, Vol. 64, pp. 181-190, 1865.) 


The coordinates given in the following ephemeris are unaffected with 
aberration ; the constant intended to be used is that of Struve. The columns 
Aa, Ad; contain the excess of the present ephemeris over that used for 
com parison.* 


Wash. 0h True a Aa True 6 As Logr Log A 

1858, June 6 141 14) 9.88 —2.66 424 13 51.41 —8.47 0.383754 0.39511 
9 141 15 38.45 2.56 24 33 33.59 7.65 0.32900 0.39669 

12 141 20 1.24 2.51 24 52 32.08 6.95 0.32024 0.39795 

15 141 27 11.39 2.52 25 10 52.97 6.22 0.31124 0.39887 

18 141 37 2.40 2.45 25 28 42.01 5.34 0.30198 0.39942 

21 141 49 28.00 2.30 25 46 4.62 4.60 0.29247 0.39959 

24 142 4 22.65 2.39 26 3 5.98 3.82 0.28267 0.39936 

27 142 21 41.87 2.34 26 19 51.10 3.29 0.27259 0.39871 

30 142 41 22.12 2.31 26 36 25.07 2.48 0.26219 0.39762 

July 3 143 3 20.57 2.29 26 52 52.10 1.93 0.25147 0.39609 
6 143 27 35.01 2.21 27 9 17.58 1.32 0.24041 0.39407 

9 143 54 3.55 2.15 27 25 46.19 0.72 0.22897 0.39155 

12 144 22 44.48 2.22 27 42 23.55 —0.17 0.21716 0.38851 

15 144 53 36.34 2.33 27 59 15.31 +0.48 0.20493 0.38492 

18 145 26 38.65 2.45 28 16 27.20 1.23 0.19226 0.38074 

21 146 1 52.22 2.55 28 34 4.66 1.90 0.17914 0.37595 

24 146 39 19.33 2.65 28 52 13.27 2.52 0.16552 0.37052 

27 147 19 4.27 2.87 29 10 58.54 3.07 0.15138 0.36440 

30 148 1 13.43 3.12 29 30 26.24 3.69 0.13669 0.35756 

Aug. 2 148 45 55.13 3.29 29 50 42.07 4.40 0.12142 0.34994 
5 149 33 19.76 3.58 30 11 52.17 5.08 0.10552 0.34149 

8 150 23 40.13 4.02 30 34 2.98 5.75 0.08896 0.33214 

11 151 17 12.15 4.45 30 57 21.02 6.35 0.07170 0.32181 

14 152 14 15.79 5.03 31 21 52.34 6.97 0.05372 0.81041 

17 153 15 17.36 5.59 31 47 41.92 7.72 0.03498 0.29785 

20 154 20 51.06 6.08 32 14 52.80 8.41 0.01545 0.28402 

23 155 31 41.08 6.75 32 43 25.42 9.06 9.99514 0.26878 

26 156 48 45.37 7.59 33 13 15.90 9.74 9.97404 0.25196 

29 158 13 19.50 8.16 33 44 14.36 10.59 9.95219 0.23337 

Sept. 1 159 47 1.10 9.15 34 16 0.63 11.49 9.92968 0.21279 
2 160 20 37.81 9.30 34 26 41.02 11.50 9.92205 0.20544 

3 160 55 35.02 —9.55 +84 37 21.35 +411.61 9.91437 0.19783 


*It should be stated that this ephemeris is constructed from the final theory of Memoir No. 6, pp. 25-58. 
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161 
162 
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163 
164 
165 
165 
166 
167 
168 
169 
170 
171 
172 
174 
175 
176 
178 
179 
181 
183 
185 
187 
189 
192 
194 
197 
199 
202 
205 
208 
211 
214 
218 
221 
224 
227 
230 
233 
236 
238 
241 
243 
246 
248 
250 
252 
254 
256 
257 
259 


Truea 


‘ “l 


31 58.87 
9 56.20 
49 34.55 
31 2.11 
14 27.99 
0 2.18 
47 55.45 
38 19.94 
31 28.74 
27 36.18 
26 57.89 
29 50.86 
36 33.54 
47 25.71 
2 48.55 
23 4.32 
48 36.37 
19 48.74 
57 5.84 
40 51.78 
31 29.48 
29 19.90 
34 40.58 
AT 44.44 
8 38.03 
37 19.97 
13 39.26 
57 13.94 
47 29.98 
43 40.69 
44 47.46 
49 40.83 
57 2.54 
5 29.17 
13 35.77 
19 58.83 
23 20.16 
22 30.47 
16 30.95 
4 34.32 
46 5.66 
20 41.21 
48 7.80 
8 21.80 
21 27.23 
27 33.93 
26 56.04 
19 51.19 
6 39.54 
47 42.34 
23 20.88 
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+34 47 59.31 


34 
35 
35 
35 
35 
35 
35 
36 
36 
36 
36 
36 
36 
36 
36 
36 
36 
35 
35 
35 
34 
34 
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32 
31 
30 
28 
26 
24 
22 
19 
17 
13 
10 
7 
3 
+0 
—o 
6 
10 
13 
16 
18 
21 
23 
25 
27 
29 
31 


58 

8 
19 
29 
38 
47 
56 

4 
11 
17 
22 
25 
27 


49 
37 
15 


32.25 
57.37 
11.02 

8.94 
46.22 
57.10 
34.79 
31.28 
37.43 
42.34 
33.31 
55.69 
32.35 

3.32 

5.57 
12.45 
53.06 
32.06 
28.78 
57.05 

4.69 
53.07 
17.77 

8.32 
10.26 

6.42 
41.24 
44,87 
20.34 
51.80 
13.08 
57.06 
22.54 
36.87 
32.39 
36.33 
34.17 
49.39 

9.47 
35.21 
57.92 
52.25 
33.65 
50.16 
55.37 
21.14 
49.80 
10.18 
13.14 


32 44 48.82 
—34 6 45.50 
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a“ 
+11.79 
11.90 
12.12 
12.34 
12.57 
12.76 
12.95 
13.14 
13.38 
13.60 
13.64 
13.72 
13.86 
13.98 
14.15 
14.25 
14.34 
14.42 
14.56 
14.63 
14.74 
14.74 
14.74 
14.79 
14.73 
14.76 
14.61 
14.45 
14.19 
13.68 
13.22 
12.47 
11.59 
10.65 
9.56 
8.37 
7.16 
5.45 
4.80 
3.80 
2.94 
2.17 
1.76 
1.24 
0.96 
0.90 
0.85 
1.00 
1,12 
1.22 
1.35 
+1.54 


Logr 


9.90665 
9.89889 
9.89112 
9.88334 
9.87557 
9.86782 
9.86011 
9.85247 
9.84492 
9.83748 
9.83019 
9.82307 
9.81616 
9.80949 
9.80310 
9.79703 
9.79133 
9.78602 
9.78115 
9.77677 
9.77291 
9.76960 
9.76687 
9.76477 
9.76329 
9.76247 
9.76230 
9.76280 
9.76395 
9.76574 
9.76816 
9.77118 
9.77477 
9.77890 
9.78352 
9.78862 
9.79413 
9.80002 
9.80625 
9.81279 
9.81958 
9.82660 
9.83381 
9.84118 
9.84868 
9.85628 
9.86395 
9.87168 
9.87944 
9.88722 
9.89500 
9.90277 


Log A 


0.18994 
0.18177 
0.17330 
0.16451 
0.15540 
0.14595 
0.138614 
0.12595 
0.11537 
0.10439 
0.09299 
0.08114 
0.06884 
0.05607 
0.04281 
0.02906 
0.01480 
0.00003 
9.98476 
9.96898 
9.95272 
9.93601 
9.91889 
9.90143 
9.88372 
9.86587 
9.84804 
9.83042 
9.81324 
9.79678 
9.78137 
9.76736 
9.75514 
9.74507 
9.73748 
9.73264 
9.73070 
9.73171 
9.73558 
9.74211 
9.75101 
9.76194 
9.77453 
9.78843 
9.80331 
9.81886 
9.83485 
9.85107 
9.86734 
9.88355 
9.89958 
9.91538 
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313 
314 
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319 
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326 
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329 
331 
333 
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336 


58 
12 
23 
30 
34 
32 
10 
34 
46 
48 
44 
33 
18 
59 
37 
13 
48 
20: 
52 
22 
52 
21 


38 

u 
36 

6 
37 

8 
39 
11 
44 
17 
52 
27 

3 
40 
19 


56.27 
44.50 

6.42 
18.13 
34.73 

6.07 
36.95 
14.07 

8.19 
46.92 

5.42 
34.41 
26.11 
38.31 
56.18 
55.21 

3.40 
42.09 

8.76 
37.88 
22.11 
32.66 
19.37 
50.80 
13.68 
33.18 
53.24 
17.04 
47.05 
26.42 
18.98 
28.53 
59.54 
55.45 
19.46 
14.64 
43.18 
47.56 
30.89 
56.99 
10.91 
18.49 
25.63 
38.55 

3.23 
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339 


39 


52.15 


Aa 
“ 

—1.98 
2.57 
3.21 
3.86 
4.47 
5.16 
5.84 
8.02 
10.27 
12.42 
14.54 
16.56 
18.49 
20.64 
22.73 
24.46 
26.31 
27.98 
29.38 
31.00 
32.41 
33.86 
35.15 
36.28 
37.35 
38.34 
39.38 
40.37 
41.23 
41.91 
42.66 
43.33 
43.70 
44.10 
44.34 
44.53 
44,73 
44.72 
44.61 
44.48 
44,19 
43.80 
43.29 
42.63 
41.78 
40.75 
39.57 
38.18 
—36.55 


True 6 


° cf a“ 
—85 21 48.24 
36 30 38.26 


37 
38 
39 
40 
41 
43 
44 
45 


33 
32 
25 
15 


38 
4 
31 


53.30 

7.34 
50.85 
30.68 
31.33 

0.91 
22.12 

3.78 

0.96 

4.46 
19.62 
20.44 
18.84 
10.72 
39.95 
22.34 
46.72 
16.96 
12.21 
48.88 
20.28 
57.88 
51.54 
10.16 

1.96 
34.49 
54.59 

8.15 
20.59 
36.49 

0.05 
35.13 
25.61 
35.30 

8.20 

8.24 
39.00 
43.52 
24.71 
44.85 
46.12 
30.70 

0.77 
18.80 
27.12 
27.82 
22.53 


As 

“ 
+1.68 
1.87 
2.15 
2.35 
2.44 
2.68 
2.85 
3.36 
3.71 
3.80 
4.17 
4.12 
4.03 
3.94 
3.82 
3.58 
3.41 
3.24 
2.98 
2.51 
2.35 
1.92 
1.67 
1.09 
0.68 
+0.27 
—0.23 
0.78 
1.51 
2.18 
2.77 
3.42 
4.09 
4.78 
5.56 
6.36 
7.16 
8.00 
8.87 
9.79 
10.72 
11.74 
12.77 
13.82 
14.89 
15.92 
17.08 
18.24 
—19.44 


Logr 


9.91051 
9.91821 
9.92586 
9.93346 
9.94100 
9.94847 
9.95587 
9.97760 
9.99857 
0.01876 
0.03815 
0.05676 
0.07462 
0.09176 
0.10821 
0.12400 
0.13918 
0.15377 
0.16782 
0.18135 
0.19440 
0.20699 
0.21915 
0.23090 
0.24227 
0.25328 
0.26394 
0.27429 
0.28432 
0.29407 
0.30354 
0.31275 
0.32171 
0.33044 
0.33894 
0.34722 
0.35530 
0.36319 
0.37088 
0.37840 
0.38575 
0.39294 
0.39996 
0.40684 
0.41357 
0.42017 
0.42662 
0.43296 
0.43916 


Log A 


9.93087 
9.94602 
9.96081 
9.97521 
9.98928 
0.00285 
0.01608 
0.05349 
0.08767 
0.11892 
0.14754 
0.17382 
0.19801 
0.22034 
0.24100 
0.26015 
0.27794 
0.29450 
0.30992 
0.32431 
0.33775 
0.35031 
0.36205 
0.387305 
0.38334 
0.39298 
0.40200 
0.41045 
0.41835 
0.42573 
0.43264 
0.43908 
0.44510 
0.45071 
0.45594 
0.46079 
0.46530 
0.46949 
0.47335 
0.47692 
0.48022 
0.48325 
0.48604 
0.48860 
0.49094 
0.49308 
0.49503 
0.49681 
0.49843 
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MEMOIR No. 5. 


On the Reduction of the Rectangular Coordinates of the Sun Referred to 
the True Equator and Equinox of Date to those Referred to the 
Mean Equator and Equinox of the Beginning of the Year. 


(Astronomische Nachrichten, Vol. 67, pp. 141-142, 1866.) 


In computing an ephemeris of any planetary body, it is quite the 
easiest plan to get the heliocentric rectangular coordinates referred to fixed 
planes, as those defined by the mean equator and equinox of the beginning 
of Bessel’s fictitious year, either of the current year or of the nearest tenth 
year. Then, by the addition of the sun’s coordinates referred to the same 
planes, to obtain the geocentric rectangular coordinates, and from thence to 
proceed to the corresponding polar coordinates, which may be very readily 
changed to the true equator and equinox of date by using the three star 
constants f, g and G. 

But the coordinates of the sun hitherto published in the various ephem- 
erides have not been rigorously reduced to these planes. 

The following method of reduction is offered as being quite simple, 
since it involves only the star constants in addition to the coordinates them- 
selves. 

Let & denote the sun’s radius vector and a, 6 its true right ascension 
and declination referred to the mean planes of the beginning of the year, 
and a’, 0! the same referred to the true planes of date, and let X, Y, Z, 
XA', Y', Z' be the corresponding rectangular coordinates. 

Whence result these relations 

X= Recosdcosa, X'=R cos cosa, 
Y=Reosésina, Y'’=R#cosd sine’, 
Z=Rsino, Z'= Resin’. 

Through subtraction, in which we can neglect all but quantities of the 
first order with respect to the small differences a/—« and 6’ — 6, since the 
error which results in the values of X, Y and Z is less than half a unit in 
the seventh decimal place, we get 

X — X'= F cos0’ sina’ (a’— a) + RK sind cosa’ (6’— 04), 
Y — ¥'’=— R cos’ cosa’ (o’— a) + Rsin& sina’ (6’— 34), 
Z— Z'=— Rooss (s’— 0). 
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But, from the well known formulas for the reduction of the fixed stars, we 
have 
a—a=0A+bB+E#H and /—é6=ae~A+dB, 
in which 
a=m+nsina’ tand’, a=ncosd, 
6 = cosa’ tan 0’, ob’ =— sind’, 


Making these substitutions, we shall obtain 
X— X'=(m¥'+nZ')A+ V'B, 
Y— ¥Y'=—mX'A—Z'B-X'E, 
Z—Z'=—nX'A+Y¥'B. 


Since mA + H# is usually denoted by /, and we may write A’ instead 
of nA =g cos G and B = g sin G, our equations may be written 
By err iW Al 
Y— Y’=—fX'— BZ, 
Z—Z'=— A'X'+ BY’. 


In most of the ephemerides /, log Band log A are given; then to the last 
add log of n expressed in seconds of arc; 7, A’ and B being thus expressed in 
seconds of arc, it will be most convenient to add to their logs the constant 
log 1.68557, whence the reductions above will be expressed in units of the 
seventh decimal place. 

If it is required to reduce the coordinates to the equator and equinox 
of the beginning of a year previous to or following the current one, it is 
only necessary to increase, in the first case or diminish in the second, the 
value of A by the requisite number of units. This, however, must not be 
too large, otherwise the quantities of the second order may become sensible. 

In computing the ephemeris of a planet, if we have not the mean co- 
ordinates but only the true coordinates of the sun, it will evidently be a 
saving of labor, to employ the formulas above to reduce the heliocentric co- 
ordinates of the planet from the mean to the true equinox and equator of 
date, and not those of the sun in the opposite direction. 
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MEMOIR No. 6. 


Discussion of the Observations of the Great Comet of 1858, with the 
Object of Determining the Most Probable Orbit. 


(Memoirs of the American Academy of Arts and Sciences, Vol. IX, pp. 67-100, 1867.) 


Communicated by T. H. Safford, April 12, 1864. 


The interesting physical aspect of this comet attracted to it, in an unusual 
degree, the attention of astronomers, a large part of whose energies were ex- 
pended in obtaining observations for position. Consequently, we have a large 
mass of material for determining its orbit, not a little of which is of very good 
quality. Added to this, the long period of the apparition of the comet 
(nine months), would enable us to obtain the elements with considerable pre- 
cision. Moreover, hints were thrown out that some other force besides 
gravity might affect its motion. Although these seem to have had no foun- 
dation other than the fact that the orbits derived from three normals did not 
well represent the intermediate observations, yet it is a matter of some 
interest to clear up the suspicion. 

As the first step in the work, I determined to reduce the observations 
to uniformity, in respect to the places adopted for the comparison stars ; 
which last I proposed to derive from all the material accessible tome. The 
desirableness of this course is evident when we consider that the observers 
at Bonn, Kremsmiinster, Ann Arbor, and the two observatories in the south- 
ern hemisphere reobserved their comparison stars, in consequence of which 
their observations agree much better among themselves; while the rest 
contented themselves with places from Lalande, Bessel’s Zones, or the 
British Association Catalogue, and their results exhibit larger probable 
errors. And as the comet was observed nearly simultaneously in Europe, 
the same comparison star was frequently used by a dozen observatories for 
the same night’s work ; and thus the stars of the latter class of observatories 
mentioned above are often found among those reobserved by the former. 
The result of this labor has convinced me that it has not been wasted ; the 
good effect is apparent, particularly in the Liverpool and Gottingen obser- 


vations. 
4 
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A catalogue of all the stars used for comparison having been formed, 
the following authorities were consulted for material : 

Baily’s Lalande, Piazzi, Bessel’s Zones (Weisse’s Reduction), Struve 
Catalogus Generalis, Taylor, Riimker, Argelander’s Southern Zones (Oelt- 
zen), Robinson’s Armagh Catalogue, Johnson’s Radcliffe Catalogue, Green- 
wich Twelve Year and Six Year Catalogues, Madler, Greenwich Observa- 
tions, 1854-1860, Henderson Edinburgh Observations, Challis Cambridge 
Observations, Leverrier Paris Observations, 1856-59. 

Leverrier commenced, in 1856, to reobserve the stars of Lalande ; 
hence quite a number of the stars the observers had taken from this source, 
were found in the Paris Observations. The searching them out and reduc- 
ing them entailed considerable labor. In addition to the material before 
mentioned, that furnished by the observatories at which the comparison 
stars were reobserved, was, of course, not omitted. 

All this material was reduced to 1858.0, and to the standard of Wolfer’s 
Tabule Reductionum, by applying the systematic corrections given by Au- 
wers, in Astr. Nachr., No. 1300, with the modifications suggested by Mr. 
Safford, in No. 1868. The systematic corrections for Robinson are found in 
Astr. Nachr., No. 1408. Also, the following, kindly furnished by Mr. Saf- 
ford, were employed: 


R.A. DEC. 
Greenwich Six Year Catalogue, ; : . +0°017 
Greenwich Observations, 1854-60, : , . +0.027 +0./"%0 
Paris Observations, 1856-59, 4 ; i . +0.056 +0. 19 


In a few cases, mostly Piazzi stars, where the observations indicated 
proper motion, it was taken into account. With regard to the stars used in 
the southern observations, those common to the northern being excepted, 
they were retained without change, or when the same star had been used at 
both observatories, the observations were combined, allowing a weight of 
3 to the Cape and of 2 to the Santiago observation. However, the place of 
the Santiago star, No. 57, equivalent to Cape No. 95, is wrong, seemingly 
an error of reduction; hence the Cape place has been adopted. And San- 
tiago, No. 49, differing 7.5, in declination, from its equivalent, Cape No. 87, 
the Cape declination appearing the better, has been retained. 
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26 
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30 
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35.277 
19.992 
52.434 
26.949 
41.987 
47.635 
23.230 
27.857 
42.094 
47.087 
33.273 
42.482 
17.169 
49.118 
51.470 
34.633 
45.001 

3.501 
10.028 
24.453 

8.109 
54.727 
59.212 
36.641 

0.703 
56.647 

9.965 
27.359 
50 
27.200 
33.258 
45.450 
12.375 
47.246 
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29.210 
27.290 
41.545 
46.127 
43.132 

4.401 
13.347 


11.612 
27.312 
50.279 
50.569 


10 39 45.817 
10 44 6.512 
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10.89 
15.38 
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8 
8.277 
21.594 
3.944 
51.964 
35.910 
35.054 
36.820 
45.884 
29.939 
58.610 
24.790 
16.855 
37.860 
16.610 
48.100 
4.961 
48.264 
24.766 
49.011 
30.334 
16.048 
8.300 
39.248 
14.746 
52.400 
28.154 
6.811 
33.925 
8.137 
22.161 
18.698 
39.684 
57.507 
23.109 
23.490 
25.064 
22.626 
41 
21.473 
5.054 
0.818 
36.015 
3.679 
38.593 
38.907 
5.468 
14.318 
8.808 
56.000 
22.827 
28.505 
38.459 
34.619 
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34 
34 
34 
34 
33 
33 
32 
32 
39 
31 
32 
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i 


47 
58 
47 
15 


57.50 
45.71 
31.18 
49.07 
36.25 
11.70 
32.64 

1.63 
43.39 
37.52 
12.73 
40.87 
27.80 

5.54 

6.00 
52.34 
24.60 
48.63 
46.68 
58.19 

7.63 
12.10 
24.50 
40.78 
30.10 
31.78 

1.60 
12.15 
53.08 
17.78 
13.14 
52.28 
16.51 
12.34 

5.11 
29.55 
52.04 


20.73 
35.44 
5.54 
7.24 
32.25 
4.90 
58.92 
31.59 
42.67 
8.42 
19.64 
10.26 
8.05 
45.83 
17.08 
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a 1858.0 


m 


57 
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12 
12 
13 
13 
13 
13 
13 
13 
13 
13 
13 
13 
13 
13 
13 
13 
13 
13 
18 
13 
18 
13 
13 
13 
13 
13 
13 
13 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 


57 
59 


51 
57 
58 


8 
5.635 

16 
26.035 
23.612 
21.817 
21.623 
45.467 
53.393 
5.077 
14.299 
20.788 
20.109 
10.842 
46.769 
2.800 
8.620 
45.303 


3.869 
22.650 
33.182 

7.651 
19.729 
56.310 
12.072 
46.651 
39.354 
59.705 
25.217 
20.693 
56.650 
11.160 
23.644 
14.667 

2.053 
27.790 

0.953 
31.064 
11.387 
12.905 
46.108 
55.070 
22.174 
54.307 

4.926 
33.357 
47.985 
10.403 
35.229 
54.337 

3.620 

1.431 


14 58 12.582 


§ 1858.0 


14 20 
12 16 
13 42 
10 38 
10 47 
10 18 
10 35 
7 10 
6 3 
7 15 
+ 6 51 


“ 
16.16 


58.19 
28.59 
16.41 

9.03 
36.59 
19.48 
55.53 
44.00 
25.90 
44.78 
50.88 

9.80 
20.02 
36.87 
16.90 


19.12 
49.62 

5.60 
59.35 
51.41 
58.17 

8.33 
40.80 
30.49 
26.35 
58.50 
33.72 
59.50 
24.82 
29.31 

2.59 
35.06 
11.16 
22.25 
49.85 
40.76 
16.55 
14.60 
48.84 
23,45 
29.77 
18.62 
27.29 
39.30 
35.81 
48.49 
15.57 
17.78 
39.93 
17.26 
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15 
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15 
15 
15 
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16 
16 
16 
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16 
16 
16 
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16 
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16 
16 
16 
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59 

0 
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52 
53 


Ss 
35.593 
57.698 
33.375 
21.645 
11.046 
54.017 
35.554 

4.230 
28.516 
44,108 
56.400 
20.818 
46.943 

0.458 
16.575 
30.788 
44,425 
11.680 
33 
54.770 

4,738 
26.783 

7.954 

1.103 
33.959 
21.617 
41.310 
59.572 

6.618 
24.098 
41.570 
42.980 
59.266 
12.084 
29.082 
59.660 
32.770 

3.544 
34,281 
44.967 

9.964 

0.959 
43.537 
18.736 
32.419 
36.256 


12.274 


7.990 
6.008 
7.071 
50.606 
37.309 
3.366 


+6 


5 1858.0 


° d 

19 
54 
49 
22 
10 
59 
51 


32 
29 

4 
52 
41 
23 
35 
15 
25 
43 


“ 
28.56 
50.52 

9.03 

6.91 
34.03 
39.72 

2.73 
17.19 
57.69 
21.61 
16.79 
57.60 
59.42 

9.11 
30.92 
46.67 
29.08 
47.93 


54.50 
37.22 
53.62 
23.10 
57.47 
40.88 
56.05 
57.87 
27.35 
59.00 

3.31 
50.01 

2.27 
13.69 
42.35 

4.35 
29.96 
23.70 
23.42 
19.19 
51.94 
23.81 
57.48 
29.66 

9.72 
43.20 

1.58 
12.21 

3.72 
11.15 
54.42 
51.12 
39.09 
31.09 
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No, a. 1858.0 5 1868.0 No. a 1858.0 3 1858.0 
hm 8 fae ia yh hm 8 Fee 7) 

213 16 53 10.777 13 20 26.52 264 18 44 10.419 —AT 49 47.56 
214 16 55 4.596 28 2 57.96 265 18 44 28.573 47 47 17.12 
215 16 55 31.065 28 22 0.37 266 18 46 26.978 47 45 18.57 
216 16 57 44.663 28 3 54.25 267 18 46 31.226 AT 34 3.31 
217 16 58 39.016 27 55 53.96 268 18 48 13.570 48 9 23.70 
218 16 59 24.776 27 54 39.07 269 18 49 54.520 48 28 21.45 
219 17 5 10.4038 29 52 34.77 270 18 52 54.066 48 54 32.28 
220 17 5 37.478 29 41 14.99 271 18 58 55.641 48 36 18.11 
221 17 6 47.473 30 2 30.62 272 18 54 10.142 48 61 11.31 
222 17 8 16.677 30 0 8.39 Aes 18 56 41.428 49 14 21.17 
223 17 9 20.175 29 42 53.91 274 18 59 22.395 49 32 0.29 
224 1710 7.169 81 12 16.83 275 19 3 52.330 49 46 24.01 
225 17 12 14.840 31 25 56.61 276 19 5 52.858 50 13 41.25 
226 17 13 4.999 31 26 22.48 277 19 6 44.688 49 42 18.51 
227 17 17 17.681 32 50 3.02 278 19 12 11.637 50 30 20.14 
228 17 19 44.388 32 52 53.83 279 19 14 33.567 50 46 57.51 
229 17 23 «0.424 34 10 1.01 280 19 19 10.963 51 3 5.09 
230 17 23 54.929 34 16 20.54 281- 19 19 18.450 5116 7.09 
231 17 29 16.449 35 21 48.14 282 19 23 22.183 50 51 50.34 
232 17 31. «4.961 35 33 46.60 283 19 23 34.615 51 34 45.35 
233 17 33 12.654 386 52 6.28 284 19 26 53.202 51 45 7.15 
234 17 34 26.669 36 42 1.87 285 19 29 44.020 51 51 59.82 
235 17 40 15.178 87 28 49.04 286 19 30 15.827 51 50 49.35 
236 17 41 32.567 387 45 43.95 287 19 80 35.565 52 5 43.17 
237 17 44 36.555 388 35 8.95 288 19 33 0.830 52 8 8.42 
238 17 45 57.092 38 38 45.01 289 19 33 15.841 52 16 22.64 
239 17 50 27.549 39 18 45.64 290 19 34 26.520 52 21 40.38 
240 17 50 39,138 39 39 2.66 291 19 38 11.319 52 25 21.16 
241 17 54 38.324 40 38 8.40 292 19 39 33.763 52 35 4.72 
242 17 55 11.130 40 26 50.86 293 19 40 57.485 52 47 387.75 
243 18 2 23.867 41 44 28.49 294 19 42 1.927 52 40 19.22 
244 18 5 14.187 41 56 26.36 295 19 45 4.527 53 10 20.41 
245 18 5 36.073 43 12 19.51 296 19 45 36.756 538 4 53.37 
246 18 7 1.414 42 30 48.85 297 19 50 33.215 53 21 50.75 
247 18 7 5.615 42 15 28.83 298 19 50 43.777 53 12 39.53 
248 18 8 31.282 42 20 5.76 299 19 56 47.461 58 30 37.25 
249 18 10 43.566 43 49 49.10 300 19 57 18.613 52 58 52.81 
250 18 10 52.913 43 1 59.55 301 20 0 15.512 53 45 3.25 
251 Tg a is ay ha AY) 42 37 40.29 302 20 2 33.653 54 1 31.30 
252 18 12 9.145 42 59 37.64 303 20 5 17.695 5411 0.36 
253 18 12 36.869 42 39 304 20 6 48.770 54 14 53.47 
254 18 13 58.237 44 10 30.94 305 20 9 15.916 54 29 49.18 
255 18 18 12.611 44 14 43.36 306 20 11 41.803 54 42 28.61 
256 18 18 54.896 43 55 46.90 307 20 15 45.780 54 16 41.37 
257 18 21 39.243 44 41 8.96 308 20 16 25.769 54 39 2.12 
258 18 27 50.763 45 34 44.15 309 20 17 13.505 54 45 46.37 
259 18 33 11.685 46 18 24.55 310 20 18 46.916 55 33) «8.81 
260 18 35 45.167 46 43 42.28 311 20 19 7.030 55 2 3.04 
261 18 36 12.466 46 31 17.59 312 20 21 57.156 54 59 26.98 
262 18 41 53.432 46 45 22.59 313 20 22 58.968 —54 56 2.85 


263 18 43 23.840 —AT 26 22.74 
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No. a 1859.0 5 1859.0 No. a 1859.0 5 1859.0 
hm 8 Otay aed. hm 8 Oe ae 

314 20 25 26.390 —55 3 20.79 339 21 23 0.480 —58 0 17.76 
315 20 27 7.650 55 18 29.95 340 21 23 22.890 57 42 4.33 
316 20 27 13.290 55 24 33.43 341 21 25 2.280 58 0 4.65 
317 20 31 23.834 55 36 23.14 342 21 28 35.340 58 20 30.78 
318 20 33 40.930 55 36 «2.15 343 21 29 54.810 58 4 24.05 
319 20 34 34.990 55 41 47.50 344 21 80 52.172 58 22 23.85 
320 20 38 21.560 55 43 23.42 345 21,32 9.160 58 15 1.52 
321 20 39 58.730 55 538 23.14 346 21 33 18.394 58 32 14.83 
322 20 43 12.100 56 6 49.19 347 21 33 39.750 58 0 28.20 
323 20 44 29.930 55 59 27.04 348 21 33 57.470 57 55 21.35 
324 20 45 35.640 55 45 12.47 349 21 35 8.380 58 41 34.64 
325 20 47 1.230 56 14 47.53 350 21 37 51.400 58 40 

326 20 47 55.460 56 20 9.58 351 21 40 18.106 58 57 17.50 
327 21 1 2.480 57 5 12.43 352 22 8 41.970 60 32 20.95 
328 21 2 14.520 57 5 6.31 353 22 8 48.310 60 57 36.81 
329 21. 4 50.880 57 8 13.18 354 22 9 36.790 60 49 14.47 
330 21 8 3.260 57 18 3.90 355 22 11 13 61 8 11.00 
831 21 10 45.750 57 12 16.77 356 22 12 6.080 60 39 16.90 
332 21 11 + 6.720 57 26 34.46 857 22 16 36.870 -61 5 50.15 
333 21 12 39.970 57 23 55.34 358 22 18 40.420 61 17 31.70 
834 21 14 20.600 57 51 22.09 359 22 21 12.300 61 18 40.79 
335 21 18 19.350 57 45 21.06 360 22 23 53.980 61 32 27.09 
336 21 20 26.300 57 29 5.95 361 22 25 40.970 61 40 32.46 
337 21 20 48.940 57 46 28.59 362 22 27 25.610 61 48 53.15 
338 21 21 55.210 —57 55 14.83 363 22 30 54.250 —61 57 58.99 


The following are the authorities for the observations and the places of 
the comparison stars : 


Autona. Astr. Nachr., L. 187. 

Ann Arzpor. Astr. Nachr., XLIX. 179. Brinnow’s Astr. Notices, I. 6, 53. 

ArmMAGgH. Monthly Notices, XIX. 305. 

Batavia. Astr. Nachr., L. 107. 

Beruin. Astr. Nachr., XLVIII. 333, LI. 65. 

Bonn. Astr. Nachr., XLIX. 253, LI. 187. 

Bresiav. Astr. Nachr., L. 37. 

CamMBRIDGE, Ene. Astr. Nachr., L. 243. 

CamBrin@sz, U.S. Astr. Nachr., LI. 273. Briinnow’s Astr. Notices, I. 71. 

CaPE oF Goop Horr. Mem. Astr. Soc., XXIX. 59-83. The observations were made with 
two different instruments ; those made with the larger have been denoted in the list 
of observations which follows by “Cape 1,” and those made with the smaller by 
“ Cape 2.” 

CHRISTIANIA. Astr. Nachr., LII. 277. 

CopENHAGEN. Oversigt kg]. danske Videnskabernes Selskabs, 1858. 

DorpaT. Beob. Kaiserl. Sternw. Dorpat, Vol. XV. These observations are published in 
a crude form, and I was unable to reduce and use them, from a want of the instru- 
mental constants. 


DurHam. Astr. Nachr., L. 11. 
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Frorencet. Astr. Nachr., XLVIII. 347, 355, XLIX. 57, L. 9%. The observation of Octo- 
ber 13 is erroneous as regards the comparison star, which it seems should be Piazzi 
XV. 227. 

GENEVA. Astr. Nachr., XLIX, 115, L. 21. 

GOTTINGEN. Astr. Nachr., XLIX. 235, L. 11. 

GREENWICH. Greenwich Observations for 1858. Monthly Notices, XIX. 12. 

Konigsperc. Astr. Nachr., L. 71, LIII. 289. 

KremsmMunstEr. Astr. Nachr., XLIX. 68, 79, 257, LI. 23. 

Leypren. Astr. Nachr., L. 157. The observer is mistaken in the comparison star of his 
last observation ; it should be Weisse, XV. 369. 

Liverpoon. Astr. Nachr., XLIX. 267. Monthly Notices, XIX. 54. 

MARKREE. - Observations on Donati’s Comet, 1858, at Markree. 

Papua. Astr. Nachr., XLVIII. 357. 

Paris. Annales de l’Observatoire Imperial, Paris. Tome XIV. Observations. 

Putkova. Astr. Nachr. L. 307. Beobachtungen der Grossen Cometen 1858. Otto 
Struve. 

Santiago. Astr. Nachr., LIII.131. Astr. Jour., VI. 100. 

Vienna. Astr. Nachr., XLVIII. 349, XLIX. 43, 53, L. 22%, LIT. 5%. 

WILLIAMSTOWN. Astr. Nachr., L. 7 As the latitude and longitude of the place are 
uncertain, I have not reduced these observations. 

WasHineaton. Astr. Nachr., XLIX. 55, 113, 363. Astr. Jour., V. 150, 158, 166, 180. 
The comparison star of October 1 is mistaken. 


The typographical errors to be met with are so numerous I cannot 
undertake to mention them. To render the reduction of the comparison 
stars from mean to apparent place uniform, the elements of reduction in 
the British Nautical Almanac for 1858 were adopted as the standard; and 
the same will be used in reducing our normals from apparent to mean places. 
Consequently, it becomes necessary to add to the observations in which the 
elements of the Berlin Jahrbuch were used, quantities easily obtained from 
this small ephemeris. 


R.A. DEC. R. A. DEC. 
June 15 +009 +0.18 Sept. 18  +06.08  +0.03 
July 15 +0.02 +0.22 Oct. 3 +007  —0.04 
Aug. 14% +6.03;/ .+0.18 Och 18.04) 0.04") 0.19 
Sept. 3 +0.05 +0.10 Nov. 2 +0.14 —0.23 


For the reduction of the observations for parallax, and the computation 
of the perturbations, and for comparison, an ephemeris was computed from 
these elements published by Searle in the Astronomical Journal, V. 188, 
Searle’s own ephemeris not being sufficiently exact for the purpose of com- 
parison. 

T = Sept. 29.75230 1858 Washington Mean Time 
z—Q=125 6 24.8 
£3 = 165 18 152| Mean Equinox and Hcliptic 1858.0 
7=116 57 46.1 
g= 85 21 21.2 
log g = 9.7622362 
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In the following list the observations of the comet are given reduced 
for parallax, and are made to accord with the places of the comparison stars 
given in the foregoing catalogue. Gould’s list of Longitudes (in the Ameri- 
can Ephemeris) has been used in getting the Paris M. T. of Observation. 
The comparisons in the last two columns are Obs. — Cal. The declinations 
of the southern observations have generally been reduced to the time of 
observing the right ascension ; that observation of right ascension being 
selected which was nearest in time and which had the same comparison star. 


Gr obssrvanion Onasrtancn Me é domi Bier Aa Ad 
° 4 7 ° 4 “l “ “ 

June 7.41071 Florence 141 14 47.79 +24 21 54.73 3 +21.69 + 6.26 
8.37659 *f 141 15 36.99 24 27 52.30 10 +39.17 —15.66 
9.42802 He 141 16 20.54 24 34 48.42 10 +27.71 —= 1.83 
10.39044 141 17 25.48 24 41 10.00 10 +23.44 + 5.67 
11.40973 * 141 19 3.43 24 47 35.12 al + 28.89 + 5.05 
12.37591 Padua 141 20 31.82 24 53 36.67 4 +11.55 + 5.14 
12.41803 Florence 141 20 21.71 24 53 56.68 1 — 3.35 +10.15 
13.37729 Padua 141 22 34.98 24 59 27.99 4 + 6.81 —14.10 
13.40557 Florence 141 22 16.33 25 0 14.83 1 —15.72 +22.34 
13.43268 Berlin 141 22 43.08 24 59 50.15 2 + 7.30 —12.31 
14.41069 © 141 24 58.54 25 5 52.65 2 — 0.89 — -1.69 
14.41609 Vienna 141 25 15.40 25 5 55.69 2-5 +15.13 — 6.61 
15.39007 Florence 141 28 20.08 25 11 23.30 5 +37.49 —31.86 
15.40675 Vienna 141 27 58.18 2-5 +14.65 
15.44201 Berlin 141 27 36.29 25.12 2.13 5 — 9.96 — 4.80 
16.39944 Kremsmunster 141 30 54.96 25 17 48.71 5 +10.41 — 8.58 
16.41628 Berlin 141 30 39.41 25 17 49.11 5 — 8.36 —14.19 
17.39261 Florence 141 34 31.47 25 23 26.85 5 +28.40 —23.47 
19.37441 4 141 41 42.14 25 85 32.96 5 +12.05 + 7.07 
19.38451 Padua 141 42 8.91 25 35 39.64 5 +23.63 +10.24 
28.38292 Florence 142 29 25.62 26 26 8.67 8 + 26.28 — 6.86 
28.61976 Cambridge, U.S. 142 30 24.43 26 27 36.77 6 wea + 2.80 
29.38224 Florence 142 35 56.97 26 31 43.74 8 +2216 — 2.41 
29.41947 Berlin 142 36 2.15 26 31 52.88 6 +13.31 — 5.57 
30.37599 Florence 142 42 46.34 26 37 8.61 8 +22.98 — 5.44 
30.88577 Vienna 142 42 24.72 26 37 20.26 8 — 2.42 + 2.98 

July 2.37816 Florence 142 56 57.17 26 48 14.56 7 + 4.77 + 1.86 
8.38159 rH 143 46 55.06 27 20 55.54 11 +34.65 — 9.74 
9.38324 Vienna 143 55 34.04 27 26 44.86 12 + 6.24 + 6.85 
9.60789 Washington 143 57 42.00 27 27 56.51 11 + 9.40 + 6.19 
10.37333 Florence 144 5 0:20 27 32 2.33 abil +16.80 — 1,59 
10.59343 Washington 144 6 50.62 27 33 16.24 9 + 1.95 — 0.72 
10.59343 a 144 6 59.45 27 33 18.41 11 +10.58 + 1.45 
11.59576 ie 144 16 28.58 27 38 51.84 9 — 0.61 + 1.42 
12.37144 Florence 144 24 2.74 27 43 13.41 9 — 5.59 + 3.93 
13.37158 fs 144 34 23.43 27 48 47.14 12 +10.19 + 2.20 
13.59089 Cambridge, U.S. 144 36 26.15 27 50 «6.11 12 — 1.67 + 7.56 
14.36879 Florence 144 44 34.08 27 54 18.74 12 + 3.24 — 2.50 
14.58534 Washington 144 46 51.57 27 55 38.77 9 + 4.72 + 4.34 


15.58781 Cambridge, U.S. 144 57 23.93 +28 1 20.09 15 — 1.44 + 4.97 


Paris M. T, 
of Observation 


1858 


July 15.58781 


Aug. 


15.58803 
16.58028 
17.58135 
19.36496 
19.57128 
19.57128 
20.35855 
21.58017 
23.61560 
24,58362 
25.57816 
27.57886 
28.57465 
29.57953 
31.35674 
4.35187 
4.37075 
4.57000 
5.34162 
5.34827 
5.54365 
5.54365 
6.34048 
7.36200 
7.56564 
8.56004 
10.33796 
10.35184 
10.56020 
11.33986 
12.33952 
12.59010 
13.58572 
14.33189 
14.34131 
14.37376 
14.571921 
15.556670 
15.578418 
16.329858 
16.367755 
16.550079 
17.327305 
17.335186 
17.360620 
17.375546 
17.541171 
17.568303 
18.320072 
19.346349 
19.376823 
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Place of 
Observation 


Cambridge, U. S. 
Washington 


“ 


“ 


Florence 
Cambridge, U.S. 
Florence 
Washington 
Ann Arbor 
Washington 


Florence 
Berlin 
Washington 
Kremsmiinster 
Florence 
Cambridge, U.S. 
Florence 
Berlin 
Washington 
Kremsmiinster 
Berlin 
Washington 
Kremsmiinster 


“ec 


Ann Arbor 
Vienna 
Kremsmiinster 
Copenhagen 
Ann Arbor 
Washington 
Ann Arbor 
Florence 
Copenhagen 
Washington 
Vienna 
Kremsmiinster 
Copenhagen 
Washington 
Ann Arbor 
Vienna 

Berlin 
Cambridge, Eng. 


150 
150 
150 
151 
151 
151 
151 
151 
151 
152 
152 
152 
152 
152 
152 
152 
152 
152 
153 
153 
153 
153 
153 
153 
153 
153 


19 
37 
42 

i 
16 
16 
17 
21 
40 
41 
56 
57 

a 
17 
17 
18 
19 
22 
22 
38 


a“ 
25.18 
30.05 
17.33 
23.15 

9.14 
5.95 
8.63 
27.80 
8.33 
25.02 
53.23 
54.02 
48.85 
32.23 
52.66 
13.40 
6.35 
22.65 
39.36 
2.22 


. 27,94 


31.44 
21.08 
27.72 
43.81 

8.39 
24.36 

3.61 

5.40 
50.17 
15.59 
33.32 
30.69 
33.00 
14.43 
19.63 

0.51 

1,85 
53.49 
13.22 
21.66 
18.67 
12.45 
15.93 
29.01 
35.17 

4.92 

1.02 
29.67 
49.51 


154 1 6.13 
154 1 46.76 +32 6 38.02 


30 
30 
30 
30 
30 
30 
30 
30 
30 
30 
30 
30 
30 
30 
31 
31 
31 
31 
31 
31 
31 
31 
31 
31 
31 
31 
31 
31 
31 
31 
31 
31 


48 
48 
48 
48 
50 
50 


4 
17.14 
17.20 
59.62 
55.11 
35.10 
25.08 
14.88 
46.18 

7.34 
22.98 
25.65 
37.18 
12.53 
43.76 
49.46 
38.77 
14.06 
46.12 

9.00 
41,42 

3.26 

9.98 

8.58 
54.08 
30.63 
59.20 
40.41 
22.10 
24.07 

5.28 
12.55 
17.22 

5.47 
24.08 
42.08 
45.35 
22.17 
37.64 
59.51 
18.56 
25.74 
24.83 
39.36 
22.98 
33.89 
40.92 
50.15 
19.63 
35.82 


31 57 23.25 
32 6 48.19 


Number of 
Comp. Star 


16 
12 
12 
14 
14 
13 
14 
13 
14 
17 
17 
17 
18 
19 
21 
21 
27 
23 
23 
23 
23 
20 
23 
23 
22 
23 
24 
24 
24 
24 
24 
36 
34 
30-2 
32 
32 
32 
32 
35 
35 
35 
32 
35 
25-6 
28 
37 


35 
37 
35 
31 
46 


Aa 


= 0.19 
+ 4.55 
+ 5.49 
+ 4.72 
+26.92 
— 0.82 
+ 1.86 
+ 4.39 
+ 1.28 
— 2.55 
Senge 
Ont 
=e LGU 
= TG 
+ 0.36 
— 28.85 
— 3.54 
— 5.38 
== O37 
an fobs, 
+12.02 
+ 3.83 
— 6.53 
— 9.48 
— 4.35 
=e SO 
— 0.50 
+ 6.28 
— 6.98 
mae OY 
+ 0.36 
—20.96 
ae (eh 
—10.57 
aia O: 
— 9.94 
——1Ao 
sae le) 
+ 6.95 
+ 0.24 
—13.09 
— 3.02 
+ 4.49 
—— 1h 69 
— 4.56 
+29.33 
+40.15 
+ 5.74 
See Ue) 
+12.98 
+ 0.94 
+ 0.80 


Ad 


+ 2.02 
+ 2.00 
+ 5.02 
+15.60 
—25.84 
+11.59 
+ 1.44 
= 5.81 
+ 0.80 
— 0.64 
+ 5.84 
+ 7.35 
+ 5.10 
-+12.22 
—14.60 
—12.75 
—14.07 
+ 9.91 
+ 7.56 
+ 7.34 
-++26.29 
+ 8.10 
+ 6.70 
+ 4.37 
+ 6.21 
+ 3.44 
= SUE 
-+11.63 
ae CU 
+12.49 
+ 6.60 
+ 8.66 
— 5.36 
+ 2.20 
+ 6.51 
+ 5.09 
+25.54 
+ 0.91 
+ 0.20 
+ 8.05 
—14.24 
+25.08 
+ 4.30 
teh S 
+ 4.95 
SS 
— 0.23 
+= 1:18 
+ 2.92 
= T.A12 
+-13.47 
—13.45 


33 


34 


Paris M. T. 
of Observation 


1858 
Aug. 19,.544957 
19.548659 
20.544643 
20.546599 
21.330193 
22.539509 
22.577310 
23.3841254 
23.360472 
23.370056 
23.379349 
23.545062 
23.563000 
24.328091 
24.333372 
24.335916 
24.538632 
25.304874 
25.320927 
25.381750 
25.536968 
26.374066 
26.378525 
26.395693 
26.482289 
27.370067 
27.380735 
28.309822 
28.318270 
28.319291 
28.322451 
28.480204 
30.299305 
30.304230 
30.3809523 
30.3877443 
30.526796 
31.291317 
31.319005 
31.337849 
31.339817 
31.551986 
Sept. 1.295680 
1.309567 
1.320362 
1.322480 
1.326603 
1.540701 
1.563647 
2.298887 
2.301560 
2.305161 


Place of 
Observation 


Washington 


Cambridge, U.S. 


“ 


“é 


Kremsmiinster 
Washington 
Ann Arbor 
Konigsberg 
Copenhagen 


Cambridge, Eng. 


“ec 


Washington 
Ann Arbor 

Konigsberg 
Copenhagen 
Washington 
Vienna 


“ 


Cambridge, Eng. 


Washington 
Christiania 


“ 
“ 


“ 


Cambridge, Eng. 


Christiania 
Vienna 
Berlin 
Geneva 

“ 
Christiania 
Kremsmunster 
Vienna 
Florence 


Cambridge, Eng. 
Cambridge, U.S. 


Vienna 
Kremsmiinster 
Copenhagen 
“ec 

Ann Arbor 
Florence 
Kremsmiinster 
Bonn 
Christiania 
Berlin 
Ann Arbor 

“ 
Kremsmiuinster 
Florence 
Vienna 


a 


154 5 37.10 


154 
154 
154 
154 


~ 155 


155 
155 
155 
155 
155 
155 
155 
155 
155 
155 
156 
156 
156 
156 
156 
156 
156 
156 
156 
157 
157 
157 
157 
157 
157 
157 
158 
158 
158 
158 
158 
159 
159 
159 
159 
159 
159 
159 
159 
159 
159 
159 
159 
160 
160 


5 
28 
28 
46 
14 
15 
34 


34. 


35 
35 
39 
39 
59 
59 
59 

4 
24 
24 
26 
30 
52 
52 
53 
55 
19 
20 
46 
46 
46 
47 
51 
45 
45 
45 
48 
52 
16 
ur 
17 
18 
24 
49 
49 
50 
50 
50 
57 
58 
23 
22 


27.88 
57.08 
54.87 

5.90 
45.23 
44.05 
14.71 
37.11 
12.50 
21.95 
21.99 
52.38 

7.10 
21.07 
27.58 
26.18 
20.98 
28.28 

0.38 
19.48 
43.15 
32.18 
13.79 
36.26 
59.28 
16.24 
20.57 
39.71 
50.62 

4.49 
24.47 
36.15 
47.70 
37.69 

3.62 
31.74 
32.49 
33.52 
59.57 

2.98 
53.06 

5.83 
37.11 

1.29 

3.13 
11.89 
17.76 
12.94 

1.61 
49.02 


160 23 9.90 


+82 
32 
32 
32 
32 
32 
32 
32 
32 
32 
32 
32 
32 
32 
32 
32 
32 
33 
33 
33 
33 
33 
33 
33 
33 
33 
33 
33 
33 
33 
33 
33 
33 
33 
33 
33 
33 


34 
34 
34 
34 
34 
34 
34 
34 
34 
34 


C) 


‘ 


8 

8 
17 
17 
25 
36 
37 
44 
44 
44 
44 
46 
46 
54 
54 
54 
56 

4 


24 


8 
16 
16 
17 
17 
17 
19 


“l 


36.44 
29.71 
51.52 
43.99 
20.05 
45.15 

3.12 

9.54 
21.26 
42.35 
52.87 
28.14 
40.21 

9.92 
19.14 

7.43 
20.54 

0.52 
58.26 
36.78 
21.39 
47.88 
43.05 
54.46 
48.95 
58.51 

3.85 
32.47 
46.46 
45.89 
49.00 
33.58 
39.06 
36.62 
25.96 
17.78 
54.46 


20.04 
25.76 
36.56 
48.07 
36.92 
54.23 

0.04 

0.94 

6.08 
16.27 


34 19 38.10 
34 27 23.80 
34 27 29.68 
+34 27 32.33 


Number of 


COLLECTED MATHEMATICAL WORKS OF G. W. HILL 


Comp. Star Aa 
“i 

26 + 6.69 
53 — 7.49 
33 — 8.00 
40 —12.90 
41 — 8.55 
41 —11.54 
41 — 7.46 
38 —15.77 
38 —21.84 
38 — 0.64 
44 — 4.97 
44 —11.08 
44 — 7.40 
38 — 5.00 
38 + 0.92 
+ 3.55 

38 — 7.54 
38 — 0.15 
38 —18.03 
38 —21.40 
38 — 6.71 
44 — 1.30 
39 —19.49 
38 — 5.70 
38 — 3.68 
43 — 3.51 
43 — 4.31 
38 —16.50 
42 —11.92 
49 — 2.717 
50 + 5.65 
38 — 6.96 
48 — 6.40 
51-2 — 3.95 
54 —23.73 
45 — 3.26 
48 —12.05 
51-2 —12.39 
48 — 431 
48 —14.33 
—14.69 

57 —12.42 
57 —14.72 
51 —11.00 
51 — 8.25 
51 —10.62 
51 — 9.75 
57 —10.16 
51 — 1.96 
51 — 7.84 
57 —25.94 
56 —12.48 


Ad 


+12.53 
+ 3.71 
+12.26 
+ 3.64 
+18.06 
+10.71 
+ 6.82 
1-18 
—10.66 
+ 4.82 
+ 9.89 
+ 8.04 
+ 9.59 
i tale 
+13.82 
+ 0.60 
+13.21 
+14.69 
2.10 
+ 4.70 
+-15.75 
+14.43 
+ 6.88 
+ 7.79 
+ 9.47 
+14.01 
+12.76 
+ 5.07 
-+13.79 
+12.59 
+13.73 
-+19.89 
+20.21 
+14.75 
+ 0.73 
+ 9.48 
+11.38 


+12.83 
+ 6.54 
+16.08 
+12.21 
+ 5.70 
+14.08 
+13.02 
+12.57 
+15.17 
+ 8.18 
+15.32 
+ 9.99 
+14.16 
+14.50 


Paris M. T. 
of Observation 


1858 
Sept. 2.327381 
2.337187 
2.350639 
2.406874 
2.418651 
2.427687 
3.281247 
3.292555 
3.295584 
3.322590 
3.530240 
4.276201 
4,289568 
4.300379 
4.308592 
4.308932 
4.311267 
4.316907 
4.321872 
4.421240 
5.293191 
5.383408 
5.419101 
5.419101 
5.529968 
5.537181 
5.654786 
6.329700 
6.350846 
6.364638 
6.524524 
6.544780 
6.917566 
7.315249 
7.367969 
7.514951 
8.322259 
8.340315 
8.516888 
8.516888 
8.516888 
9.299974 
9.302115 
9.312209 
9.315659 
9.315932 
9.319178 
9.523602 
10.263712 
10.277018 
10.284499 
10.294314 


ORBIT OF THE 


Place of 
Observation 


Geneva 
Copenhagen 
Konigsberg 
Christiania 
Pulkova 
Christiania 
Vienna 
Florence 
Vienna 
Geneva 
Washington 
Kremsmiinster 
Florence 
Christiania 
Geneva 
Berlin 
Geneva 
Christiania 
Florence 
Armagh 
Christiania 
Washington 
Ann Arbor 
Durham 
Copenhagen 
Armagh 
Washington 
Ann Arbor 


“ec 


Berlin 


Cambridge, Eng. 


Washington 
Copenhagen 
Konigsberg 


Cambridge, U.S. 


6c 


Geneva 
Florence 

Bonn 
Konigsberg 
Berlin 

Paris 
Washington 
Kremsmiinster 
Vienna 
Florence 
Kremsmiinster 


GREAT COMET OF 1858 


‘i Number of 
Comp. Star 
434 27 48.29 57 
34 27 50.99 51 
34 27 46.76 55 
34 28 19.63 51 
34 28 48.55 
34 28 48.24 aiff 
34 37 56.89 55 
34 38 2.05 56 
34 37 59.35 55 
34 38 20.04 56 
34 40 36.24 55 
34 48 33.42 56 
34 48 39.87 56 
34 48 49.44 56 
84 48 48.59 56 
34 48 56.46 56 
34 48 51.87 56 
34 48 52.29 55 
55 
34 49 59.11 56 
34 59 17.57 55 
35 0 15.53 55 
35 0 30.13 56 
35 0 35.01 55 
35 1 40.76 56 
385 1 48.01 55 
35 3 1.50 55 
35 10 10.64 
35 10 6.70 58 
35 10 26.90 55 
85 12 8.28 56 
35 12 14.35 58 
85 16 2.85 58 
35 20 3.87 58 
35 20 42.31 59 
35 21 52.33 61 
35 30 3.29 
35 30 10.23 60 
35 31 53.17 60 
35 31 46.46 61 
85 31 57.48 66 
35 39 26.56 66 
35 39 16.42 63 
35 39 30.23 60 
35 39 38.55 60 
35 39 21.79 60 
35 39 37.57 66 
35 41 33.91 61 
35 48 19.58 65 
35 48 24.58 65-6 
35 48 29.91 65 
+35 48 35.62 65 


Aa 


— 6.35 
— 8.67 
— 4.90 
—10.03 
— 4.86 
— 2.83 
a eOsha 
+ 0.58 
—19.27 
Ws 
— 5.76 
—10.63 
— 6.91 
—10.86 
— 8.02 
— 1.90 
—11.11 


—10.05 
— 1.32 
19.01 
—12.20 
— 9.39 
— 6.52 
= (deal 
— 8.84 
—11.85 
—17.06 
—33.77 
— 1.88 
—21.99 
== 
— 5.65 
— 6.76 
— 6.24 
+ 5.57 
+ 9.08 
— 8.99 


Saye 


1231) 
— 8.27 
— 6.95 
+ 1.10 
—11.08 
— 8.24 
—10.86 
—13.28 
— 9.16 
—14.43 
— 6.50 
— 9.20 
—13.65 


35 


Ao 


416.22 
+12.64 
Oral 
— 3.37 
+18.00 
+11.90 
+14.13 
+12.07 
+ 7.42 
+10.85 
+14.37 
+16.17 
+14.13 
+16.83 
+10.76 
+18.41 
+12.34 
+10.87 


+ 9.72 
-+17.00 
+18.25 
+10.39 
+15.27 
+11.49 
+14.21 
+14.05 
+23.08 
+ 6.06 
+17.74 
+20.40 
+13.99 
+13.70 
+12.91 
+19.48 
+ 0.87 
+12.00 
+ 8.36 
+ 8.14 
+ 1.48 
+12.40 
+12.82 
+ 1.48 
+ 9.61 
+15.98 
— 0.93 
+13.02 
+14.92 
+16.55 
+14.44 
+15.78 
+16.26 


36 
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Paris M. T. 
of Observation 


1858 

Sept. 10.306418 
10.307120 
10.325063 
10.325709 
10.354888 
10.520362 
10.628708 
11.280961 
11.301907 
11.3819423 
11.321783 
11.325972 
11.411657 
12.261121 
12.286131 
12.286559 
12.293542 
12.295472 
12.306918 
12.311009 
12.321429 
12.331857 
12.346679 
12.354098 
12.411405 
12.519159 
12.526442 
12.536618 
12.612848 
13.277211 
13.277425 
13.291278 
13.291733 
13.294974 
13.305238 
13.317599 
13.328567 
13.329885 
13.333017 
13.335091 
13.371491 
13.516267 
13.525041 
14.273293 
14,288013 
14.295328 
14.307231 
14.307231 
14.316540 
14.318520 
14.323235 
15.294684 


Place of 
Observation 


Berlin 
Copenhagen 
Konigsberg 
Paris 

Armagh 
Washington 
Bonn 
Kremsmiunster 
Geneva 

Paris 
Copenhagen 
Konigsberg 
Pulkova 
Kremsmiinster 
Christiania 
Florence 
Konigsberg 
Geneva 
Liverpool 


“cc 


Paris 
Armagh 
Pulkova 
Washington 
Ann Arbor 
Bonn 
Kremsmiunster 
Vienna 
Konigsberg 
Christiania 
Geneva 
Berlin 

Paris 
Leyden 
Copenhagen 
Christiania 


Cambridge, Eng. 


Leyden 
Washington 
Ann Arbor 
Kremsmiinster 
Konigsberg 
Vienna 
Geneva 
Leyden 
Copenhagen 
Paris 
Vienna 


166 2 


a 


165 51 50.46 
165 52 3.80 
165 52.42.14 
165 52 32.51 
165 54 12.98 
38.05 
166 7 46.05 
166 41 6.09 
166 42 6.50 
166 43 10.02 
166 43 13.97 
166 43 29.17 
166 47 59.70 
167 33 18.94 
167 34 43.59 
167 34 44.73 
167 34 53.84 
167 35 12.02 
167 35 50.51 
167 35 58.70 
167 36 36.73 
167 37 12.38 
167 38 6.08 
167 38 15.70 
167 41 25.95 
167 47 33.62 
167 47 58.52 
167 48 33.25 
167 52 41.84 
168 30 27.71 
168 30 32.55 
168 31 19.32 
168 31 15.14 
168 31 27.37 
168 31 59.11 
168 32 50.64 
168 33 27.24 
168 38 27.66 
168 38 44.19 
168 38 50.03 
168 35 52.93 
168 44 23.18 
168 44 54.92 
169 29 51.01 
169 30 44.22 
169 31 1.74 
169 31 50.02 
169 31 48.81 
169 32 34.48 
169 32 27.58 
169 32 52.48 
170 34 17.06 


+36 


Number of 
Comp. Star 
“a 
42.52 65 
36.08 
50.29 65 
45.94 65 
1.87 65 
44.35, 65 
32.36 65 
2.34 64 
16.88 65 
29.26 69 
16.04 65 
29.14 65 
6.22 
47.28 69 
1.27 68 
53.86 67 
9.51 69 
58.98 69 
8.35 val 
11.76 62 
14.60 62 
20.44 62 
28.54 69 
30.97 69 
53.48 
47.30 69 
45.74 69 
48.84 67 
22.26 69 
58.86 69 
56.74 69 
1.52 71 
2.23 62 
6.30 69 
8.35 69 
18.72 69 
15.34 70 
12.04 
20.78 68 
22.04 71 
37.07 69 
30.19 69 
33.94 69 
57.33 69 
2.07 72 
3.61 67-9 
7.03 69 
5.89 70 
74 
13.68 
17.61 69 
47.86 72 


“l 
+16.70 
+ 9.89 
+14.54 
+ 9.85 
+10.27 
+25.32 
+16.62 
+14.46 
+17.61 
+22.33 
7.04 
+18.96 
+13.85 
+14.42 
+17.13 
+ 9.55 
+ 22.06 
+10.66 
+ 9.89 
+16.46 
+14.63 
+15.80 
+17.28 
+16.39 
+13.41 
+19.75 
+15.00 
+13.66 
+13.93 
+15.48 
-+13.28 
+12.59 
+13.12 
+15.92 
+13.93 
+19.45 
+11.78 
+ 7.96 
+15.47 
+15.93 
+16.77 
+14.31 
+14.72 
+13.63 
+-13.57 
+12.73 
+12.28 
+11.14 


+15.27 
+17.69 
+1171 


Paris M. T. 
of Observation 


1858 

Sept. 15.299126 
15.299256 
15.299256 
15.308400 
15.316643 
15.324451 
15.332976 
15.337503 
15.330548 
15.340177 
15.344453 
16.282016 
16.289858 
16.294017 
16.305316 
16.349513 
16.354993 
16.366305 
16.411922 
16.527175 
16.548921 
16.638835 
17.259056 
17.264848 
17.282358 
17.291647 
17.306382 
17.329512 
17.359841 
17.412500 
17.532051 
17.550766 
18.287944 
18.317231 
18.315490 
18.319006 
18.319751 
18.328100 
18.336446 
18.351046 
18.413297 
18.424440 
18.534230 
18.545534 
19.272473 
19.286802 
19.289696 
19.289697 
19.312751 
19.387398 
19.515182 
19.531160 


ORBIT OF THE GREAT COMET OF 1858 


Place of 
Observation 


Konigsberg 
Geneva 


Liverpool 
Berlin 


Cambridge, Eng. 


Leyden 
Liverpool 


Cambridge, Eng. 


Liverpool 
Kremsminster 
Florence 
Christiania 
Konigsberg 
Leyden 


Cambridge, Eng. 


Leyden 
Pulkova 

Ann Arbor 
Bonn 

Vienna 
Kremsmiinster 
Konigsberg 
Vienna 
Copenhagen 
Christiania 


Cambridge, Eng. 


Pulkova 
Ann Arbor 
Konigsberg 
Copenhagen 
Paris 
Copenhagen 
Liverpool 


6 


sé 


Markree 
Pulkova 
Christiania 
Ann Arbor 
Christiania 
Kremsmiinster 
Christiania 
Geneva 
Florence 
Paris 
Armagh 
Washington 
Ann Arbor 


170 
170 
170 
170 
170 
170 
170 
170 
170 
170 
170 
171 
171 
171 
171 
171 
171 
171 
171 
171 
171 
172 
172 
172 
172 
172 
172 
172 
172 
173 
173 
173 
174 
174 
174 
174 
174 
174 
174 
174 
174 
174 
174 
174 
175 
175 
175 
175 
175 
175 
175 


34 
34 
35 
35 
36 
36 
36 
36 
37 
37 
40 
40 
41 
41 
45 
45 
46 


10 
11 
12 
17 
18 
26 
27 
26 
28 
28 
28 
30 
36 
47 


6 
“a ° 
31.52 +36 22 
26.31 86 22 
26.10 36 22 
3.64 36 22 
38.37 36 22 
3.78 36 22 
43.46 36 22 
58.28 36 22 
37.19 36 23 
7.72 36 22 
35.46 36 23 
22.08 36 26 
42.92 36 26 
9.40 36 26 
56.83 36 26 
3.20 36 25 
28.16 36 26 
4.63 36 26 
22.50 36 26 
20.10 36 26 
52.17 36 26 
18.22 36 26 
50.32 36 27 
9.59 36 27 
27.98 36 27 
6.45 36 27 
6.85 36 27 
11.24 36 27 
24.53 36 27 
3.30 36 27 
55.97 36 27 
18.70 36 27 
41.96 36 26 
47.28 36 26 
50.67 36 27 
16.79 
4.71 36 26 
44.18 36 26 
25.44 36 26 
34.18 36 26 
27.00 36 26 
19.92 36 26 
57.07 36 26 
44.11 36 26 
52.76 36 28 
3.28 36 23 
16.40 36 23 
16.03 36 23 
10.86 36 23 
59.67 36 23 
20.76 36 22 


175 48 29.01 +36 22 


Number of Aa 


Comp. Star 
“l 

74 —11.24 
69 —16.96 
70 —17.17 
73 —15.32 
81 —13.78 
75 —17.88 
74 —11.53 
73 —14.41 
81 — 8.31 
75 —15.43 
81 — 4.41 
80 —10.77 
78 — 3.41 
62 —13.14 
76 —12.52 
76 — 9.59 
76 — 7.41 
77 —17.98 
—10.14 

78 —14.97 
80: —14.29 
76 — 7.51 
82 — 8.84 
82 —15.02 
80 —13.64 
76 —16.05 
78-80 —20.55 
+ 1.84 

79 + 1.18 
—13.25 

80 —13.00 
78 —13.94 
82 — 5.55 
82 —17.56 
82 —15.38 
+ 3.62 

84 —11.95 
84 —11.69 
84 — 9.63 
82 — 9.53 
—10.07 

— 9.80 

80 —13.13 
82 —19.88 
82 —13.13 
83-4 —14.10 
86 —15.42 
86 —17.29 
86 —18.14 
82 +18.68 
82 — 4.56 
86 —17.26 


Ao 


421.30 
+10.88 
+10.94 
+ 4.37 
+14.90 
+16.04 
+14.31 
+ 9.66 
+15.96 
+12.76 
+17.33 
+-15.72 
+18.94 
+14.51 
+10.53 
RY) 
+16.81 
-+-13.03 
+11.15 
+13.66 
-+15.28 
-+11.66 
+16.79 
+16.64 
+18.84 
+11.53 


_+:17.48 


+21.81 
+12.48 
+14.35 
+17.41 
+15.88 
+10.13 
— 3.46 
+25.92 


+14.91 


| 12.29 


+ 8.98 
— 6.62 
+ 9.83 
+21.78 
+17.32 
+14.61 
+17.81 
+12.02 
+13.14 
+12.36 
+ 7.51 
+ 6.36 
+12.25 
+-12.55 


37 


38 
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Paris M. T. 
of Observation 


1858 

Sept. 20.252856 
20.265575 
20.288793 
20.310506 
20.344173 
20.360918 
20.362970 
20.470112 
20.510140 
20.510962 
20.514399 
20.515778 
20.337975 
20.647851 
20.650006 
20.663728 
20.680067 
20.690908 
21.299000 
21.299037 
21.311531 
21.303351 
21.317379 
21.325561 
21.326150 
21.319350 
21.326150 
21.328914 
21.334417 
21.335339 
21.335411 
21.337062 
21.350418 
21.351112 
21.364569 
21.375570 
21.471664 
22.287329 
22.290700 
22.294876 
22.305836 
22.357669 
23.266456 
23.296747 
23.302829 
24.270615 
24.279692 
24.290996 
24.290137 
24.300586 
24.332837 
24.341926 


Place of 
Observation 


Florence 
Kremsmunster 
Christiania 
Paris 

Durham 
Markree 
Durham 
Christiania 
Washington 


Cambridge, U.S. 


Ann Arbor 
Washington 
Gottingen 
Durham 
Berlin 
Durham 
Armagh 
Geneva 
Bonn 
Konigsberg 
Liverpool 
Gottingen 
Christiania 
Gottingen 
Liverpool 
Gottingen 
Leyden 
Copenhagen 
Liverpool 
Berlin 
Copenhagen 
Armagh 
Markree 


Cambridge, Eng. 


Leyden 
Christiania 
Kremsmiunster 
Gottingen 
Bonn 
Gottingen 
Markree 
Kremsmiinster 
Copenhagen 
Vienna 
Liverpool 
Konigsberg 
Liverpool 


“ 


Greenwich 


Cambridge, Eng. 


176 


a 


51 


‘ 


“l 
5.56 


176 52 6.63 
176 54 6.19 
176 55 56.55 
176 59 4.23 
1 4.66 


117 


177 
177 
177 
177 
177 
176 
177 
177 


177 
177 
178 
178 
178 
178 
178 
178 
178 
178 
178 
178 
178 
178 
178 
178 
178 
178 
178 
178 
178 
180 
180 
180 
180 
180 
181 
181 
181 
183 
183 
183 
183 
183 
183 
183 


10 
14 
13 
14 
14 
58 
26 
26 


29 
30 
26 
26 
27 
27 
28 
29 
29 
28 
28 
29 
30 
30 
30 
30 


18.96 

0.80 
56.28 
13.81 
31.25 
20.29 
20.58 
35.43 


15.12 
10.59 
46.31 
39.87 
56.29 
8.29 
8.88 
7.94 
1.55 
41.22 
56.49 
34.02 
4.85 
13.96 
9.55 
18.26 
34.04 
35.38 
34.25 
51.15 
5.72 
16.71 
28.68 
56.12 
8.42 
12.18 
16.71 
34.97 
2.03 
39.67 
45.87 
0.60 
55.72 
7.05 
43.65 
49.63 


0) 


+36 17 
36 17 
36 17 
36 17 


36 17 
36 17 
36 16 
36 15 
36 15 
36 15 
36 15 
36 17 


36 14 
36 14 


36 14 
36 8 
36 8 
36 7 
36 8 
36 7 
36 7 


36 7 


36 
36 
36 
36 
36 
36 
36 
36 
36 
36 
35 
35 
35 
35 
35 
35 
35 


anrn»1n 
OR RR RoQVAIANQAA AN OA 


w ow 
1) ar) 


35 12 
35 12 
35 12 
35 12 
35 11 
35 11 


‘ 


“l 


55.7 

54.15 
44,26 
32.58 


10.97 

8.06 
12.75 
52.79 
55.65 
53.71 
53.84 
15.66 


41.65 
36.18 


16.78 
7.33 
3.23 

51.27 
1.77 

55.28 

51.07 


52.96 


45.85 

1.66 
44.14 
38.80 
43.82 
20.35 
20.64 
18.18 
10.58 
55.02 
35.24 
35.97 
25.39 
13.96 
14.67 
36.83 
45.14 


43.13 
32.54 
10.37 
14.66 
57.07 

6.04 


+35 10 44.54 


Number of ING 


Comp. Star 
“l 

86 — 4,42 
85-6 —10.89 
84 —14.68 
86 —20.02 
86 —11.91 
85-6 +19.05 
86 
84-7 —12.33 
85 — 6.24 
86 —15.20 
86 —16.22 
86 — 6.23 
86 —17.46 
86 —12.96 
86 — 9.98 
86 
86 —14.02 
85 —17.72 
86 — 8.18 
88 —14.82 
88 — 9.39 
92 —10.92 
87 —30.04 
87 —17.50 
85 — 27.25 
92 — 891 
86 —32.31 
89 —10.51 
88 — 8.99 
92 — 7.24 
85 —11.95 

—12.65 
86 —12.93 
85-6 —15.54 
85 +26.73 
86 —19.23 
86 —14.71 
90 —12.99 
90 —21.42 
90 —19.26 
89 —13.35 
90 —24,22 
93 —10.04 
93 — 7.21 
93 —19.44 
94 —11.82 
92 — 8.00 
93 —12.01 
92 — 9.98 
92 —10.56 

—16.20 
93 —12.93 


Ao 


+ 9.65 
413.83 
414.67 
413.09 


+15.35 
-+13.43 
+10.69 
+11.01 
+14.28 
+14.10 
+18.42 
+ 8.64 


+13.48 
+15.39 


+10.86 
+18.35 
+14.28 
+11.08 
+ 15.80 
-+-19.07 
+20.55 


+18.11 


+17.68 
+87.35 
+20.48 
+15.17 
+21.26 
+ 1.27 
+ 8.05 
+15.09 
+15.29 
+ 9.06 
+ 15.55 
+19.49 
+12.90 
+11.95 
+ 2.69 
-+-13.25 
— 0.33 


+12.79 
+16.83 
+12.92 
+15.83 
-+-15.16 
-+16.63 
+10.00 


Paris M. T. 
of Observation 


1858 

Sept. 24.422078 
24.423542 
25.261189 
25.272704 
25.275727 
25.292244 
25.285921 
25.292886 
25.299857 
25.314011 
25.325785 
25.352642 
25.489007 
25.520255 
25.648289 
25.667479 
26.298863 
26.306382 
26.484109 
26.527307 
26.531839 
26.322762 
26.339268 
26.346136 
27.242312 
27.278058 
27.279344 
27.286224 
27.293169 
27.320928 
27.360644 
27.368878 
28.259639 
28.279187 
28.292041 
28.299010 
28.307004 
28.326205 
28.506643 
29.260515 
29.263858 
29.268433 
29.281328 
29.284939 
29.293825 
29.303599 
29.823978 
29.498277 
29.505309 
29.708542 
30.207585 
30.227222 


ORBIT OF THE 


Place of 
Observation 


Christiania 
Pulkova 
Kremsmiuinster 
Gottingen 
Konigsberg 
Liverpool 


““ 


“ 


Berlin 


Cambridge, Eng. 


Greenwich 


Cambridge, U. S. 


Ann Arbor 
Durham 
Geneva 
Bonn 
Christiania 
Washington 
Ann Arbor 
Durham 


“ 


“ 


Kremsmiinster 
Florence 

Bonn 

Geneva 
Liverpool 


Cambridge, Eng. 


Christiania 
Armagh 
Kremsmiinster 
Bonn 

Paris 
Copenhagen 
Durham 
Washington 
Kremsmiinster 
Vienna 
Konigsberg 
Leyden 
Florence 
Gottingen 
Vienna 
Geneva 


Cambridge, U. S. 


Washington 
Greenwich 
Pulkova 


“< 


183 
183 
185 
185 
185 
185 
185 
185 
185 
185 
185 
185 
186 
186 
186 
186 
187 
187 
188 
188 
188 
187 
187 


189 
189 
189 
189 
189 
190 
190 
190 
192 
192 
192 
192 
192 
192 
192 
194 
194 
194 
194 
194 
194 
194 
194 
195 
195 
195 
197 


GREAT COMET OF 1858 


16 
18 
19 
20 
23 
49 
42 
43 
43 
46 
46 
47 
49 
52 
19 
20 
52 
10 


“l 
54.89 
10.95 
31.30 

5.21 
19.06 
26.04 
40.26 
27.31 
20.05 
15.72 
23.38 
52.20 
44.71 
36.19 
26.18 
47.69 

6.99 
11.32 
21.71 

4.57 
32.82 
18.92 
25.98 


3.90 
52.02 
13.95 

5.07 
45.38 
55.60 
22.42 

5.00 
38.59 
33.12 
24.52 
25.03 
17.27 
30.97 
51.07 
44.06 
20.04 
55.92 

4.00 
20.95 
12.72 
25.47 
22.65 
17.55 
39.97 

4.65 
52.77 


197 14 4.05 


C) 


+35 8 45.68 


35 
34 
34 
34 
34 
34 
34 
34 
34 
34 
34 
34 
34 
34 
34 
34 
34 
33 
33 
33 


32 


8 
42 
42 
42 
41 
42 
41 
41 
41 
40 
39 
35 


29.39 
52.75 
29.31 
27.18 
49.07 

2.64 
49.79 
35.14 

8.62 
48.39 
47.44 

5.39 
59.05 
18.03 
37.93 
46.23 
29.86 
50.83 
58.36 
52.01 


52.60 
26.11 
29.13 
31.70 

6.62 
50.51 
25.90 
25.88 
51.72 

1.27 
51.95 

7.66 
47.15 


2.45 
57.40 
38.66 
22.20 

3.25 


58.15 
27.20 
26.76 
49.99 

5.74 
33.17 
56.43 
30.84 
54,13 


Number of 
Comp, Star 


92-3 


95 
97 
96 
95 
98 
98 
98 
97 
95 


95 
96 
95 
95 
98 
99 
98 
99 
99 
98 
98 
98 
100 
100 
100 
100 
103 
100 
100 
100 
105 
102 
105 
102 


101 
105 
104 
112-3 
109 
107 
106 
108 
104 
104 
112 
112 


115 
115 


39 


Ad 


“ 
+23.65 
+ 9.80 
+14.55 
+14.41 
+18.36 
+13.75) 
+14.49 
-+-15.78 
+15.30 
+17.63 
+21.46 
+15.24 
+18.45 
+18.58 
+14.59 
+16.65 
+11.15 
+13.69 
+ 9.52 
+10.03 
+14.33 


+16.76 
+15.02 
+ 6.36 
+12.86 
+10.26 
+13.76 
+14.06 
+16.27 
+ 7.56 
+13.79 
+15.84 
+18.61 
+83.66 


419.01 


+90.12 
+-17.75 
-+15.78 
+16.68 


+23.32 
+31.07 
+13.28 
+ 1.24 
+16.24 
+15.39 
+11.88 
+12.96 
+15.75 
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Paris M. T. 
of Observation 


1858 


Sept. 30.257998 


Oct. 


30.263155 
30.270043 
30.273627 
30.284093 
30.295506 
30.314046 
30.320418 
30.335823 
30.342848 
30.501681 
30.533553 
30.323109 
30.334899 
1.268006 
1.295157 
1.300854 
1.300854 
1.311247 
1.312189 
1.350841 
1.507696 
2.263880 
2.264704 
2.268121 
2.285332 
2.286363 
2.287888 
2.300320 
2.300320 
2.304222 
2.304203 
2.509941 
3.257362 
3.270639 
3.272642 
3.284526 
3.290934 
3.308712 
3.530868 
4.224497 
4.243681 
4.251518 
4.258040 
4.262837 
4.265508 
4.279468 
4.283145 
4.287557 
4.299512 
4.303897 
4.308288 


Place of 
Observation 


Kremsmiinster 
Liverpool 
Geneva 
Liverpool 
Geneva 
Markree 
Armagh 


Cambridge, Eng. 


Armagh 
Washington 


““c 


Durham 
Kremsmiinster 
Greenwich 
Gottingen 
Geneva 
Leyden 
Christiania 
Washington 
Konigsberg 
Vienna 
Kremsmiinster 
Greenwich 
Geneva 
Leyden 
Christiania 
Geneva 
Florence 
Washington 
Christiania 
Kremsmiunster 
Vienna 

Bonn 

Geneva 
Washington 
Berlin 

Vienna 
Liverpool 
Vienna 
Kremsmiinster 
Liverpool 
Gottingen 
Leyden 
Durham 
Geneva 
Durham 


197 18 
197 19 
197 20 
197 21 
197 23 


197 24 


197 27 
197 28 
197 31 
197 32 
197 58 
198 4 
197 29 


200 4 
200 9 
200 9 
200 9 
200 11 
200 11 
200 18 
200 44 
202 54 
202 54 
202 55 
202 58 
202 58 
202 58 
203 0 
203 0 
203 1 
203 1 
203 37 
205 49 
205 51 
205 52 
205 54 
205 55 
205 58 
206 38 
208 44 
208 48 
208 49 
208 50 
208 51 
208 52 
208 55 
208 55 
208 56 
208 58 
208 59 


t) 


° 4 “él 
+29 59 16.75 
29 58 48.95 


29 
29 
29 
29 
29 
29 
29 
29 
29 
29 


29 
28 
28 
28 
28 
28 


28 
28 
26 
26 
26 
26 
26 


26 
26 
26 
26 
26 
24 
24 
24 
24 
24 
24 
24 
22 
22 
22 
22 
22 
22 
22 
22 
22 


22 
+22 


58 
57 
57 


7.41 
55.89 
0.83 


56 4.30 


54 
53 
52 
52 
38 
35 


52 
26 
23 
23 
23 
22 


18 


40.09 
52.46 
40.33 
7.19 
11.42 
4.29 


43.32 
19.30 
40.45 
4.11 
12.04 
0.09 


7.24 


2 28.24 


40 
40 
39 
37 
37 


36 
36 
35 
35 
poh 
39 
37 
36 


23 
21 
20 
20 
19 
17 
17 
16 


14 
13 


19.60 

0.05 
43.59 
48.19 
35.34 


4.47 

3.14 
31.18 
33.99 
41.67 

9.16 
15.00 
58.69 
30.35 
31.04 
15.86 
50.88 
47.75 
13.59 
51.55 
51.68 
11.16 
47.54 
46.22 
23.01 
33.54 


4.14 
32.19 


Number of 
Comp. Star 


114 
111 
114 
111 
111 
110 
116 
114 
116 
116 
116 
117 
116 
116 
122 


122 
123 
122 
124 
121 
120 
125 
126 
126 


128 
126 
125 
126 
125 
125 
127 
118 
132 
130 
129 
133 
130 
131 
134 
134 
138 
135 
134 
138 
138 
136 
136 
136 
134 
136 


Aa 


—13.70 
— 8.03 
—14.94 
— 8.37 
11-71 
—13.00 
—14.49 
—45.43 
—14.03 
— 38.89 
— 8.92 
+22.99 
— 8.17 


—13.99 
— 8.55 
—17.99 
—16.14 
—13.36 
= 8.719 
— 2.79 
—20.96 
——1963 
— 8.62 
—14.25 
— 8.83 
—10.74 
— 5.95 
—13.12 
—10.06 
—16.69 
— 9.04 
—13.33 
— ol 
<li kG 
—14.36 
— 9.85 
—12.08 
— 8.82 
See SM 
—— 7210 
— 6.14 
— 2.64 
—10.81 
lead: 
— 1.30 
— 4,51 
— 0.99 
+ 2.39 
+ 4.00 
—16.18 


Ad 


414.94 
413.44 
+ 7.07 
4-13.88 
412.36 
414.33 
25.37 
+10.53 
417.84 
420.97 
416.37 
— 1.49 


+16.06 
+10.99 
+13.98 
+11.72 
+19.65 
+ 8.83 


+16.49 
+26.08 
+18.78 
ae (ol) 
+12.60 
+15.30 
+ 9.58 


+14.64 
+13.31 
+10.39 
+11.60 
+20.39 
+21.07 
+10.48 
+ 9.83 
+14.36 
+ 5.19 
+ 9.33 
+11.12 
+13.51 
+27.18 
+13.74 
+11.04 
+12.59 
+12.42 
+13.71 
+22.82 
+12.16 


+ 6.66 
+13.42 


Paris M. T. 
of Observation 


1858 
4.316911 
4.334335 
5.204358 
5.204722 
5.205456 
5.217774 
5.218247 
5.219959 
5.234935 
5.249079 
5.253226 
5.254982 
5.275980 
5.285601 
5.285703 
5.291148 
5.299001 
5.302480 
5.313001 
5.324932 
5.506095 
5.513707 
6.223085 
6.243362 
6.245121 
6.259660 
6.268458 
6.274580 
6.276532 
6.281182 
6.283378 
6.292062 
6.295746 
7.223698 
7.233783 
7.243249 
7.245732 
7.246070 
7.262217 
7.283573 
7.285147 
7.291893 
7.301455 
7.807955 
7.319152 
7.326498 
8.228454 
8.231321 
8.243545 
8.264194 
8.266683 
8.266998 


6 


Oct. 


ORBIT OF THE GREAT COMET OF 1858 


Place of 
Observation 


Durham 
Markree 
Berlin 

Vienna 
Pulkova 
Konigsberg 
Pulkova 
Vienna 
Gottingen 
Breslau 
Geneva 
Christiania 
Bonn 
Greenwich 
Markree 
Armagh 
Geneva 
Cambridge, Eng. 
Durham 
Washington 
Ann Arbor 
Berlin 
Christiania 
Breslau 
Gottingen 
Geneva 
Gottingen 
Copenhagen 
Leyden 
Kremsmuiuinster 
Paris 

Berlin 

Vienna 
Kremsmiinster 
Vienna 
Breslau 
Kremsmiunster 
Geneva 
Gottingen 
Florence 
Durham 
Markree 
Armagh 
Breslau 
Kremsmiinster 
Bonn 
Gottingen 
Paris 
Liverpool 


a 


209 2 0.96 
209 5 7.56 
211 46 12.01 
211 46 5.12 
211 46 13.80 
211 48 32.30 
211 48 39.50 
211 48 59.87 
211 51 42.14 
211 54 28.07 
211 55 4.97 
211 55 26.91 
211 59 23.37 
212 1 9.15 
212 117.04 
212 217.13 
212 3 38.23 
212 4 21.40 
212 6 20.02 


19.31 
46.90 
56.76 
43.33 

0.08 
45.60 
21.56 
31.88 
52.90 

6.09 
13.91 
48.62 
30.22 
29.88 
27.10 

8.42 
37.35 
31.48 
44.56 
46.97 
58.14 
16.98 

4.61 
19.72 
26.57 
50.37 
27.66 

4.35 
19.32 
14.02 
41.47 
35.40 


212 42 
212 43 
214 56 
215 
215 
215 
215 
215 
215 
215 
215 
215 
215 
218 
218 
218 
218 
218 
218 
218 16 
218 
218 18 
218 
218 
218 23 
218 
221 
221 
221 
221 
221 
221 


KH an = 
oN WOO DAMNDDDARAMNWHS 


bo bo 
HO 


wnnmnnwrHe ap 
PREPARA 


° 4 “l 


+22 9 33.66 
19 55 14.35 
19 55 21.54 
19 55 12.84 
19 53 12.25 
19 53 7.27 
19 52 49.10 
19 50 27.26 
19 47 58.98 
19 47 24.09 
19 47 14.03 
19 43 47.78 
19 42 12.83 
19 42 15.95 
19 41 13.71 
19 40 2.00 
19 39 23.24 


19 35 48.01 
19 5 58.72 
19 -4 42.00 
17 3 5.99 
16 59 31.04 
16 59 5.37 
16 56 40.65 
16 55 2.18 
16 53 58.80 


16 52 47.79 


16 50 49.68 
16 50 16.69 
13 59 20.99 
13 57 27.63 
13 55 40.48 
13 55 12.90 
13 55 2.98 
13 52 3.43 
13 47 59.50 
13 47 42.69 
13 46 28.98 
13 44 24.33 
13 43 39.05 
13 41 6.23 
13 39 49.65 
10 42 54.76 
10 42 8.57 
10 39 36.69 


10 35 3.07 
+10 34 51.86 


Number of 
Comp. Star Aa 
“ld 

136 + 2.78 
136 — 2.52 
138 + 1.71 
138 — 9.23 
138 — 8.74 
138 — 7.91 
138 — 6.00 
138 — 4.78 
138 — 9.90 
138 — 2.12 
138 —11.59 
138 — 9.27 
138 — 7.65 
— 9.49 
138 — 2.75 
138 — 3.60 
139 —10.33 
138 — 6.07 
139 — 5.20 

139 
140 —10.13 
137 — 7.94 
143 — 4,30 
143 — 6.57 
143 — 9.68 
143 — 8.24 
142 —11.60 
141 —10.39 
144 —11.40 
+ 9.30 
143 — 7.67 
144 —11.01 
142 —10.98 
148 — 4,97 
149 — 1.74 
148 — 7.50 
149 — 6.61 
147-9 —16.35 
148 — 5.82 
146 — 4.87 
151 —11.50 
148 — 8.93 
146 — 9.40 
146 — 1.77 
151 — 7.51 
151 — 6.74 
152-8 — 6.84 
152 — 2.40 
154 — 4.85 
155 — 2.27 
152 — 2.80 
150 —12.42 


42 


Paris M, T. 
of Observation 


1858 
Oct. 8.275565 
8.276015 
8.279737 
8.279866 
8.294975 
8.296998 
8.298771 
8.311355 
8.347951 
8.994392 
9.231500 
9.233137 
9.253497 
9.263202 
9.266902 
9.268608 
9.275645 
9.277736 
9.282223 
9.282566 
9.312163 
9.495923 
9.496575 
10.224865 
10.254573 
10.267580 
10.309878 
10.987956 
11.238792 
11.266800 
11.274023 
11.274066 
11.296548 
11.297047 
11.310513 
11.313423 
12.269342 
12.270434 
12.280254 
12.982945 
13.213628 
13.255055 
13.277955 
13.287219 
13.288445 
13.488816 
13.508620 
14.234268 
14.256363 
14.256363 
14.261041 
14.271791 


COLLECTED 


Place of 
Observation 


Gottingen 
Florence 
Altona 
Leyden 
Liverpool 
Armagh 


Cambridge, Eng. 


Leyden 
Markree 
Batavia 
Christiania 
Pulkova 
Gottingen 
Altona 
Konigsberg 
Greenwich 
Geneva 
Gottingen 
Paris 
Geneva 


Cambridge, Eng. 


Washington 
Ann Arbor 
Christiania 
Kremsmiinster 
Altona 
Armagh 
Batavia 
Kremsmiinster 
Vienna 

Cape 1 
Greenwich 
Armagh 
Leyden 
Markree 


Cambridge, Eng. 


Altona 
Cape 1 
Paris 
Batavia 
Pulkova 
Geneva 
Liverpool 
Florence 
Liverpool 
Washington 
Ann Arbor 
Geneva 


“ 


“e 


Kremsmiinster 
Cape 1 


221 23 
221 23 
221 24 
221 26 


221 27 


221 27 


221 36 
223 37 
224 21 
224 21 
224 25 
224 27 
224 27 
224 28 
224 29 
224 30 
224 30 
224 30 
224 36 
225 10 
225 10 
227 23 
227 28 
227 31 
227 38 
229 40 
230 25 
230 29 
230 31 
230 31 
230 35 
230 35 
230 37 
230 38 
233 24 
233 24 
233 26 
235 24 


17.71 
58.29 
12.91 
57.68 
26.35 
34.94 


20.06 
18.09 
25.29 
41.92 
39.65 

9.79 
50.13 
17.10 
38.63 

7.98 
48.43 
43.79 
20.97 
50.23 
26.00 
39.55 
53.28 
12.00 
46.19 
28.31 

8.58 
55.06 
11.64 
24.90 
27.26 

7.51 
48.17 
18.92 
24.30. 

0.80 

8.65 
35.70 
43.19 
39.78 
34.28 

0.26 
19.72 

8.43 
16.00 
40.71 
12.38 

9.36 
55.57 
35.95 


410 


10 
10 


10 


SOO COOH WWWWHAHAAMANANAIAANAAN AAA 0 


fete 
o 


YWAAMAWMAAMNwWwWWNMOS 


a 
oo 


10 
10 


? : 


4 


33 
32 
32 


29 
28 


0 
uf 
3 
4 


“d 

(ol 
56.76 
12.74 


16.75 
51.13 
30.68 
59.79 
31.69 
22.90 
55.62 
33.77 
15.59 
16.79 
31.58 
10.90 
40.58 
15.21 
17.56 

7.43 
59.69 
51.92 
20.16 
17.21 
59.55 
15.43 
15.99 
11.49 
16.82 
27.48 
52.07 
49.50 

6.50 

3.06 
57.06 
37.88 


26 22.83 


26 
28 
54 
40 
49 
54 
54 
56 
36 
40 

3 

8 

% 

8 


34.39 
33.88 
11.79 
46.99 
28.88 

6.25 
37.67 
14.72 
41.60 
41.80 
39.86 

0.59 
56.95 
50.99 


—10 10 50.70 


Number of 


MATHEMATICAL WORKS OF G. W. HILL 


Comp. Star Aa 
a 
155 
152 —11.46 
154 —12.70 
152 + 0.49 
150 — 4,56 
152 + 1.39 
154 — 9.95 
152 
154 —37.30 
—14.23 
174 — 4.68 
158 — 6.23 
159 + 5.57 
159-62 —11.95 
159 —12.66 
— 0.68 
165 — 1.14 
159 + 5.03 
156 — 4,29 
164 —12.73 
161 — 3.69 
157 +31.34 
160 — 0.09 
176 — 20.35 
166 — 6.49 
166 — 9.19 
163 —14.63 
—16.69 
169 — 4.78 
168 —14.97 
168 —14.85 
— 2.05 
167 + 2.42 
168 —22.62 
168 — 4.36 
170 — 4.38 
171-3) + 3.31 
172 —31.39 
175 — 417 
— 6.64 
181 —12.35 
180 — 5.28 
182 + 3.14 
180 + 6.15 
182 + 5.08 
177 + 4.97 
179 — 1.20 
186 — 4.92 
190 — 2.61 
194 — 5.63 
194 — 3.73 
183 — 5.11 


Ad 


+ 6.28 
4+ 1.37 
+ 2.31 


+10.59 
+ 9,44 
+ 9.42 
+11.83 
+ 7.08 
+19.45 
+10.06 
+ 8.73 
+ 5.52 
+ 8.30 
+ 9.47 
+10.16 
+ 8.04 
+ 8.87 
+ 7.49 
+ 1.66 
+ 5.21 
ott 
+ 4.63 
= 3.77 
+ 5.32 
+ 7.15 
+ 7.59 
—28.46 
+ 1.73 
+ 9.92 
+ 6.91 
+ 3.69 
+50.76 
+ 5.38 
+ 3.21 
— 0.49 
4- 4.99 
+ 6.08 
+10.85 
— 0.68 
+24.10 
+ 5.65 
+ 6.41 
+ 3.25 
+ 5.27 
— 0.12 
—' 3.08 
+ 0.52 
= 1,21 
— 4.85 
+ 0.04 
+ 4.95 


Paris M. T. 
of Observation 


Oct. 


1858 
14.287875 
14.528756 
15.239372 
15.240280 
15.241461 
15.243991 
15.247077 
15.256351 
15.256407 
15.259106 
15.286250 
15.316533 
15.499105 
15.503998 
16.231845 
16.234474 
16.234960 
16.240516 
16.242347 
16.245888 
16.257474 
16.270196 
16.271260 
16.277275 
16.287908 
16.288004 
16.292798 
16.296702 
16.318776 
16.501781 
17.224979 
17.237201 
17.258608 
18.000873 
18.229243 
18.241802 
18.259592 
18.270142 
18.285490 
18.285490 
18.285797 
18.299314 
18.299314 
18.305006 
18.322705 
18.322705 
19.002366 
19.452976 
19.494892 
20.454666 
21.264748 
21.264748 


ORBIT OF THH GRHAT COMET OF 1858 


Place of 
Observation 


Cape 1 

Ann Arbor 
Geneva 
Vienna 
Gottingen 
Kremsmiinster 
Gottingen 
Florence 
Liverpool 
Geneva 


Cambridge, Eng. 


Cape 1 
Washington 
Ann Arbor 
Breslau 
Bonn 
Berlin 
Vienna 
Gottingen 
Altona 
Florence 


Cambridge, Eng. 


Paris 
Cape 1 
Armagh 
Cape 2 
Markree 
Cape 1 
Cape 2 
Washington 
Vienna 
Geneva 
Batavia 
Vienna 
Geneva 
Cape 1 
Cape 2 
Cape 1 
Cape 2 
Cape 1 
Cape 2 


“c 


Batavia 


Cambridge, U. S. 


Washington 


Cambridge, U.S. 


Cape 2 


“ 


238 
239 
241 
241 
241 
241 
241 
241 
241 
241 
241 
241 
242 
242 
243 
243 
243 
243 
243 
243 
243 
243 
243 
243 
243 
243 
243 
243 
244 
244 
246 
246 
246 
247 
248 
248 
248 
248 
248 
248 
248 
248 
248 
248 
248 
248 
250 
250 
251 
252 


a 


‘ 


56 
34 
22 
23 
23 
23 
24 
25 
25 
25 
29 
34 

1 

2 
49 
49 
49 
50 
50 
51 
53 
54 
54 
55 
57 
57 
58 
58 

al 
27 

8 
10 
12 
52 
21 
23 
25 
27 
29 
29 
29 
31 
31 
31 
33 
33 

0 
55 

0 
53 


7.05 

4.89 
54.89 

7.16 
24.24 
37.26 
14.36 
31.52 
34.18 
59.61 
56.64 
25.22 
57.44 
46.28 
15.80 
35.41 
43.56 
31.08 
43.61 
20.48 

1.93 
41.20 
55.08 
45.29 
24.89 
13.13 

0.03 
31.73 
33.08 
47.24 
24.59 

5.33 
59.23 

5.86 
57.50 
37.72 
58.24 
23.57 
21.63 
21.93 
26.42 

6.06 

7.26 
53.66 
53.28 
54.33 

7.86 
27.49 
32.11 
30.05 


254 24 12.23 
254 24 15.98 


27 
—27 


19 
20 
54 
54 


58.57 
10.88 
46.38 
59.52 

8.86 
39.29 
21.93 
55.77 
57.40 
21.25 
30.43 
51.51 
51.88 
45.35 

2.62 
44.87 
48.85 
49.33 

9.11 
28.13 
51.81 
42.87 
55.92 
58.81 
35.73 
47.31 
41.71 
17.80 

0.71 
51.26 
37.14 
39.33 

ely! 
46.13 
30.24 
26.89 
54.26 
31.30 
45.94 
42.07 
44.76 
45.36 
42.86 
35.47 

9.85 

7.77 
49.14 
13.54 
46.55 
15.44 
18.61 
18.64 


Number of 
Comp. Star 


183 
184 
197 
188 
191 
197 
189 
196 
213 
185 
196 
193 
195 
187 
200 
199 
198 
200 
199 
199 
201 
201 
201 
192 
201 
201 
201 
192 
201 
199 
203 
203 
206 


205 
202 
209 
204 
207 
209 
204 
207 
209 
204 
207 
209 


210 
208 
211 
212 
214 


Aa 


= GET 
+ 5.45 
— 6.90 
— 2.84 
+ 3.55 
— 6.32 
+ 2.84 
— 3.90 
wl Oe 
— 0.75 
— 9.08 
-—13.86 
— 1.47 
+ 2.56 
1 0-19 
— 2.88 
+ 1.21 
+ 0.70 
— 2.56 
+ 3.80 
+ 5.43 
— 4.86 
— 0.15 
— 1.70 
+ 6.42 
— 6.17 
— 0.48 
— 2.38 
—10.66 
— 0.90 
— 0.96 
Sa By! 
— 5.03 
—14.59 
— 8.58 
— 5.93 
— 3.49 
+ 0.03 
— 0.86 
— 0.56 
+ 1.54 
— 3.49 
— 2.29 
+ 0.05 
—17.23 
—16.18 
Sale ts: 
+ 1.62 
+ 1.94 
-- 1.39 
— 3.14 
+ 0.61 


Ad 


“+ 3.38 
+ 2.62 
+ 4.10 
+ 0.88 
+ 4.49 
+ 0.75 
— 7.09 
+ 0.56 
— 0.45 
+ 5.25 
— 7.24 
+ 2.14 
+20.70 
— 0.05 
—AT.67 
— 2.97 
— 1.96 
— 5.59 
— 6.59 
+10.62 
—14.54 
+ 4,44 
+ 2.24 
+ 0.82 
+72.43 
+ 1.83 
— 3.67 
+ 0.08 
+ 2.06 
+ 2.28 
+ 2.68 
+ 0.48 
+ 1.78 
+ 9.25 
+ 5.21 
— 0.48 
+ 6.80 
+ 1.92 
+ 1.21 
+ 5.08 
+ 1.35 
+ 2.28 
+ 4.78 
+ 1.74 
+ 1.34 
+ 3.42 
+ 3.58 
+ 4.77 
+ 1.80 
+ 5.44 
+ 2.07 
+ 2.04 


43 


44 
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Paris M. T. 
of Observation 


Oct. 


1858 
21.275041 
21.278415 
21.278415 
21.291348 
21.291348 
21.291348 
21.304881 
21.305007 
21.305007 
21.312209 
21.331513 
21.500843 
22.239002 
22.278702 
22.278702 
22.278702 
22284269 
22.289345 
22.289345 
22289345 
22.290592 
22.299591 
22.299591 
22.299591 
22.309611 
22.309611 
22.309611 
22.312775 
22.318450 
22.319024 
22.319024 
22.319024 
22.483971 
23.267205 
23.267205 
23.280606 
23.280606 
23.288695 
23.288695 
23.289249 
23.295526 
23.295526 
23.302760 
23.302760 
23.309794 
23.327418 
24,270223 
24.291839 
24,297234 
24.310027 
24.310027 
24.310359 


Place of 
Observation 


Cape 1 
Cape 2 


6 


Cape 1 
Cape 2 


“ 


Cape 1 
Ann Arbor 
Florence 
Cape 2 


“ce 


“ 


Cape 1 
Cape 2 


“ 


“cr 


Cape 1 
Cape 2 


““ 


Cape 1 


Cape 2 


“ 


Ann Arbor 
Cape 2 


“ 


a 


° 4 
254 25 20.30 
254 25 43.22 
254 25 39.32 
254 27 0.37 
254 27 5.32 
254 27 2.92 
254 28 34.31 
254 28 34.76 
254 28 25.41 
254 29 23.87 
254 81 31.57 
254 49 54.78 
256 7 51.54 
256 12 11.95 
256 12 10.36 
256 12 11.41 
256 12 49.03 
256 13 23.57 
256 13 20.18 
256 13 23.03 
256 13 29.05 
256 14 22.83 
256 14 21.09 
256 14 18.69 
256 15 25.94 
256 15 25.70 
256 15 29.45 
256 15 45.68 
256 16 18.42 
256 16 17.61 
256 16 10.47 
256 16 1.92 
256 33 22.80 
257 51 40.72 
257 51 53.62 
257 52 53.95 
257 52 43.45 
257 58 48.86 
257 53 57.11 
257 53 56.37 
257 54 21.53 
257 54 30.23 
257 55 8.13 
257 55 26.13 
257 55 58.76 
257 57 41.92 
259 27 32.31 
259 29 32.03 
259 29 49.29 
259 31 11.13 
259 31 16.53 
259 31 13.53 


32 51 
32 52 
32 52 
—32 52 


OF G. W. HILL 


4 “ 
28.28 


49.45 
53.33 
19.44 
24.08 
20.73 
49.18 
46.55 
50.29 
37.80 
45.93 
33.27 
14.04 
41.71 
40.11 
41.16 
16.82 
44.51 
45.91 
43.77 
52.60 
47.54 
48.28 
48.80 
48.96 
49.95 
50.73 
10.47 
46.33 
45.72 
47.92 
42.31 
31.72 
14.31 


26.12 
26.39 

9.07 
12.89 
13.60 
52.66 
50.95 
29.71 
28.43 
10.07 
48.95 
36.57 
31.24 

1.49 

4.42 

6.29 

5.50 


Number of 


Comp. Star Aa 
“d 
216 — 2.70 
212 — 1.95 
214 — 5.85 
212 — 9.70 
214 — 4.75 
218 — 7.15 
216 — 4.56 
212 — 4,94 
214 —14.29 
217 — 3.06 
217 — 1.83 
215 — 2.26 
223 —17.10 
221 — 3.20 
222 — 4,79 
223 — 3.74 
220 — 1.12 
221 + 1.90 
222 — 1.49 
223 + 1.36 
219 — 0.36 
221 — 2.45 
222 — 4.19 
223 — 6.59 
221 — 1.50 
222 — 1.74 
223 + 2.01 
219 — 1.38 
220 — 3.82 
221 — 8.19 
222 —15.33 
223 — 23.88 
221 + 0.15 
224 —11.29 
226 + 1.61 
224 —16.88 
226 — 6.38 
224 — 9.51 
226 — 1.26 
225 — 4.25 
224 —16.96 
226 — 8.26 
224 —12.86 
226 + 5.14 
225 — 3.52 
225 — 3.74 
227 — 1.42 
227 — 2.03 
227 —14.85 
227 — 4.07 
228 + 1.33 
227 — 3.51 


Ad 


+ 1.42 
+ 2.88 
— 1.00 
— 0.48 
— 5.12 
— 17 
+ 0.33 
+ 3.80 
+ 0.06 
+ 0.69 
+ 1.44 
— 4,99 
—35.31 
+ 0.20 
+ 1.80 
+ 0.75 
— 0.42 
+ 2.94 


+ 1.54 


+ 3.68 
+ 0.65 
+ 2.54 
+ 1.80 
+ 1.28 
+ 2.34 
+ 1.35 
+ 0.57 
+ 0.14 
— 1.08 
+ 3.03 
+ 0.83 
+ 6.44 
—— 6.17 
a nelt 


+ 0.29 
+ 0.02 
+ 2.67 
— 0.15 
+ 1.24 
— 2.76 
— 1.05 
+ 0.57 
+ 1.85 
—' 0.54 
— E20 
+ 5.01 
+ 0.85 
iS 
+ 0.48 
aa ey 
+ 1.09 


Paris M. T. 
of Observation 
1858 


Oct. 24.320564 
24.320564 
24,330842 
24.330842 
25.227393 
25.270231 
25.271213 
25.282375 
25.291788 
25.293562 
25.304389 
25.315282 
25.318415 
26.278599 
26.284208 
26,293092 
26.302328 
26.314169 
26.326702 
27.280555 
27.284622 
27.290788 
27.302058 
27.309387 
27.317984 
28.281355 
28.291188 
28.296537 
28.317088 
28.326112 
29.272940 
29.280063 
29.291846 
29.291909 
29.304695 
29.307344 
29.331186 
30.301428 
30.311740 
30.318273 
30.328224 
30.530435 
31.295670 
31.298280 
31.306177 
31.319299 
31.328081 
31.551379 
31.568757 

Nov. 2.369050 
2.516770 
3.277366 


ORBIT OF THE GREAT COMET OF 1858 


Place of 
Observation 


Cape 2 


“cc 
“ 


“e 


Florence 
Cape 1 
Cape 2 
Cape 1 
Cape 2 


66 


“cc 


Cape 1 
Cape 2 
Cape 1 
Cape 2 
Cape 1 
Cape 2 
Cape 1 
Cape 2 
Cape 1 
Cape 2 
Cape 1 
Cape 2 
Cape 2 
Cape 1 


“ 
“ee 


“cc 


Cape 2 
Cape 1 
Cape 2 


“ 


Cape 1 
Cape 2 
Cape 1 
Cape 2 
Cape 1 
Santiago 
Cape 1 
Cape 2 
Cape 1 
Cape 2 
Cape 1 
Santiago 
Cape 2 
Santiago 
Cape 1 


259 
259 
259 
259 


260. 


260 
260 
260 
260 
260 
261 
261 
261 
262 
262 
262 
262 
262 
262 
263 
263 
263 
263 
263 
263 
265 
265 


265 
265 
266 
266 
266 
266 
266 
266 
266 
267 
267 
267 
267 
267 
268 
268 
268 
268 
268 
268 
268 
270 
270 
271 


a 


/ 


31 
31 
32 
33 
53 
57 


36 
51 
52 
44 
53 
38 


“l 
42.71 
52.61 
59.55 

9.30 
53.91 
54.27 
57.74 
58.75 
46.79 
59.88 
50.73 
46.80 

5.27 
18.84 
45.07 
33.24 
16.43 
11.32 
10.19 
43.72 
51.16 
31.03 
16.51 
59.50 
44.14 
58.83 
51.38 


48.72 
30.33 

5.94 
37.16 
28.09 
24.19 
16.89 
35.52 
15.91 
16.21 
57.38 
22.79 

5.90 
57.03 
49.84 
53.81 
53.96 
17.65 
56.93 
36.28 
32.10 
42.82 
37.97 
12.72 


—32 


32 
32 
32 
34 
34 
34 
34 
34 
34 
34 
34 
34 
35 
35 
35 
35 
35 
35 


36 
36 
36 
36 
36 
37 
37 
37 
37 
37 
38 
38 
38 
38 
38 


38 
39 
39 
39 
39 
39 
40 
40 
40 
40 
40 


6 


‘ 
53 


53 
54 
53 

6 
10 
10 
11 
11 
12 
12 
13 
14 
25 
26 
26 
27 
28 
28 


34 
34 
35 
36 
36 
37 
37 
38 
39 
39 
34 
35 
35 
35 
36 


37 
29 
30 
30 
31 
41 
18 
18 
19 
19 
20 


“ 
5.54 
1.05 
0.14 
48.45 
59.10 
16.66 
19.08 
12.24 
57.90 

3.38 
54.18 
45.56 

1.35 
45.54 

1.73 
38.90 
19.84 
10.74 
58.26 


26.62 
55.06 
37.46 

7.06 
36.09 

9.95 
48.73 

9.03 
21.58 
57.60 
46.18 

8.57 
49.21 
49.05 
32.27 


59.43 
46.29 
14.23 
30.26 

6.00 
20.96 
43.51 
50.34 
35.56 
54.19 
20.59 


40 30 49.08 


41 50 6.22 


—42 25 55.35 


Gomp.star 4¢ 
“a 

227 —31.04 
228 —21.14 
227 —11.29 
228 — 1.54 
229 —15.89 
229 — 1.94 
229 — 3.65 
229 — 6.54 
229 — 3.15 
229 + 0.58 
229 — 5.64 
229 — 6.95 
230 — 4.99 
232 —— be 
231 — 3.00 
231 ie USCA! 
231 — 2.28 
231 — 6.59 
231 — 5.34 
234 — 5.26 
233 elt 
234 —— 6.50 
233 —14.68 
234 — 6.51 
233 SPA! 
236 —12.43 
236 <= 4.00 
236 

235 — 4.09 
236 — 3.24 
237 — 5.26 
237 — 4.75 
237 — 4.61 
237 = Salo 
237 —11.16 
237 — 3.93 
238 — 6.15 
239 — 4,66 
240 — 5.90 
240 — 1.29 
240 — 5.04 
240 — 0.09 
242 + 0.67 
241 —12.70 
242 — 6.42 
241 —11.41 
242 — 6.60 
241 + 0.85 
241 —10.74 
243 — 7.41 
244 — 2.09 
247 — 6.45 


45 


Ad 


— 6.94 
_~ 9.45 
— 9.20 
+ 2.49 
— 2.01 
+ 1.42 
+ 3.58 
+ 2.67 
+ 1.03 
+. 3.85 
+ 3.63 
+ 3.09 
+ 1,91 
— 7.08 
+ 0.82 
+ 172 
+ 0.33 
+ 0.09 
+ 1.76 


+ 6.40 
+ 2.22 
+ 4.15 
+ 3.35 
+ 8.08 
+ 7.24 
+ 4.07 
+ 3.13 
+ 4.86 
+ 1.42 
+ 0.76 
+ 2.16 
+ 0.85 
+ 1.22 
+ 0.63 


+ 1.65 


|-— 0.52 


+ 3.28 
+ 7.34 
+ 2.19 
+ 3.60 
+ 2.96 
a> Sot 
+ 2.56 
+ 4.72 
+’ 3.30 
+ 4.52 


+ 0.79 


+ 2.12 
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Paris M. T. 
of Observation 


1858 
Nov. 3.278903 
3.293061 
3.309289 
3.317423 
3.536300 
3.624757 
3.630955 
4.276278 
4.288704 
4.298756 
4.303762 
4.535387 
5.284601 
5.309511 
5.542071 
6.064230 
6.284801 
6.290045 
6.304504 
6.305375 
6.532629 
7.280508 
7.292731 
7.303347 
7.309731 
7.344515 
9.323115 
9.335328 
9.335882 
9.352831 
9.518349 
9.548581 
11.282643 
11.297551 
11.314855 
11.538432 
12.285219 
12.301348 
12.304447 
12.324950 
14.318331 
14.329283 
14,522421 
14.532038 
15.295493 
15.298458 
15.313592 
15.323250 
15.534608 
16.327195 
16.335931 
17.301841 


Place of 
Observation 


Cape 2 


“ce 


Cape 1 


ce 
Santiago 
“ec 


“ 


Cape 2 
Cape 1 
Cape 2 
Cape 1 
Santiago 
Cape 2 
Santiago 
Batavia 
Cape 2 
Cape 1 
Cape 2 
Cape 1 
Santiago 
Cape 2 


Cape 1 
Cape 2 
Cape 1 
Cape 2 
Cape 1 
Santiago 
Cape 1 


oe 


Santiago 
Cape 1 
Cape 2 
Cape 1 
Cape 2 
Cape 1 


“ce 


Santiago 
Cape 1 
Cape 2 
Cape 1 
Santiago 
Cape 


“ 


“ 


271 
271 
271 


271 


. 271 


271 
272 
272 
272 
272 
272 
273 
273 
273 
274 
274 
274 
274 
274 
274 
275 
275 
275 
275 
275 
276 
276 
276 
276 
277 
277 
278 
278 
278 
278 
279 
279 
279 
279 
280 
280 
280 
280 
281 
281 
281 
281 
281 
281 


282 


a 


‘ 


38 
39 
40 


53 
58 
58 
34 
35 
26 
36 
49 
29 
31 
43 
11 
22 
22 
23 
23 
35 
13 
13 
14 
14 


20 
52 


30 


‘“ 


4 
19.65 
11.22 

0.63 


6.60 
11.93 
26.58 
43.01 
31.25 

7.10 
22.17 

6.15 
48.34 

5.05 
38.20 

8.70 
42.76 
50.80 
38.85 
37.36 
19.30 
15.71 
57.76 
19.35 
42.67 
28.11 
59.05 
32.98 
51.74 
38.95 
19.81 
33.13 
46.97 
26.77 
12.24 

5.98 
46.91 
37.03 
35.60 
23.58 
36.40 

4.18 
14.47 
19.50 
29.82 
39.45 

9.87 
35.12 
53.70 
37.43 


47.62 


47 
47 
47 
4T 
47 
48 
48 


/ 


“ 
58.20 
30.51 

7.70 
24.68 
42.91 
59.81 


49.28 
12.07 
37.54 
43.33 
55.03 
27.19 
16.31 

3.74 
27.45 
49.79 
57.28 


. 30.04 


25.97 
27.91 
53.10 
14.11 
33.40 
44,70 


11.76 
31.33 


26.63 


16.09 
56.89 
14.60 
34.49 


10.01 
51.73 
11.97 
16.71 
40.41 

6.64 
20.97 

8.22 


55.49 

0.71 
14.55 
26.81 
21.16 
48.25 
57.27 


—48 23 49.49 


Number of ING 


Comp. Star 
ad 

248 — 4.84 
248 — 2.38 
246 — 9.23 
246 

251 — 6.38 
251 — 4.32 
253 —10.33 
252 —15.65 
250 — 8.89 
252 — 5.98 
250 — 8.22 
245 —13.43 
254 —14.84 
254 —18.25 
249 — 9.54 
254 —14.63 
256 — 2.12 
255 —10.37 
256 — 7.22 
255 —11.42 
254 —12.16 
257 —10.70 
257 — 2.37 
257 —15.66 
257 —11.50 
257 —10.70 
258  —29.63 
258 —30.19 
258 —12.93 
258 —13.47 
258 —17.66 
258 —15.04 
259 —13.47 
259 —13.42 
259 —14.09 
261 —14.46 
260 —12.96 
262 — 4.75 
260 —14.23 
262 —19.49 
263 —17.17 
263 —16.49 
267 — 20.02 
263 —21.55 
265 —15.34 
263 —12.89 
266 —19.11 
265 —17.24 
264 —28.95 
268 —18.66 
268 

269 —15.39 


Ad 


+ 2:80 
+ 2.93 
+ 2.87 
+ 4.50 
+ 2.80 
+ 4.40 


+ 0.53 
+ 4.31 
+ 0.32 
+ 5.22 
+ 4.29 
+ 8.22 
+ 8.87 
+ 2.16 
+31.54 
+ 1.59 
+ 3.92 
— 1.77 
+ 3.93 
+ 4.14 
+ 6.01 
+ 6.49 
+ 5.83 
HF ONT 


+ 5.23 
+ 4.69 
+10.22 


+ 2.74 
+ 0.70 
+ 3.24 
+ 4.06 


+ 0.97 
+ 2.35 
+ 3.34 
+ 2.68 
+ 5.92 
+ 4.81 
+ 3.44 
+ 3.53 


+ 4.58 
+ 2.60 
+ 5.81 
+ 4.42 
+ 6.74 
+ 5.70 
+ 6.05 
+ 5.35 


Paris M. T. 
of Observation 


1858 


Noy. 17.338512 


Dec. 


17.542119 
18.318259 
18.545262 
19.306291 
19.324727 
19.342447 
19.526554 
19.537712 
20.298313 
20.312796 
20.327914 
20.553316 
21.310521 
21.325433 
21.342125 
22.337353 
22.354590 
22.543740 
24.536028 
26.31198 
26.33066 
27.30696 
27.33047 
27.54048 
29.31176 
29.33565 
30.55715 
2.31849 
2.34125 
2.54202 
3.31831 
3.32911 
3.34460 
3.53935 
3.55992 
3.56003 
4.31389 
4.33605 
4.54287 
5.31285 
5.83431 
6.30326 
6.30754 
6.32438 
6.32800 
6.34854 
6.35494 
6.55325 
6.57384 
7.55036 
8.30847 


ORBIT OF THE 


Place of 
Observation 


Cape 
Santiago 
Cape 
Santiago 
Cape 


“c 
“ec 


Santiago 


“se 
Cape 
[a3 


“ 


Santiago 
Cape 


“ec 


Santiago 


“e 
Cape 
iii 
ce 


“ec 


Santiago 
Cape 
Santiago 
Cape 
Santiago 
Cape 


Santiago 
Cape 
Santiago 
Cape 


“ 


Santiago 


“ 


“cc 


Cape 


282 
282 
283 
283 
283 
283 
283 
283 
283 
284 
284 
284 
284 
285 
285 
285 
285 
285 
285 
286 
287 
287 
288 
288 
288 
289 
289 
290 
291 
291 
291 
291 
291 
291 
291 
291 
291 
292 
292 
292 
292 
292 
293 
293 
293 
293 
293 
293 
293 


293 
294 


GREAT COMET OF 1858 


57 
21 


“ 
11.74 
55.49 
44.52 

3.81 

1.08 
43.46 
22.28 
16.12 
33.25 
44.33 
14.57 
50.91 
58.99 
38.45 

9.24 
45.37 
22.65 

2.02 
41.29 
22.66 
18.16 
54,92 
48.68 
33.10 
27.31 
21.13 

5.80 

4.11 

3.71 
45.93 

2.94 
55.07 
16.05 
44,62 
52.46 
26.16 
31.83 
29.01 
14.40 
40.65 

5.50 
48.04 

5.90 
16.67 
43.38 
55.45 
33.79 
44,35 
48.31 


46.77 
25.76 


52 


27 
40 
44 
56 
56 


13 


“a 


57.07 
46.30 
21.34 
29.14 
45.77 


6.19 
39.33 
51.54 


25.53 
24.96 
38.00 


44.27 


38.53 
38.78 
18.06 
29.58 
45.26 


34.04 
49.73 


19.27 


26.70 
51.74 
59.38 

8.83 
39.08 


0.59 
3.78 
16.34 
9.68 
6.04 
15.81 
49.21 
47.18 
58.79 
0.96 


50.46 


5214 7.61 
52 22 21.15 
—52 28 45.08 


Number of A 


Comp. Star 
“l 

269 —16.47 
269 —24.64 
271 —18.12 
271 —35.40 
272 —14.78 
272 —13.71 
272 —13.98 
272 —12.36 
270 —20.14 
273 —16.03 
273 —17.71 
273 —14.69 
273 —22.99 
274 —15.20 
274 —16.76 
274 —16.83 
275 —21.80 
275 —19.26 
277 —23.56 
276 —30.78 
278 —22.57 
278 —23.80 
279 —23.98 
279 — 26.84 
282 —34.51 
280 —24.75 
280 —27.23 
281 —25.75 
283 —20.32 
283 —21.91 
283 —31.14 
284 —27.05 
284 —24.77 
284 —27.72 
284 —31.91 
285 —37.45 
286 —31.99 
285 —29.96 
285 — 26.67 
286 —32.91 
287 —24.65 
287 —22.62 
288 —28.04 
289 —25.30 
288 —32.07 
289 —24, 
288 —25.1 
289 —26.57 
289 —33.43 
289 
290 —39.39 
291 —30.71 


47 


48 


Paris M. T. 
of Observation 


1858 
Dec. 8.33255 
8.55917 
9.55143 
10.31458 
10.32712 
10.34029 
10.35130 
10.52539 
11.31853 
11,34878 
11.55938 
12.30595 
12.31831 
13.55581 
14.31744 
14.32767 
14.35668 
14.36330 
15.55895 
16.56203 
19.32976 
19.34409 
20.55650 
21.31330 
21.32952 
21.56149 
22.31768 
22.33961 
22.56760 
23.32459 
23.34512 
24.32131 
24.34167 
27.32038 
27.34108 
27.57012 
28.32310 
28.34646 
28.57124 
29.31586 
29.33171 
29.55979 
30.33436 
30.34829 
30.35422 
30.55880 
30.57658 
31.32622 
31.34421 
31.56071 
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Place of 
Observation 


Cape 
Santiago 
Cape 


“e 


Santiago 
Cape 
Santiago 
Cape 
Santiago 
Cape 


“ce 
“ 


“ 


Santiago 


“ 


Cape 
Santiago 
Cape 


Santiago 
Cape 
Santiago 
Cape 


“e 


Santiago 
Cape 
Santiago 
Cape 
Santiago 
Cape 


“ 


“ 


Santiago 


“e 


Cape 


“ee 


Santiago 


395 


305 
305 
305 


a 


22 


28 
59 
23 
23 
23 
24 
30 
54 
54 

1 
24 
24 

2 
24 


23 
24 
51 
52 
59 
21 
22 
28 
50 
b1 
57 
20 
21 


26 


49 


50 
56 


5.14 
59.09 
40.93 

9.19 
34.77 
59.59 
16.74 
41.38 

1.61 
53.01 

4.80 

3.24 
26.16 
23.83 
59.08 
13.25 

9.74 
22.17 

7.26 
19.10 
11.85 
35.13 
24.36 
16.50 
45.80 
16.78 

3.54 
44.02 
19.79 
58.69 
35.10 
22.88 

1.64 
51.23 
25.23 
16.34 
29.39 
11.90 
48.20 
41.74 
16.86 
49.17 
43.20 

3.13 


54,52 
58.84 


28.26 
41.16 


° 


—52 
52 
52 
52 
52 


52 
52 


52 
53 
53 
53 
53 
53 


53 
53 
53 


53 
54 
54 
54 
54 
54 
54 
54 
54 
54 
54 
54 
54 
54 
54 


54 
54 


54 
54 
54 
54 
55 
54 
55 
55 
—55 


‘ “ut 


30 48.53 
38 54.12 
44 56.24 
45 2.94 
45 8.07 


46 48.94 
52 45.94 


54 45.46 
0 11.88 
0 20.06 
9 38.42 

15 8.23 

15 11.01 


24 2.99 
31 4.23 
49 59.06 


58 6.62 
3 0.84 
3 7.25 
4 41.22 
9 30.07 
9 38.56 
11 13.49 
15 53.71 
16 2.22 
22 6.89 
22 13.51 
40 36.95 
40 44.18 
42 20.15 
46 41.24 


48 9.68 
52 35.74 


54 22.27 
58 39.86 
58 45.87 
58 47.25 
0 5.65 
59 57.69 
4 35.18 
4 39.50 
5 49.08 


Number of 
Comp. Star 


291 
292 
292 
294 
294 
294 
294 
293 
294 
294 
300 
296 
296 
295 
298 
297 
297 
298 
297 
299 
301 
301 
302 
302 
302 
302 
303 
303 
303 
304 
304 
305 
305 
308 
308 
306-7 
309 
309 
309 
311 
311 
312-3 
312 
312 
312 
312 
312 
313 
313 
312-10 


+ 4.01 
+ 0.57 
+ 1.95 
paula try 
+ 2.26 


+ 6.28 
+ 1.23 


— 7.29 
+ 6.88 
+ 4.30 
+ 3.52 
+ 3.29 
+ 4.83 


+ 2.54 
+ 4.32 
+ 1.23 


+ 0.19 
+ 1.97 
Se meeye 
a) 
+ 1.18 
+ 0.95 
— 6.57 
+ 1.78 
+ 1.02 
+ 4.53 
+ 5.55 
+ 2.01 
doe 
—10.40 
+ 1.08 


+ 2.09 
+ 3.40 


—15.87 
+ 2.62 
+ 1.57 
+ 2.29 
— 8.44 
-+10.83 
— 0.88 
+ 0.80 
+ 7.64 


Paris M. T. 
of Observation 


1859 
Jan. 1.33308 
1.34183 
2.55729 
3.56307 
3.58347 
4.32549 
4.33941 
5.382749 
5.33642 
5.56881 
5.59200 
6.32873 
6.34175 
7.56549 
8.56182 
10.56311 
11.32404 
11.33871 
11.34569 
11.56671 
12.33199 
13.33141 
13.34791 
20.31958 
20.56512 
21.31852 
21.32957 
21.33482 
21.57642 
22.57076 
24,32387 
24.33599 
24.35405 
24.56212 
24.58272 
25.33812 
25.57425 
26.57324 
28.32678 
28.34785 
28.57594 
29.32330 
29.33166 
29.55787 
29.57943 
30.32274 
30.33277 
31.33586 
31.57392 
Feb. 1.57647 
1.57647 
2.32352 


7 


ORBIT OF THE GREAT COMET OF 1858 


Place of 
Observation 


Cape 


[73 
Santiago 

“é 

“e 
Cape 

“ 

“ce 

“ 


Santiago 


“ee 


Cape 


“oe 
Santiago 
“e 
“e 
Cape 
“ce 


“ce 


Santiago 
Cape 


“ 
73 


“ 


Santiago 
Cape 


“e 
“ 


Santiago 


“ 
Cape 
Santiago 
Cape 
Santiago 


“ 


Cape 
Santiago 
Cape 


Santiago 


Cape 
Santiago 


73 


Cape 


306 


306 
307 


307 
307 
308 


308 


308 
308 
309 
309 
310 
311 
311 


311 


312 
312 
315 
315 
316 
316 


316 
316 
317 
317 
317 
317 


318 
318 
318 
319 
319 
319 
320 
320 
320 


320 
320 
321 
321 
321 
321 
322 


a 


4 


19 


55 
25 


47 
48 
17 


24 


46 
47 
23 
52 
51 
13 
14 


16 
46 
39 
40 
47 

9 
10 
16 


39 
40 
10 
17 
48 
48 
10 


5 
32.34 —55 10 
55 10 
32.95 55 17 
5.29 55 23 
55 23 
42.29 55 27 
0.56 55 27 
8.43 55 33 
55 33 
10.86 55 35 
55 34 
36.88 55 39 
3.12 55 39 
0.93 55 46 
19.96 55 52 
23.65 56 4 
47.59 56 8 
17.25 56 8 
56 8 
47.05 56 9 
56 13 
4.69 5619 
44.50 5619 
16.81 57 0 
24.00 
55.20 57 6 
12.30 57 6 
57 6 
45.04 57 8 
11.78 5718 
31.81 57 23 
58.63 57 24 
24.57 57 24 
42.79 BT 25 
57 25 
58.12 57 30 
45.58 
52.91 
44.87 57 48 
22.93 57 48 
6.75 
49.05 57 54 
0.52 57 54 
30.68 57 55 
57 56 
50.59 58 0 
10.98 58 0 
33.11 58 7 
53.76 58 8 
9.28 
16.62 
51.71 —58 19 


24.57 
32.06 
58.57 
12.00 
47.11 
51.49 
58.46 
41.49 
43.59 
19.42 
58.82 
23.62 
29.44 
34.02 
38.89 

8.39 

3.68 

7.51 
10.78 
46.64 
49,44 
35.81 
42.70 

9.91 


1.66 
6.83 
8.27 
5.68 
8.83 
56.51 
0.42 
13.69 
41.62 
23.07 
2.55 


16.15 
22.77 


24.91 
26.33 
15.35 
15.51 
37.29 
43.76 

1.22 
42.23 


42.48 


Number of 
Comp. Star 


314 
314 
315 
316 
316 
317 
317 
318 
318 
317 
317 
319 
319 
320 
321 
322 
323 
323 
323 
322-4 
325 
326 
326 
328 
327 
329 
329 
329 
327 
330 
332 
332 
332 
332 
334 
333 
334 
334 
335 
335 
334 
337 
337 
338 
336 
339 
339 
341 
343-0 
345 
343 
342 


Aa 
“ 
—40.72 


—42.76 
—47.20 


—36.56 
—43,42 
—4}.41 


—45.28 


—42.15 
—38.92 
—44.16 
—46.78 
—A43.70 
—46.77 
—43.11 


—56.99 


—45.95 
—35.49 
—38.18 
—49.91 
—43.44 
—46.10 


—34.39 
—46.21 
—A47.94 
—42.92 
—49.38 
—44.61 


—43.18 
—60.23 
—50.63 
—A1.70 
—40.63 
—50.06 
—46.43 
—43.07 
—62.44 


—48.44 
—46.19 
—44,81 
—36.78 
—45.36 
—38.02 
—44,52 


49 


— 9.14 
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of Observation Observation 3 : Gomp.siar 42 Ad 

1859 
° 4 ° / “l “ 

Feb. 2.33020 Cape 322 11 5.56 —58 19 46.24 342 —42.84 —10.37 
2.58642 Santiago 322 18 45.70 58 21 28.47 345-8 —50.20 —13.82 
2.58642 ¥ 322 18 48.15 58 21 37.72 344 —4T.15 — 23.07 
3.31838 Cape 322 41 10.40 58 26 5.90 344 —42.29 ——ileoo 
3.32531 a 322 41 20.64 58 26 8.90 344 —44.73 — 8.19 
3.58027 Santiago - 822 48 55.33 58 27 50.85 346-7 —21.99 —10.99 
4.31867 Cape 323 11 35.16 58 32 36.46 \ 346 —47.76 == aly 
4.32665 Hy 323 11 48.53 58 32 39.42 346 —49.00 — 1.96 
4.56046 Santiago 323 18 56.08 346 —49.82 
5.32129 Cape 323 42 16.59 58 39 12.94 349 —44.69 > BLUE! 
5.33415 i 323 42 44.72 58 39 20.67 349 —40.20 —12.37 
5.55918 Santiago 323 49 20.06 58 41 2.20 350-45 —57.99 —24.75 
7.56469 - 324 50 58.45 351 —50.91 
8.32536 Cape 325 14 25.25 58 59 18.46 351 —48.58 — 9.06 
21.32089 a 332 1 46.90 60 33 49.94 352 —47.86 — 9.99 
21.32628 i 332 1 58.20 60 33 54.71 352 —46.92 —12.23 
21.54674 Santiago 332 8 57.59 60 35 35.05 356-8 —50.79 —0.oo 
22.32145 Cape 332 33 54.08 60 41 44.39 354 —44,30  —14.10 
22.54558 Santiago 332 40 56.92 60 48 7.19 356-5 —53.32 ae HBR 
23.54858 3 333 13 31.86 353 —35.53 
24.54393 A 333 45 32.03 60 59 13.05 353 —44.85 + 0.85 
25.31888 Cape 334 10 43.88 61 5 46.15 357 —40.53 —15.09 
25.32777 y 61 5 50.04 357 —14.63 
26.30820 . 334 42 49.77 61 13 52.40 358 —45.94 —15.06 
26.31610 ee 334 43 6.12 61 13 56.77 358 —45.04 —15.52 
27.31914 cS 335 15 56.44 61 22 17.03 359. —40.83 —17.15 
28.32881 sf 335 48 59.67 61 30 48.03 360 —45.06 —20.45 

Mar. 1.30403 S 336 21 4.81 61 39 5.74 361 —47.70 —22.22 
1.31416 vt 336 21 25.32 61 39 5.96 361 —47.26 —17.26 
1.53531 Santiago 336 28 34.91 360 —54.24 
2.380038 Cape 336 54 6.52 61 47 32.30 362 —44.02 —16.36 
2.30915 os 336 54 26.91 61 47 35.01 362 —41.08 —14.53 
4.31626 os 338 1 22.54 —62 5 18.02 363 —37.19 —22.37 


In the next place we proceed to the computation of the perturbations 
produced by the five large planets, from Venus to Saturn inclusive. The 
perturbations by Mercury were neglected, as, from the rapid motion of this 
planet, the intervals of time in the computation of the disturbing forces 
would require much reduction, with consequent increase of labor, while a 
rough estimate of the change produced in the comet’s geocentric place 
showed it could not at any time much exceed 0”.1. To render the integra- 
tion possible, it was necessary to adopt different intervals of time in the 
calculation of the disturbing force in different parts of the orbit; the near 
approach of the comet to Venus, in October, required them to be made as 
short as one day. The unit of time for the forces given below is however 
uniformly the same, being ten days. The unit of length is a unit in the 
seventh decimal place. The forces and perturbations belong to the usual 
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system of rectangular equatorial co-ordinates; and the constants in the inte- 
gration have been so taken, that the perturbations are the deviations of the 


comet from its osculating orbit of October 2. 
Washington 


asa Noon x iG Z Olt Oy Or 
May 30 + 2.282 — 4.081 — 2.414 +112.76 + 59.52 —136.88 
June 9 2.812 3.449 2.334 85.88 63.08 115.11 
19 3.199 2.776 2.256 62.38 62.78 95.60 
29 3.376 2.054 2.163 42.59 59.27 78.27 
July 9 3.320 1.282 2.013 26.64 53.25 63.03 
19 3.099 — 0.474 1.813 14.44 45.47 49.72 
29 2.756 + 0.333 1.613 5.76 36.72 38.15 
Aug. 8 2.286 1.077 1.434 + 0.28 27.74 28.12 
18 1.697 1.712 1.295 — 2.58 19.26 18.99 
28 0.998 2.180 1.210 3.23 11.88 11.91 
Sept. 2 0.604 2.346 1.192 2.94 8.74 8.91 
" + 0.195 2.420 1.197 2.38 6.04 6.29 
12 — 0.200 2.432 1.235 , 1.69 3.82 4.11 
17 0.564 2.3840 1.326 0.99 2.11 2.38 
22 0.831 2.148 1.534 0.43 0.91 1.11 
27 0.898 1.914 1.929 0.10 0.22 0.30 
Oct. 2 0.635 1.698 2.668 0.00 0.00 0.00 
tf — 0.062 1.486 4.166 0.06 0.21 0.38 
8 + 0.123 1.346 4.829 0.08 0.30 0.56 
9 0.322 1.149 5.643 0.10 0.40 0.79 
10 0.621 0.883 6.837 0.12 0.51 1.08 
11 1.163 0.561 8.706 0.14 0.63 1.43 
12 2.122 0.264 11.645 0.14 0.76 1.88 
13 3.894 0.286 16.416 0.12 0.89 2.43 
14 7.326 1.587 24.376 —— POLO 1.02 3.16 
15 14.196 7.291 37.424 + 0.06 1 of 4.12 
16 26.874 26.084 54.274 0.34 1.40 5.47 
17 39.597 65.057 54.093 0.88 1.91 7.33 
18 31.127 83.863 —16.538 1.80 3.06 9.70 
19 12.813 60.792 +10.765 3.04 5.00 12.23 
20 + 2.934 36.632 15.4938 4,41 7.54 14.67 
21 ——» 1.001 22.390 13.417 5.82 10.45 16.95 
22 2.572 14.485 10.690 7.23 13.58 19.08 
27 3.790 2.506 3.916 14.00 30.47 28.37 
Nov. 1 3.829 + 0.055 2.246 20.22 47.65 ' 36.45 
6 3.789 coe in WY (B3 1.496 25.87 64.25 43.91 
16 3.605 2.718 0.744 35.42 94.40 58.03 
205) 3.216 3.816 0.312 42.52 119.44 72.07 
Dec. --6 2.684 4.661 + 0.029 47.26 138.61 86.62 
16 2.065 5.287 — 0.158 49.93 151.42 102.02 
26 1.410 5.714 0.268 51.01 157.58 118.44 
1859 
Jan. 5 0.766 5.957 0.309 51.07 156.92 135.99 
15 — 0.174 6.037 0.286 50.67 149.42 154.69 
25 + 0.332 5.983 0.209 50.34 135.18 174.48 
Feb. 4 0.723 5.831 — 0.092 50.56 114.40 195.30 
14 0.985 5.616 + 0.053 51.67 87.37 217.00 
24 1.115 5.377 0.205 53.90 54.41 239.42 
Mar. 6 + 1.117 — 5.149 + 0.353 57.35 + 15.84 262.41 


16 + 61.99 — 28.03 —285.79 
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_ In forming the normals, the following system of weights was used; the 
weight being given, not to each observation as published by the observer, 
but to the result of all the observing in a single night with one comparison 
star, or with all the stars when they were compared with a single observa- 
tion of the comet: 


The Weight 4 to The Weight3to | The Weight 2 to The Weight 1 to 
Ann Arbor, Berlin, Cambridge, Eng., Altona, 
Bonn, Cambridge, U. 8., Christiania, Armagh, 
Cape 1, Geneva, Durham, Batavia, 
Greenwich, Kénigsberg, Santiago, Filar Microm., Breslau, 
Kremsmiinster, Paris, Vienna, Copenhagen, 
Liverpool, Gottingen. Leyden, Florence, 
Pulkova, Mer .Obs. Pulkova, Ring Microm., Markree, 
Cape 2. Padua, 
Washington, 


Santiago, Ring Microm. 

An examination of the Santiago Ring Micrometer Observations shows 
that when the comet was observed in the northern half of the ring the 
resulting place is too far to the north, and when in the southern half, too far 
to the south ; which is to be explained by a personal equation in estimating 
the time of ingress and egress of the comet. I have endeavored to eliminate 
this source of error by applying a constant correction to the declinations 
obtained from the northern half of the ring, and the same with a contrary 
sign to those obtained from the southern half. A comparison of the obser- 
vations gives --14".85 for this correction. To the right ascensions it appears 
necessary to add the quantity + 2.35 sec. 6: this was obtained by a com- 
parison with the Cape observations. The normals for convenience are 
reduced to the nearest Washington Mean Noon, equivalent to 0°.220526 
Paris Mean Time. 


Cor. to Comp. Ephem, Normal formed 
App. a App. 6 Ao as from Observations 
between 
° / a ° ‘ “ “ “ 
1858. June 14 141 24 27.15 +25 4 45.26 — 2.98 — 5.78 June) 7— June’ 19 
July 13 144 32 38.66 27 47 54.78 — 2.23 + 0.62 June 28—July 31 
Aug. 11 151 16 58.36 30 57 14.37 — 4.89 + 5.48 Aug. 4— Aug. 16 
Aug. 23 155 31 25.80 32 43 18.71 — 6.25 + 8.59 Aug. 17— Aug. 28 
Sept. 5 162 9 37.57 34 58 27.81 — 8.42 +12.96 Aug. 30—Sept. 11 
Sept. 17 172 46 57.63 36 27 32.59 —12.67 +14.44 Sept. 12 — Sept. 22 
Sept. 28 192 7 59.94 32 26 23.74 —12.43 +14.21 Sept. 283—Oct. 3 
Oct. 8 221 18 0.02 +10 44 14.24 — 5.19 + 8.99 Oct. 4—Oct. 14 
Oct. 19 250 27 5.84 —23 43 25.28 + 0.41 + 0.50 Oct. 15—Oct. 25 
Nov. 1 269 34 10.88 41 1 15.00 (ello + 3.30 Oct. 26—WNov. 7 
Nov. 16 281 48 26.58 48 4 54.63 —16.49 + 4.70 Nov. 9—Nov. 22 
Dee at 290 37 35.66 51 24 31.43 —25.62 + 5.38 Nov. 24—Dec. 6 
Dec. 16 298 22 14.09 53 28 43.21 —34.40 + 2.16 Dec. 8—Dec. 24 
1859. Jan. 3 307 15 6.95 55 21 28.01 —40.33 + 0.54 Dec. 27— Jan. 13 
Jan. 30 320 36 49.56 58 0 1.20 —44.14 — 6.47 Jan. 20—Feb. 8 


Feb. 26 334 40 0.58 —61 13 10.20 —43.65 —16.18 Feb. 21—Mar. 4 


ORBIT OF THE GREAT COMET OF 1858 53 


The following remarks must be made with regard to the composition of 
these normals: 


June 14. The right ascension is the mean of four Berlin observations ; 
the rest are so discordant that no confidence can be placed in them. 

July 13. This normal is formed from the Berlin, Cambridge, and Ann 
Arbor observations, the others being rejected. The Washington observa- 
tions, although more concordant at this time than they are generally, yet 
differ from the observations which should be considered the best, and on trial 
it has proved impossible to satisfy them along with the other normals. 

Oct. 19. The right ascension of this normal has proved most refractory ; 
when formed from all the material, it could not possibly be represented 
within 2.5, and much experimenting showed that a curve drawn through 
the adjacent normals would leave this one distant from it by about that 
quantity. This difference seeming altogether too large to be admitted in a 
normal having so much weight, some means must be adopted for amelio- 
rating it. 

As a more careful scrutiny of the observations showed that those made 
with small telescopes, especially those made at the Cape with the small 
instrument, had produced this deviation, I reluctantly set them aside ; and 
the right ascension given above is the result of the Berlin, Bonn, Cambridge, 
U. S., and Ann Arbor observations. 

By subtracting the reductions given below, we obtain the co-ordinates 
of the comet referred to the mean equinox and equator of 1858.0, and freed 
from perturbations. 


Aberration. Reduction from 1858.0. Perturbations. 
1858 Aa A6 Aa Aé Aa a6 a, 1858.0 5 1858.0 


é v7 “l “ld fo} / “l fe} 4 “4 
June 14 — 220 —526 +8132 — 3.43 —0.86 —0.71 141 23 58.89 +25 4 54.66 
July 13 858 472 37.80 5.93 0.51 0.47 14482 9.95 27 48 5.90 
Aug. 11 1336 5.78 43.55 9.07 0.26 0.28 15116 28.43 30 57/29.50 
Aug. 23 15.79 6.25 45.52 10.68 0.16 0.19 155 30 56.23 32 43 35.83 
Sept. 5 2037 551 4712 12.86 0.10 0.12 162 910.92 34 58 46.30 
Sept. 17. 28.74 — 0.22 47.06 15.65 0.04 0.05 172 46 39.85 36 27 48.51 
Sept. 28 38.30 +15.97 43.23 18.90 0.00 0.00 192 755.01 32 26 26.67 
Oct. 8 35.41 3805 40.05 19.27 —0.01 0.02 221 12 55.39 +10 43 55.48 
Oct. 19 27.95 30.56 4853 14.35 +0.04 0.42 250 26 45.22 —23 43 41.07 
Nov. 1 22.57 15.90 60.30 858 0.62 117 269383263 41 1 21.15 
Nov. 16 2043 9.26 69.54 —384 111 141 2814723636 48 4 58.64 
Dec. 1 2123 656 7645 +011 158 143 290 3638.91 51 24 36.67 
Dec. 16 2327 5.43 8219 3.83 179 138 298 211338 53 28 51.09 
1859 
Jan. 3 2629 6516 988.00 824 1.92 123 30714 3.32 56 21 40.18 
Jan. 30 30.51 631 9421 14.70 172 0.94 32035 4414 58 0 21.27 
Feb. 26 —35.09 + 8.86 +96.56 +20.85 +0.90 —0.61 334 38 58.21 —61 13 39.30 
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In forming equations of condition from these normals, it will be advan- 
tageous to use residuals from elements nearer the truth than those of Searle. 
The following elements, computed from three provisional normals, embracing 
the whole period of the comet’s apparition, will serve this purpose. 


T = 1858, Sept. 29.971007, Paris Mean Time. 


w=129 6 39.40, 
$3 = 165 19 10.6%, Mean Equinox and Kcliptic, 1858.0. 
¢=116 58 10.8%, 
g= 85 2 43.72, 
log g = 9.7622'760, 
log a = 2.18982, 
P= 192673. 


The places of the Sun used will be taken from Hansen and Olufsen’s 
Tables du Soleil, substituting, however, the Pulkova constants of nutation 
and aberration. A comparison of the Greenwich observations of the Sun, 
for 1858-59, shows a pretty good representation of observation by these 
tables; and the small differences that remain may be much modified by 
the introduction of corrections peculiar to the observer and the instrument. | 
Knowing the difficulty that attends the consideration of this matter, I 
do not propose to inquire further into it. 

The following are the equations of condition that result from the above 
normals. The logarithms of the coefficients are given instead of the coeffi- 
cients themselves, and the variations of the elements are supposed to be 
expressed in seconds of arc, 07.0001 in d7 being equivalent to 1”, and 
0.00001 in 6 log q and de; the right hand members are Aa cos 6 and Ad. 


Liquations from the Right Ascensions. 


“ Weight. 

—9.8662 0 logg+9.3875 d¢+8.7810 6 7 —9.2176 do —9.2190 6¢ +9.8566 62=+1.17 0.12 
—9.8551 +9.0785 +8.7925 —9.2008 —9.3646 +9.7651 = +0.92 0.36 
—9.8000 +8.5855 +8.7743 —9.1247 —9.5208 +9.6436 O18 0.62 
—9.7273 +8.2393 +8.7146 —9.0325 —9,5931 +9.5496 = +0.75 0.70 
—9.4914 —7.3061 +8.3722 —8.7217 —9.6767 +9.3190 = =~ 1.03 1.73 
-+9.1499 —8.3465 —8.8318 +8.7980 —9.7498 —8.6312 = +0.55 2.57 
+9.9901 —8.1188 —9.4913 +9.4492 —9.7556 —9.6671 = +0.33 2.09 
* +0.3761 +9.1757 —9.7442 +9.5448 —9.4468 —9.8318 = +0.38 2.27 
+0.4981 +9.5597 —9.4693 —9.1112 +7.5105 —8.7024 = -+-2.07 1.19 
+0.4498 +9.6413 —8.71919 —9.6233 —8.8691 +9.5399 = -+1.58 0.79 
+0.3823 +9.6892 +7.8946 —9.6984 —9.2986 +9.6547 = E201 0.72 
+0.3199 +9.7175 +8.3883 —9.5057 —9.4785 +9.6702 2.99 0.46 
+0.2584 +9.7263 +8.4389 —-9.6900 —9.5929 +9.6637 = 12.24 0.62 
+0.1787 +9.7084 +8.4115 —9.6505 —9.6946 +9.6418 = +2.43 0.60 
-+0.0237 +9.6084 +8.3032 —9.5379 —9.8103 +9.5822 = +2.44 0.67 


+9.7381 +9.2739 +8.1126 —9.2732 —9.8974 +9.4698 = +0.10 0.41 
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Equations from the Declinations, 


y, Weight. 
+0.42996 logg+9.8023 d6¢ —8.9052 6 7 +9.9005 da —8.6591 di —9.2630 Jd Q= 44.59 0.29 
+0.4008 +9.6194 —8.9529 +9.8126 —8.7826 —9.2068 = +3.61 0.47 
+0.4014 +9.3636 —9.0475 +9.7291 —8.8411 —9.2140 = --L6L 0.60 
+0.4094 +9.1945 —9.0967 +9.6871 —8.8276 —9.2258 = +1.72 0.70 
+0.4228 +8.9104 —9.1314 -+9.6160 —8.7090 —9.2238 = +2.81 Tee (at 
+0.4444 +8.5223 —8.9832 +9.4363 -+7.0656 —9.0928 = 42.21 2.57 
+0.5294 +7.9961 +9.2695 —9.1089 +9.0218 +9.0810 = -+1.00 2.04 
+0.6902 —9.1747 +9.9580 —9.9980 +8.5811 +9.7179 = +0.25 2.24 
-+0.6299 —9.4551 +9.8831 —9.9774 +8.1283 —8.3321 =—1.12 1.15 
+0.4712 —9.1778 +9.5374 —9.7775 +9.3709 —9.3505 = —0.40 0.79 
+0.3824 —8.4943 +9.2865 —9.7031 +9.5341 —9.1944 ==—--0:26 5 O72 
+0.3437 +8.7707 +9.1361 —9.6986 +9.5768 —8.8537 = +190 0.44 
+0.3297 +9.1485 +9.0385 —9.7200 +9.5823 +7.6943 = -+0.53 0.62 
-+0.3304 +9.3778 +8.9605 —9.7595 +9.5616 +8.9410 = +2.06 0.60 
+0.3495 +9.6005 +8.8879 —9.8280 +9.4755 +9.3028 = +1.97 0.60 
+0.3754 +9.7620 -+8.8403 —9.8951 +9.2523 +9.4895 = +1.68 0.39 


The operations were carried through with logarithms of five decimal 
places; the want of breadth in the page has compelled the omission of the 
last figure in the above coefficients. The resulting normal equations are— 


“l 
+211.720 dlogg +6.2418 d¢ +9.9751 6 7 —16.7517 J w—0.8780 J 7% +1.5523 J Q —81.633 =< 


+ 6.2418 +1.8262 —0.9109 — 0.0865 —0.6452 +0.4804 — 9.5672 —() 
+ 9.9751 —0.9109 +8.8401 — 4.1916 -+-1.0919 +2.3800 + 2.7880 —< 
— 16.7517 —0.0865 —4,1916 + 7.2621 —0.8845 —3.3057 — 0.5563 =0 
— 0.8780 —0.6452 +1.0919 — 0.8845 +3.5740 +0.0632 + 5.3321 = 
+ 1.5523 +0.4804 +2.3800 — 3.3057 +0.0632 +3.6073 — 2.6113 ===() 


The solution of these gives— 


dlogg=+0.44, de=+2.99, 07 =—0.36, do=+1181, %=—0.32, 2Q=+2.04, 


and the sum of the squares of the residuals is reduced from 87.378 to 
13.547, making the probable error of a normal of the weight unity, + 0.487. 
Adopting this value, the elements with their probable errors are (which ele- 
ments it will be remembered are the osculating of Oct. 2): 


T = 1858, Sept. 29.970971 + 0*.0000860 Paris Mean Time. 


wo =129 6 41.21 + 0,348 
$3 = 165 19 12.71 + "0;611 Mean Equinox and Ecliptic 1858.0 
7=116 58 10.55 + 0.290 
g= 8 3 55.22 + 19.10 
log g = 9.622804 + 0.000000616 


log a = 2.19331 
P =1949.7 years. + 67.25 
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The normals are represented by these elements with the following resi- 
duals (Obs. — Cal.): 


Aacoso Ao Aa coso Ad 
“av ad “l 

June 14 —0.43 +0.39 Oct. 19 —0.17 —0.11 
July 13 —0.07 +0.385 Nov. 1 —0.96 +0.49 
Aug. 11 —0.40 —0.89 Nov. 16 +0.11 +0.70 
Aug. 23 +0.30 —0.49 IDC. mu +0.39 +1.97 
Sept. 5 +1.23 +0.93 Dec. 16 —0.32 +0.27 
Sept. 17 +0.32 +0.60 Jan. 3 +0.00 +1.42 
Sept. 28 +0.08 —0.44 Jan. 30 +0.41 +0.73 
Oct. 8 —0.66 —0.39 Feb. 26 —1.21 —0.22 


These residuals, although they appear quite small, do not indicate a 
completely satisfactory solution. For the probable error derived from them 
is much larger than that obtained from the consideration of the observa- 
tions themselves. The latter quantity is +0".27, while the former, as 
stated above, is +0.487. The principal cause of this difference is doubt- 
less to be sought in the small systematic errors of the observations which 
arise from the idiosyncrasy of the observer in selecting the proper point to 
be observed, influenced perhaps, to some degree by the size of the instru- 
ment he used. In Vol. III., p. 329, of the Annals of Harvard College 
Observatory, the opinion is expressed that the observations have a tendency 
to place the comet too near the Sun, and the smaller the telescope the 
nearer the Sun. Let us see whether the observations confirm this supposi- 
tion. Taking the comparisons in declination of the best observations which 
go to form our normal of Sept. 17, when the effect of such a tendency lies 
almost wholly in declination, and arranging them under the heads of the 
different observatories and in the order of the size of the telescopes, we 
have the following table. The numbers beneath the names of the observa- 
tories denote the aperture of the telescope in inches. 


anes Berlin. eal oy Bonn. bere Pulkova. Paris. Geneva, 

12.5 9.6 8.5 6.25 6.0 5.9 5.8 4.8 4.25 

“l “l “l “4 “4 “i “é “4 a 
Sept. 12) =-14:38) one. +15.63 +22.06 +13.93 114.42 +13.41 +17.28 +10.28 
18 +14.72 +13.93 ...... tL 2sDO) WY wierstene +15.48 ...... +19.45 +15.92 
LAD af iceeceto tari Celtneie etn nm ata rete te BSB Aecaaiels tel Sia aaitrersinvats +17.69 -+12.28 
Ba voc trsene 16.04 =F 16:06.6  AHDBSOn, “Levelere: sill warevenra cir hake sheale aha mectalin cleite + 7.63 
0 Sirgen os 18: Y acer a Ane eer 8 +10.538 +11.66 -+15.72 -+11.15 ...... ...... 
AT VARIG 6B SS ngec en ee se +18.84  ...... +16.64 +1435 ...... ...... 
TSE NT B 2's Cee rane E206 OS ue ance ecm Mteretetae + 9.83 +25.92 ...... 
19 ee =UZ BB ohh crap tane a eaverele co etn Mee veavore laciikever aia tens yet afta Co re aie + 7.51 +13.14 
20 OES 10) ASABE ieee cued aeteisccmven) UMereietetele +1388; «2... = 13.090 Hislneee 
OV ie ater EA15.17 (18.18 S11 .08) 1a 28 Se tics clea tipo eiels +18.35 
D2 arsidaierer. huge share wheter ala emmemeteete aia rt 2290) =P BBOr he ss vere) Metictarccane sotto 


Mean, +14.88 +14.66 +15.47 +15.01 -+13.19 -+15.39 +12.19 +16.82 +412.93 
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The existence of systematic error seems pretty well made out between 
the different observatories ; and the Bonn, Pulkova, and Geneva observations 
made with small telescopes, do certainly place the comet nearer the Sun 
than the others. But the observatory which places the comet farthest to 
the north is Paris, with a very small telescope. Also Kremsmiinster and 
K6nigsberg, with much smaller telescopes, put the comet farther from the 
Sun than Ann Arbor and Berlin. These facts militate strongly against this 
supposition. The quantity used in forming the normal was +14”.44, and 
the preceding elements give +13!.84 for the same quantity, from which it 
may be judged how well each of the above observations is satisfied. 

Again, if this hypothesis were sufficient to account for the systematic 
errors, we should have almost perfect agreement in the right ascensions. 
Let us see whether this is the case. 


Ann Liver- Konigs- Krems- 


Arpor. Berlin. pool. berg. Bonn emdncion! Pulkova. Paris Geneva. 

“i 4 Md “4 “ “4 

Sept. 12 —7.62 ...... —1169 — 721 —13.13 —10.38 —18.72 — 4.79 — 9.74 
ae eitccn 1800 =... Bt grog anes te: EY Aen al — 9.48 —14.06 
Hate Pe cede ci. SEU GH MOAN a): nN ea — 941 — 9.83 
Hee ew SS GTO ee —16.48 
PSY ge i ae Mae pee Bi 1099, 90144 Gon cs) i voces 
lea ie et, ee Ste pa aoe ec ay SW) a 
ie eeAge Nak. CGC Sao AL ee 16.07 18.88) oc. 0: 
ee ee es, HL Spee ain 18.14 —15.42 
Ao ELC Ee a ENG RO) de. SSO GaIe ts 
NCE Pine or 2-908 1489 ee — 8.18 
2 AEN A ea ne MAG SGML SONNE ou eels! 
Mean, —18.28 —14.45 —10.16 — 9.59 —13.68 —11.52 —13.05 —12.87 —12.29 


Systematic error is not quite so manifest here as in the declinations, 
the observations not agreeing so well among themselves, but it undoubtedly 
exists in considerable quantity. The quantity used for the normal of Sept. 
17 was — 12.67, and the orbit found gives —13/.07. 

We will make one more trial; about Oct. 8, the effect, according to 
the hypothesis, took place wholly in the direction of right ascension. The 
scheme of observations stands thus: 


Heo Paris. Berlin. poh ert Bonn. Lara Pulkxova. Geneva. ahi 

ie 12.6 3.75 

“l 4 ad a“ Cy) “4 “a “l “ld Md 

(Cis “Cae ann ee nf ORh eS Nl wa \iereral spit bh Morcisr Simi cers ce latcl cimlersiels are —16.18 ..... 
5 —7.94 ..... SUL sro ohele Se, i Us OD mm e aie forers | Sse) 518 oie —10.96 —9.49 
(2 CNSR E Aon a mo SHUR Waleed maraterst tiers Siacaleets —11.01 —10.98 —11.00...... 
it aeons Miers mh Oeics ais igh ban rolenere ids atari == GS GOI. eiae/é)6°e eri si Is PNR ets 
Seer vei == 280) visicie's $8.49) Seriereie <A Set —— a, 4 0" fy balsrele eh) Veictelsye-s ye ateyeess 
ORO: 09 4200 ie ten f caleisis coed WA Er ol ake ERCP SAICL Be AERC — 6.94 —0.68 
QM ONT ul eee r Tats Laine ciois'a:, une e's \sfouy ogeiehe s steueikaeienays rt Gee OiMmen ctor rae man ietvel sig0 gue: erates 
SIMMS NP et UR erstersicto a. fevelsfeiae S ciarse sev blac tieyoms a6 were am ANT QO Maleravensreyy iy wratetal ea —2.05 
iMate ratan RIS eee et ataaresel ie veteereiette va steve aioli We aig ele) we aiale atin eh Cite rer Vel osevac charone7al'c 
nme 1 OLE os efeie) ghee ets)t pM Ea Bt cvehcvetch ucurel ersisntexroteatieTtan tee esol scale = IASI nies 07 
Amar Dia Diem cet td Ml iteictavetsm bvisl'ste viol Vit jase eigiacel: 8 Velour Oat alate aies See: 3) 
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The observations are too scattered to establish anything with certainty, 
but the systematic errors seem to be larger than before, and, Greenwich 
excepted, the observations with the small telescopes place the comet farther 
from the Sun than those with the large telescopes. The same thing is 
probably true of the observations during the rest of October, but as the 
northern observations here begin to fail us, we can make no comparison. 

It would be very difficult, perhaps impossible, to arrive at a satisfac- 
tory explanation of these systematic errors and to assign their numerical 
values, consequently I shall not undertake any discussion of them. If, how- 
ever, this hypothesis should be adopted, and a correction varying inversely 
as the size of the telescope should be applied to the observations, removing 
the comet from the Sun a space ranging from 1” to 3”, the effect would be 
to diminish the period of revolution by about 25 or 30 years. With regard 
to this, the most interesting element of the orbit, we may state with confi- 
dence, I think, that it is not less than 1900 years, and cannot exceed 1975 
years. 

Lastly, we have settled by this discussion, that there is not the slight- 
est indication that‘any other force than gravity influenced the motion of 
the center of gravity of the comet. For although, on comparing our final 
orbit with observations made at a particular observatory, we should observe 
small but well marked deviations, yet another observatory will be found 
whose observations, entitled to equal confidence, indicate a deviation at the 
same time in an opposite direction. 
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MEMOIR No. 7. 


On the Derivation and Reduction of Places of the Fixed Stars. 


(Extracted from the Star Tables of the American Ephemeris, 1869.) 


The coordinates of the stars are affected by three distinct causes; first, 
by the motion of the earth’s axis and the equinox, which produces preces- 
sion and nutation; second, by the motion of the star itself and of the solar 
system in space, the combined effect of which is denoted as proper motion ; 
third, by the motion of light itself, the effect of which is called aberration. 


1. Let us first consider the effect of precession alone. If a and 3 
‘denote the right ascension and declination of a star at any time, its rectan- 
gular coordinates will be, its distance being assumed as unity, 


x= cosd ames 


y = cosé sina, (1) 
z2=sind. 
To pass to any new system, we shall have the known equations 
v= ae + by + &, 
yY=de+vyt+ez, (2) 
— a's a bly St o!'4. 


But in the case where we wish to obtain the differentials of x, y,z for an 
infinitesimal time dt, a, 6! and c’ are each unity, being the cosines of angles 
infinitely small; and all the other constants will contain dt asa factor. 
Hence we may write 


Fi OY + 

dy _ t 3 
qa tte (3) 
dz _ on ” 

qe a+b'y. 


: da dy dz 
2 ae es alae dy de = 
The equation «+y7?+2—=1 gives us er amt bey “1% oF 0. Sub 


stituting in this the above values of a etc., there result these three equa- 


tions of condition between the six remaining constants 
b+av=0, e+ 0e7=0,7 e+ b'=0. (4) 
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Hence, 
Oh = by +02, } 
oa cx — cy | 


It belongs to Celestial Mechanics to deduce the values of the three 
remaining coefficients of these equations. When precession alone is con- 
sidered, c =0, and —6 and —ce are the quantities usually denoted by m 
andn. Thus we have, the unit of ¢ being one year, 


= my—ne, 

dy _ 

ata a (6) 
dz __ 

ai = NX. 


If the values of x, y and z are now substituted in these equations, we find 
that 


oom +nsinatand, | 

i 
as (7%) 
df = COB: 


m and n are functions of ¢ which admit of being expressed by power series. 


Differentiating (7) and always eliminating ond = 


ii li by means of the 


primitive equations, we obtain 


2a 2 
eae s sin 20+ (FF sin a + mn cos a) tan d + 7? sin 2a tan?o, | 
| 
| 


a6 dn 
df= mm sina + Gi cs 4 — v sin’a tand, 
Ba mn’ 


w= 2 + $m? cos 2a + 3 gn sin 20 


+ | Gut — mt + 3”? cos 2a) n sin a +(2m 5 a nam ) cos «| tan 6 


t 

an Ez COs 2a + 30 a sin 2« | tan? 6 

+ 2n* sina (1 + 2 cos 2a) tan*d, 

iz) 

ee (2m 55 + Se ee NW gin’ a)n Cosa 

-[3 mn sin 2a + ano 7 Si? «| tan 0 | 
J 


— 3n' sin’ a cosa tan? 
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3, 
Us and oe vanish, 


The right ascension and declination of a star, as far as regards preces- 
sion, are then found by the formulas 


da Ma Aa 
a=at(%) +i (Fa). #44 a(Gp)et- 


dé ado d?6 
oe +(G)e+s (Fale +43 (ap)Pt 


2. Let us next consider the effect of proper motion. If the values of 


In writing these equations, it has been assumed that 


(9) 
J 


2 and ie for any star are obtained from observation for a certain epoch, 


we may compute the functions m + n sina tan 6 and n cosa, and subtract 
them from these quantities, the remainders u and w’ are the effect of proper 
motion in right ascension and declination at that epoch. But, to deduce the 
values of wand w’ for any time in general, we may adopt the assumption 
that the proper motion is uniform on the arc of a great circle, and on this 
supposition derive the rigorous values of the differential coefficients of a and 
6 with respect to the time. 


Considering now the effect of proper motion only, let 

p denote the velocity of the star’s motion on the arc of a great circle, 

x the angle of position of this are, 

a and 0! the right ascension and declination of the star at the end of 
the time ¢. 


The consideration of the spherical triangle formed by the pole of the 
equator and the two positions of the star will give these equations, 


(10) 


cos 6’ cos(a’— a) = cosé cos (et) — sin 6 sin (pZ) cosy, 


sin 6’= sin 6 cos (pt) + cos 6 sin (pt) cos x : 
cos 0’ sin(a’/— a) = sin (et) siny. 


Eliminating p and y by means of the equations 


psiny=pcosd, pcosy=vp', 


we derive from the first and third of the preceding equations the following 
values of «’ and 0 in series arranged according to the powers of ¢: 


a’=a + pt+ pp’ tand.?—4[p* sin? d — wy’2(1 +3 tan?6)j#+... a (11) 


= 0 + wt—Ap? sindd.f— 2 pn! (14 2 sin?) + 


4S 
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3. In order to have the combined effect of precession and proper 
motion, a/ and 0! should be substituted for a and 6 in the series which give 
the effect of precession. Hence, we obtain 


da ; 
Mam t+ msina tand +p, 


(12) 
di =” 0084 + #5 
and, w and w' being considered as variable quantities, 
a = ny cosa tan d + ny’ sina sec?d + 2yp’ tand, 
dy! Of 
p= — my sina — 4p? sin 20. 


It may be useful to note the rate of variation of the angle of position x 
through the effects of precession and proper motion; it is 


on gin asec 6 + wsin do. (14) 
E atk da dé hivbe' lie recite nape 
By differentiating the values of — and — , and eliminating —, — , — 
7 ies Bee BE sien Bat’ dt’ dt 
/ 
and we by means of their values just given, we obtain 
2 2 
Fe cin Qa + Qn! sin a ] 
+ E sin a + (m+ 2p) n cosa + 2a | tan 6 
+ 2n sina(n cosa + yp’) tan?d, 
ds ; dn : gee 
p= — mn sin a + Gz Cos a — Qnu sina — Fain 20 
— n' sin’a tan od, 
3 2 
2 = Ae Dig ees oA sina + 3p! (m + Qu) Cosa 
+ 3(m + 2p) nv cos2a + Bn 2 sin 2a — 2y* sin’ d 
(20 — m?— 6u2— 3myp + 3n? cos 2a) n sina 
; tan 0 15 
i + (2m Sh +m Gp + 3.57) eos a + 6n7y' gin 2a i) 
6up? + 8 oF a sina + (8m + 12) np’ cos a : 
+ dn r E tan 6, 
+ 3n ae sin 2a + (38m + 6p) 1? COs 2a 
+[(Qn?+ 6y”)n sina + 6n'p!’ sin2a + 4n* sina cos 2a] tan’d, 
ot) 
eS = — pp! — (2m + By) - sin a — (m?+ 3myp + 3p?) n Cos a 


dm. 3 i : 
— "FF sina — nm sin? a cosa — 8n?p! sin? a — 2py*y' sin? 0 


—| 6npp!' sina + 3(m + 2)” sin 2a + an sin? «| tan 0 
— 3(n cosa + yw’) n’ sin’a tan? 6. J 


i 
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The values of a and 3, computed by means of Maclaurin’s Theorem, using 
the above values of the differential coefficients, will give the mean place of 


the star. 
sible. 


: Bo a*§ 
The expressions for ra and iB 


computation ; hence, if their values are wanted, it will be much easier to 
‘compute the values of the second differential coefficients for 50 years before 
and after the epoch, and divide the differences of those by 100 for the value 
of the third differential coefficients at the epoch. 

4. We have next to consider the effect of nutation. Resuming equa- 
tions (5), putting for x, y and z their values from (1) in terms of a and 4, 
da dé 


da ds 
dt? dt? . 


above are too complicated for use in 


and writing Aa and Ad instead of —— de and a We obtain. 
pee eine ie 
46 =—ccosa—c’ sina. a 


Changing the notation so as to correspond with that usually employed in 
this subject, we make 


b= —mA'—E#, c= —nJA’', C= Br, (17) 


where A’ is the quantity usually denoted by A with the term 7, the frac- 
tion of the year, omitted. Then 


Pe RATE Ao) 
Ad = A’'n cosa — B sina. 


(18) 


These formulas give the effect of nutation when terms multiplied by the 
squares and products of A’, B and £ are neglected. 

The following formulas contain those which involve the squares and 
products of A’ and B, still neglecting the square of # and its products with 
A’ and B as of no moment: 

@ Aa. @Aa Pda 


agate agp hae ay 
@Ad a6 kan) 
Ms =4 Ant qaqpa Bt tee. | 


We have from (18) 


d. 4a 3 ad. 46 ) 
Wa =™ + n sing tans, WaT = 0984, 


Fav PS ee. | (20) 


WB = 008 tans, ap = Ssine. 
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Differentiating these again with respect to A’ and B, and eliminating 
da da d.Aa d.Aa 


TA!’ GB? etc., which are the same as caddie Be etc., we obtain 
2 2 
Ga = gin 2a + mn cosa tané + n? sin 2a tan?o, | 
a Aa ‘ : 
dAdB =” 0084 + 1 cos 2a tan’ d —m sina tano, 
2 
ells sin 2a — sin 2a tan?6, | 
a? Ad f (21) 
Fars — mn sin a — n? sin’ a tan d, | 
2 
siorp = — 4 sin 2a tan 8—m cos a, | 
2 
Oe = — cost tano. J 


It will be sufficient to retain in A’« only the terms multiplied by tan’ 6, 
and in A*} those multiplied by tand, and to put A’ = — 0.34236 sin Q 


= — sin 9, and B= — 9.2235 cos =—ucos, where Q denotes 
n 
the longitude of the moon’s ascending node. Thus we get 


2 2 
Aa = | cos 20 sin2Q —~ a i sin 2a cos 28 | tan? 6, 


Uv w—v wor (a7) 
26 = —| 9 sin 2a sin? 823 +( poeta 8 cos 2a) £08282 | tano. 

Hence, if we put 

a=7(m+nsinatand), b= + cosa tand, 93 

a=Nn cosa, b'= — sina, i (23) 

the formulas for the whole effect of nutation will be 

4a=aA'+bdB+#H 

+ [0°.0000103 cos 2a sin 2 §£§ —0°.0000107 sin 2a cos 262] tan?6, (24) 


46=avA'+U'B 
—[0’.000077 sin 2a sin 2 $3 + (0.000023 + 0’’.000080 cos 2a) cos 2 $3] tané. 


5. The effect of aberration is next to be considered. If «a! and 8! denote 
the right ascension and declination of the star as affected by aberration, 
dX dY nee 


while a and § denote the same unaffected by aberration, and ai? ae 


a7 denote the velocity of the earth projected on the three axes of coordi- 
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nates, and & denote the velocity of light, we have, f’ being a fictitious dis- 
tance to be eliminated, 


/ / nes dex 
R’ cos 6 cos a’= cos 6 cosa + 7, 
/ / : , » 1dV 
fi’ cos 6 sin a'= cos Osina +77, (25) 
Fee; deta 1dZ 
Rf’ sin 6 = sin 6 irre 
Whence are derived 
; (cata fal leap Ue Ce: GOP On Ae 
f’ cos 6’ sin (a’— a) = A “FG 84); 
/ ' A ens 1/ax ay. 
RF’ cos 8’ cos (c’ —a) = cosd+ Alas a +— sin «), 
R’ sin (6’— 6) pee dX ain 3 cos a + gin sin a — 2708 8) 
k\ dt dt dt (26) 
— | tand ON a— 2 cog a) 
2 dt dt ; 
R’ cos (6’ — 6) = 1+ 7 (Geos 2 cos a +4 cos a sin a + 4% sin 0) 
Us INE adY 2 
St ele sin a— F008 a) is 
From which, to quantities of the second order, we have 
, eae CW. Goce eD € 
a—a= 7, Bec 0(Gpsin a Og O82) 
il Cle Oe ax GE 
5 sec? Ton sin 4 — 7 cos a\ Se cos a4 + “i sin a) ‘ 
J—d= — 3 (Gam 6 COS a + Pein 6 sin a — 7003 3) 
San ) aX ain ao cosa ' GD) 
21 at dt 
IAC ay. : dZ 
aly Bape 6 cos a + a on 6 sin a — 77 °°) 
aX ay : dZ . 
x (Gp 08 0 cos a + a oo osina + FT aoe a). 


If r is the radius vector of the earth, © the sun’s true longitude and w the 
obliquity of the ecliptic, 

X=—rcos®, Y=—rsin©cosw, Z=—rsgin © sinw. (28) 
And, if e denotes the eccentricity of the earth’s orbit, [' the longitude of the 
solar perigee and m the mean sidereal motion of the sun, 


Gh os < GHp 


PT a pie tO) 
d an (29) 
re = ieee +ecos(© —TL)]. 
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Whence we derive 


oe i= alsin© + esin I’), 

— oe 400s w [cos © + ¢ cos I’), (30) 
OZ an, . 

PA TET eg asin w [cos © + cos I’), 


Aye : ; an ae 
By substituting these values in (27), HS apa =x, and omitting 
—eé 
the terms which are independent of ©, we have 
a’ —a= —x sec 6 [sin a sin © + Cos a Cos w COS] 
2 
= = sec’ 0 [(1 + cos’ w) sin 2a cos2 © —2 cos w cos 2a sin 2@], 
6’ — 6 = — x [sin 6 cos a sin © — (Cos w Sin 6 sin a — sin w cos 6) cos ©] 


—F tan 6[((1 + cos’) cos 2a — sin?) cos2© +2 coswsin2asin2C]. 


In these formulas, terms multiplied by x’e have been neglected, as also the 
terms in §/—6 multiplied by x’ which are not also multiplied by tan 0. 
Substituting for x Struve’s value 20.4451, these formulas become 


a! — a= — 20.4451 seco [sin a sin © + cos a Cos w cos@] 
— 0'’.0009329 sec?d sin 2a cos 2 © + 0'.0009295 sec? 6 cos 2a sin 20, 
6’ — 6 = — 20.4451 sin 6 cos a sin©® (31) 


+ 20.4451 cos © [sin 6 sin a cosw — cosé sin w] 
— 0’.0004648 tan 6 sin 2a sin 2© 
+ [0’’.0000402 — 0’.0004665 cos 2a] tan 6 cos 20. 


6. The values a, 6, © and @ to be employed here are those affected by 
nutation. Hence, if we use values referred to the mean equinox of date, we 
must add to a’ — a the terms 


d (a'—a) 
Sar arise) 


d(d—a) ,,, d(@’—4) 4. , d(a#—2) 
ae PMA MILLIE TRON Ge 


and to 6/ — 6 the terms 


d(0’— 6) d (5'— 8) d (0’— 0) d (s’—6) 
ee a a AE AO eg do. 


Those multiplied by A© and Ao are of no importance, and it will be suffi- 


cient to put 
PO Said Rn ee ee (32) 
46 = — b cosa sin § + asin a cos 8, 
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where 6 = 6.865 anda = 9/'.2235. 
Then the terms to add to a’ — a are 


—(b + a@ cos w) gin 2a cos (© + §2) 
+(0 cos w + @) cos 2a sin (© +83) 


20/.4451 
rE aces 6 } 
2 pe eee + (b—a cosw) sin 2a cos (O—82) [’ Die, 
—(d cos w — @) cos 2a sin (O — 82) 
and to d/— 6, 
—(b + a cos w) cos 2a cos (© + £23) 
—(b cosw + a) sin 2a sin (© + £8) 
207.4451. ' +(b — a cos w) cos 2a cos (© — $2) 
a EN ocd of ay alti 20 at (O62) ae 
+(6—a cos w) cos (© + 82) 
—(b + a cosw) cos (© — $2) 
Or, the numerical values of a, 6 and @ being substituted, we have 
— 0°.00005065 sin 24 cos (© +82) 
th 4% + 0°.00005129 cos 2a sin (© + $2) 35 
#—4=% __ 000000527 sin 2a cos (© —82) BBP 
+0°.00000966 cos 2a sin (O—82) 
— 0’.0003799 cos 2a cos (© + £2) 
— 0.0003847 sin 2a sin (© +8) 
id 
Betis — 0'’.0000395 cos 2a cos (© — 82) sin dtan 3. (36) 


— 0'.0000725 sin 2a sin (O—82) 
— 0.000391 cos (© + 2) 
— 0'’.0003799 cos (O—82) 
7. If we make 
C = —20'.4451 cos w cos ©, D = — 20.4451 sin©, 


¢ = j,cosaseco, d= sin asec 6, (37) 


e = tanwcosd—sinasind, d= cosasind, 


we shall have the combined effect of nutation and aberration on the place 
of the star, terms of the second order being omitted, by the formulas 


a—a=aA'+bB +cC +dD+ £, \ 


oe ANE Be oO ed De (38) 


If we wish to include the mean motion of the star from the beginning 
of the year, we must add, respectively, to these expressions the terms 
(a+u)z and (a+ uw’) t, where for a, @ uw and w' should be taken their 


values, not for date, but for the time =: Hence, if we make A’ + 7= A, 


the formulas become in this case, 


adé—a=aAd+0B +cC +dD fea 


39 
J—d=aAA+UB+c0+ dD + wt; @?) 
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and to our terms of the second order must be added in right ascension 


— + v” and in declination — 4 Rls or better, if wand w' in the last two 


dt 
equations denote their values at the beginning of the year, these terms will 
Oa > 1 0 da dd 
De si wat and — 3 Te v” where de and de ; have'the values (15). Neg- 


lecting the variation of m and n, and the terms not multiplied by tan 6 
or tan’ 6, these terms of the second order are 


4(a’— a) = + 0°.000008 rz? sin a tan 6 — 0°.000149 z’ cos a tan 6 


— 0°.0000650 7? sin 2a tan’ 6, (40) 


A (6’— 6) = + 0.000975 @? sin’ a tan 6. 

8. In order that the subject of star reductions may be complete, it is 
necessary to consider the effect of orbital motion in double stars. The cor- 
rections of the right ascension and declination always have this form, 

4Joza+bt +ksin(ut+ KX), (41) 
4s=a +0t+k sin (ut &), 
where wu is derived from the equation 
u—esinu=n(t—T). (42) 


All the quantities in these equations, except ¢ and w, are constants to be 
derived from observation. 


Construction of General Star Tables. 


9. It will be convenient to divide the quantities A and B each into 
two parts, so that A= Ag+ Ag and B= Bo+ Bo, where for the epoch 
1870 the values of Ap, a Bo, Bo (the Aiea tieay in brackets are loga- 
rithms) are 


Ao=rt + [6.5942] sin © + [7.4644] cos © — [8.4012] sin 20, 


Bo= — [7.9609] sin © — [7.2370] cos © — [9.7410] cos 20 , 

C = —[1.27313]coso, 

D = —[1.31059] sino, (43) 
Ag= —[9.53457 + 0.4¢] sin $2 + [7.6128] sin 282, 

Bg= — [0.96490] cos £3 + [8.9518] cos 282 , 

Ho= —[7.4951 — 6.67] sin 82. 


The term Z being neglected, we write 


4ot= AAG+ OBE + cC + AD + pr, 

466 = VAQt+ UB + CC+ AD + w't, (44) 
4ga= a€Agt+ bOBgt+ Eg, 

499 =aAgt+ UB. 
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To Aga and Ao>é should be added the terms of the second order in 
aberration, and to Aja and A,é the terms of the second order in nutation 
whenever they are sensible. 

If we make 


P @= — [1.31059] d + [6.5942] a — [7.9609] 0, 
Y o= — [1.27313] ¢ + [7.4644] a—[7.2370] 0, 
P= — [8.4012.] a + [5.7922] sec? 6 cos 2a, 
q 20= a ators ] 6 — [5.7938] sec? 6 sin 2a, 


p' o= — [1.31059] d’ + [6.5942] a’— [7.9609] 0’, ) 
g’ o= — [1.27313] o + [7.4644] a'— [7.2370] U, 
Ps9= — [8.4012 ] a’— [6.6673] tan 6 sin 2a, 
q's@= — [9.7410 ] B’ —[6.6688] tan 3 cos 2a + [5.6042] tan 6, 
we shall have, terms of the second order included, 
da 104 x 
4 a=p O8iN© + J OCOSO + Pr@ SIN 2O + Ho CO82O a ae i? 
(46) 
26 
48 = p’o Sin © + 9’ C08 O + P'.@8iN 2O + Y'2q COS 2O + Ore i ; 
Let us make 
Po=kecos Ko, p'o= kh cos K'o, 
qo=Aoesn Ko, Jo=FKosink'o, (47) 
Pre= hae 008 Kg, Pr@= bsg 008 K'xq 
ho= he s8in Kea, Y2o= ho sin Kg. 
Then equations (46) take the form 
boo ine Sts & EKo)+k 204 E, 
ot= a int pide sin (©+ Ko) + -aosin (204+ Kio), 
dé, de a) 


4o¢6 = qt + tgatt ko sin (O+ &’o) + Kia sin 20+ Kio): | 


10. To compute the variations of Aja and Ao? for a certain interval of 
time as 10 years, we compute the variations of po, go, etc., in that interval ; 
calling them dpo, dgo, etc., and certain very small terms being neglected, 
we have evidently these equations : 


0. doa = dM Sin © + OYq COS © + Ofe 8IN 2O© + OG2q C08 2O 
+ 10940 + ko cos (O+ Ko) sO, 
6. Meo = op’ sin © + 49’ cos © + Sp'aq Sin 2O + 94'2q C08 2O 


ae 1045. + keocos (O+ £'o) 60. 


(49) 
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The value of d© is [6.0057] sin (© — 15°); substituting this, we have 


S>doa = 10 8 + — [5.7047] ko sin (Kot 15°) + dposin © + 04 C08 © 


+ [op.o+ [5.7047] & @ cos (K @— 15°)] sin 20 

+ [d@ro + [5.7047] & o sin (K @— 15°)] cos2© , 
OnwAG@o— toss 57 —[5.7047] &’@ sin (K'o+ 15°) + Op'osin © + 69q'q c08O 
+ [8p'oq + [5.7047] hk’ cos (K’o— 15°)] sin 20 
+ [6q'2o + [5.7047] hk’ sin (K'o@— 15°)] cos 20. 


(50) 


As in the case of Aga and Ao), these quantities can be made to take 
the form 
8. doa=atbr + hcosin(O+ Ho) + hosin (20+ Hig); (61) 
6.4¢>6=a + 0'r+ HNosin(O+ A’o) + M.98in (204+ A's). 


Except for stars near either pole, the first and last terms of these equations 
may be neglected, and regard be had in computing dp, dgo, etc., only to 
the variations of c, d, c! and d! in the formulas for po, go, etc. Then 


b. dos = 1084 x + hg sin (O + Ho); 


ds (52) 


9 At WO eer h'g sin (O+ H'o). 


11. In computing Aga and Ad, we may either suppuse ko, Ko, k'o 
and /’, constant throughout the year, and afterwards add to Aja and 
A, thus obtained, the proper fractional part of ho sin (© + AH) and 
h'> sin (© + H',) for the fraction of the year; or, we may make them vary 
from date to date. For a star, whose declination is within the limits +65°, 
there is, however, no need to attend to this correction. 

Having formed a table of © for every 10 sidereal days, Beghihing with 
the fictitious year, we can readily get © for the time of the star’s transit 
a— 18"40” 

240" ; 
and thus form the arguments © + Ko, 2© + Mo, © + Ho, etc. Terms 
with small coefficients can be most readily formed by means of a Traverse 
Table. 


over the fictitious meridian with the constant interpolation factor 


12. We can reduce Aga and Ad to the forms, terms of the second 
order included, 


Aga. — kg sin (828 + EK 9) + hg sin (282 + KE 49) : (53) 
46 = Kg sin (82 ae Kg) et Fog sin (2823 -- K's9) : 
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by making 
kg cos K g = — [9.53457 + 0.4¢] a—0°.0081, 
k gsin K g= — [0.96490] 3, 
keg cos A, Q = = [7.6128 Ja + [5.0114] cos 2a tan’ 6, 
kigsin K,g= [8.9518 ] b — [5.0294] sin 2a tan’ d, ay 
k! « cos K’ g = — [9.53457 + 0.4¢] a’, 
kK’ g sin K' 9 = — [0.96490] 0’, 
49 cos Kg = [7.6128 ] a’— [5.8865] sin 2a tan 3, 
K’,q sin K’,g9 = [8.9518 ] b’— [5.9031] cos 2a tan 0—[5.3617] tan o. 
But perhaps it will be as well to adopt the formulas 
Aga = aAg + bBa ++ Eg, 
498 = a’ Ag Si b' Bo; } 9) 
or, 
Aga = fat 9g sin (4g+ a) tand, (56) 
A= gnoe(Ga+a. J 


13. For stars near either pole, it will be well to construct tables giving, 
with the arguments © + Q and © — 2, the values of the small terms in 
(33) and (34). These will be most readily computed with the aid of a Tra- 
verse Table, when they have been reduced to the forms 

40494 = koxg sin (©O+ 8+ Koxg), 
49499 = Mo+9 sin (©+8o+ K’o+9); 
4o_94 = ko_g sin(©@—8+ Ko_g), (67) 
4e_99 = Ko_g sin (O- $3+ K'o_g) < 

14. Tables for A,a and A,d may be computed in the same way. For, 
by making 

kq cos K «= — [7.6075] a, 

bq sin K c= — [8.9474] 3, 

k'¢ cos K’¢= — [7.6075] a’, (58) 

i ¢ sin K'g@= — [8.9474] v, 
these quantities take the form 

Aqa=k« sin (@C+K «), (69) 

46 =k ¢ sinQ2C+K'q). 
In tabulating these quantities it will be better to make sidereal time the 
argument rather than (; and if they are to be tabulated for several stars, 
they should be interpolated forwards a time equal to a — 18*40”, so that 
the argument may be the same for the transits of all the stars on the same 
sidereal day. If these quantities are tabulated for every tenth of a sidereal 
day throughout the period ofthe argument, we may take advantage of the fact 
that this period is almost exactly 13.7 sidereal days, to arrange the table so 
that there will be an interval of a sidereal day between successive values of 
the argument. 


72, COLLECTED MATHEMATICAL WORKS OF G. W. HILL 


On the Places and Proper Motions of 8 Scorpti, B and » Draconis and 
611 Cygne. 


In this discussion almost all the material to be derived from the well 
known collections of reduced observations have been employed. To accord 
with Dr. Gould’s Standard Places of Fundamental Stars, the right ascensions 
as given in these collections have been reduced to the equinox of Argeland- 
er’s DLX Stellarum Positiones Medie. Also the systematic corrections 
given by Dr. Auwers in the <Astronomische Nachrichten, Vol. LXV, 370, 
377-382, have been applied to the declinations. 


6) Scorpit. 


Adopting for a provisional mean place of this star, that of the Geen. 
wich Seven Year Catalogue for 1860, we have for any time, with a proper 
motion zero in both coordinates, 


a= 15°57"18°.08+3°.47735 (¢—1860) + 0°.0000711 (¢—1860)?, 
6 = — 19°25/8'.37 — 10.2316 (¢—1860) + 0.002203 (¢—1860)*. 


Constructing an ephemeris from these formulas and comparing it with the 
observations, both as published and corrected, we obtain the differences in 
columns I and II of the following table. From those in column II are 
derived, by the method of least squares, the following normal equations, in 
which Aaw and Ad denote the corrections of the provisional mean right 
ascension and declination, and w and w! are the proper motions in those 
coordinates for 1860 : 


87.5 da— 8104 =+ 1°.0865 
— 810 4da+ 403794 =— 64°.793 
34 46— %46e’=+ 38.685 
— 746 46d + 89090u’ = — 1279'.485 
whence 


4a =—0°.010, 46=+07.72, »=—0*.00180, »’=—0".0189; 


and the corrected formulas for the mean place of the star are 


a= 15°57" 18*.070 + 3.47555 (¢—1860) + 0°.0000712 (t—1860)’, 
6 = — 19°25 7.65 - —10'7.2505 (¢—1860) + 0’ .002200 (¢—1860)?. 


DERIVATION AND REDUCTION OF PLACES OF THE FIXED STARS 73 


The differences of these and the corrected observations constitute column 


III of the table. 


Mean 3 
AUTHORITY. i) 
Year. 6 
Z 
Bradley (Fund. Astr.).....++..00+ 1755 «10 
VE 7ilkerelelsiaisicicsisiais sists eb ee vies s.0 ere 1800 44 
PAITYs COMD Cabecssesisccs ssscvee 1829 12 
ESCO IACI Wetainiaibig!e'oie:é/s'a/ocieiv’y\o,n sca. slese.s\nisie't 1830 13 
SEPUve, Cat. Gen.ccscevccceccrens 1880 5 
Johnson, St. Helenad............. 1830 9 
Robinson, Arm. Cat..........00. 18344 
WAVION, MMOOLAS <acie oisvose eo seeves 18387 14 
Greenwich, 12-Year Cat......... 1838 61 
Greenwich, 12-Year Cat.......-. 1845 57 
Gilliss, Washington.........seees 1840 30 
PB ALIUOME RTD Fors aie vk a cccitisaene cig cieay 1844 34 
MAACHIMPO Cabins. escricciioss vecenes 1848 18 
GOGH WACH iiss ciciavm cowicece ce varies . 1851 54 
STUISSOU nists sre Wile slarcieretelciaie'eis 6 my 
Greonwichiersavet en edes «res cieelslsicte 1857 14 
GEEN WICH saeridsiveeces ce sr vvicceens 1862 12 
Igri a | Seanppen b sco ne caUnCODe Cb Oooder 1860 115 


RIGHT ASCENSION. 


ee 


PFwOowe wren nwnwwwws Weight. 


ewe 


Obs.—Cal. 
iG Iii. 
8 8 

+ 118 — .062 
+ .206 + .108 
+ .0387 — .009 
+ .1387 + .093 
+ .067 + .023 
+ .907 — .037 
— .051 — .088 
+ .010 — .020 
+ .022 — .001 
+ .020 — .006 
+ .014 .005 
— 025 — .037 
— 016 — .022 
— .008 — .003 
— 021 — .007 
+ 011 + .022 


y Draconis. 


DECLINATION. 
—_—__ 
Mean S ¥§& Obs.—Cal. 
o & 
Year,6 9 Ae LE: ETE: 
Zz &E 
1755 8 2 + 2/'.36 + 2/36 — 0.31 
1800 28 2 + 4.54 + 261 + 0.67 
1829 22 2+ 217 + 0.80 — 0.50 
1880 12 2+ 404 + 1.76 + 0.48 
1830 6 2 + 1.74 + 0.76 — 0.52 
1880 142+ 1.74 + 1.94 + 0.66 
1868 2 £ + 15% + 127 + 0.42 
1887 38 &£ + 1.02 + 0.66 — 0.49 
isd it 8 + yoy + 107 — 0.00 
1842 165 38 + 140 + 0.22 — 0.84 
1850 6 1+ 1389 + 2.05 + 1.14 
1851 47 4 + 0.90 + 1.02 + 0.13 
1856 24 38 + 0.64 + 0.64 — 0.15 
1857 32 4 + 0.06 + 0.45 — 0.82 
1862 8 2+ 011 + 0.60 — 0.18 
1860 98 4 + 046 + 0.67 + 0.16 
the pre- 


Deriving a provisional place from the same authority as for 
vious star, with no proper motion, we obtain the formulas : 


a= 16°22™6°.23 + 0°.79943 (¢ — 1860) + 0°.0000943 (¢ — 1860)’, 
6 = + 61°49'54”.16—8".3086 (¢ — 1860) + 0.000548 (¢ — 1860)’. 


Comparing these with the published and corrected observations, we have 
columns I and II of the following table, and we find from the latter the 


normal equations 


364a— 64% = — 4° 983 
— 647 da + 21146.=+ 112.538 
389 46 — §=%66p’ = — 387.28 


— 766 4d + 38618y/= + 2293.37 


whence 


da = —0°.095, 48 = + 0.43, 


p= + 0°.00242, 


Z= + 0'’.0679 ; 


and the corrected formulas for the mean place of the star are 


a= 1622™6°.135 + 0°.80185 (¢ — 1860) + 0°.0000924 (¢ — 1860)’, 


10 


6 = + 61°49'54.59 — 8.2407 (¢ — 1860) + 0.000551 (¢ — 1850)’. 
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The differences of these and the corrected observations constitute column 


III of the table. 


RiauHt ASCENSION. DECLINATION. 
a eee — == Sa 
m 4S wm 43 
Mean 5 4 Obs.—Cal. Mean Ss ih Obs.—Cal. 

Becca. Vear 16, © 74) \. me arn. Go oy CM | II III 

ear. 5 = 5 . . ear. y, i= . A . 
Bradley (Fund. A8tr.).ccccescsreecesese sees 1755 : i Z 15 6 2 — 4 — 4 +07.%4 
Parr a, ae aE eee 1300 56 2 —.804 —41T —170 1800 9.1 — 3.65 — 2.85 + 0.19 
GLOOMDTIAGS Ae bs< csc coaneeoscadetesseaeses 1810 15 2 —.295 —.049 +172 1810 81 2 — 2.96 — 261 + 0.45 
Strive, Cdl) Ger isivccsiveseniesvatecge nevus 1890 8 8 —.022 —.062 +108 1890 8 3 — 141 — 147 + 0.14 
patie aon ek eae, Bee Py xia He. 1830 10 2 —192 —.182 —.012 1830 10 2 — 1.01 — 0.94 + 0.67 
Robinson, Arm, Cate... .c.c0e cesseeeeceees 1883 2 3 —.409 —.469 —806 1882 7% 2 — 096 — 0.82 — 0.171 
Naylor, MAGrOe.J 66 ia donsa detec sets Sectors 1885 8 } —123 —208 —046 1885 61 — 203 — 149 — 0.22 
Greenwich, 12- Year Cats...06.lessseeeseees 1841 80 4 —.050 —.118 +.024 1841 269 4 — 0.88 — 0.60 + 0.26 

GUDIS,) WV GBR GEO aie)oiare rain sia) tors aleiw nel alsieintpiele 1841 22 2 —488 —.188 —.046 
Hantorsont oss ees ay Ame pe 1841 5 1 —.045 —.045 +.007 1842 19 2 — 049 — 0.16 + 0.08 
Readolifte /LCceG. eens sebsecck Beer Rie 1842 18 8 —.070 —160 —010 188 6 2 — 045 — 0.05 + 0.34 
Washing vate ici teas cpu ee eaaees 1863 13 1 —108 —108 +.005 1850 71 + O61 + O34 + 0.59 
eon wich ee oy ees 1851 43 4 —.080 —.123 —.005 1861 71 4 + 026 — 013 + 0.05 
CEA PR een PR OIEN cLame RETR ho 1856 87 2 —014 —074 4.081 1855 14 2 — 0.02 — 0.02 — 0.11 
Pais eee Mette ache menaee 1857 14 2 —.228 —.207 —105 1858 64 4 + 0.75 +-082 + 0.03 
Greouryiohia Nidal Bun eke 1858 39 4 —.044 —.05Y +.043 1858 41 4 — 015 — 0.27 — 0.56 
Hgdigiiite Sch keh ane etc aene: 19859 8 2 —043 —128 —.025 18:0 6 2 + 041 — 0.380 — 018 
Groonwishie. hid cdi elena 13968 7 1 —1%3 —186 —098 1868 71 + 044 + 0.82 — 0.82 
2 Draconis. 

The provisional place of this star derived from the same source, with 


no proper motion, is 


a= 1%27™16°.382 + 1°35307 (¢ — 1860) + 0°.0000256 (¢ — 1860)’, 
& = + 52°24/22".71 —2'.8543 (¢ — 1860) + 0’’.000983 (¢ — 1860)’. 


Comparison of this with the published and corrected observations are given 
in columns I and II of the following table. From column II we find the 


normal equations 
35.64a— %44u—=—  1°.635 
— 744 da + 8980042 = — 328.231 
43 4d— 944p’= + 15/34 
—944 Ad + 45848y’= — 440.33 


whence 
4a = —0°.108, 46= 40727, »=—0.002%3, v’=—0".0041; 
and the corrected formulas for the mean place of the star become, 


a= = 17°2'716°.217 + 1°.85034 (¢ — 1860) + 0°.0000257 (¢ — 1860), 
= + 52°24/22'.98 —2’.8584 (£ —1860) + 0'.000979 (¢ — 1860)”. 
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Comparisons of these, with the corrected observations, constitute column 
III of the table. 


Ricat ASCENSION. DECLINATION. 
aia RR CATO) SIS RE ih ae GS a 
Mean © §& Obs.—Cal. Mean & 4 Obs.—Cal. 
AUTHORITY. Oo bo Oo 
Year. 6 o I Die 2 iit, Year. 6 © I. i314 i ob 
eines ‘ ; ze 

Bradley (Und. AStr.).c...ssecseee seccees 1755 10 2 +.197 +.197 +.012 1765 «39 2 +0705 +07.05 —0”.61 
PESTS Za aa rations felaiste) selee'e's sielcaiateis iors Saseesees 1800 44 2 —.188 +.121 +.060 1800 18 2 + 119 + 1.40 + 0.61 
CUOMO Aaiclsiv ale vista: clos wiejv'e eevairivie(s.e asieie 1810 11 1 —.220 —.067 —.101 1810 163 2 + 061 + 1.01 + 0.65 
POHIEL Gre a tiols eleva disisiaip wii Sarebaeiciak Alora tse ainsclegac 1830 26 2 +.089 +.039 +.060 1830 1383 3 + 0.57 + 0.381 — 0.08 
PASSO LA INGLONY sieit siciv atic cis bists/n' Kee dlaleise(oiar is a(sinvale 1830 101 4 —.051 —.051 —.080 1830 108 4 + 0.57 + 0.44 + 0.06 
PAMELA Ons eects atste fala: 2.27 ohbial cholo a3 6 wiciofyrs <Caieis aitlales 1885 38 3 +.201 +.121 +.166 18865 5 1 + 0.70 + 1.21 + 0.84 
UOMO ERI ise e cs cnin ete! fasin ehreiesue meas veaes 1839 11 2 + 0.41 + 0.05 — 0.30 
Greenwich, 12-Year Cats .........seeceees 1842 79 4 —0.75 —.114 —.061 1840 148 4 4+ 0.30 + 018 — 0.17 
HUODIMEODS ATI. Cotte sicjeccticvcaiersierces weiss 1842 1 4 —.469 —.049 —.446 18388 11 2 + 0.87 — 0,06 — 0.42 
EUAN IAT G Ob mais oxe ssielsiels'o.6isie¥, <-eisleiom siete s.c's'ee 1844 9 2 —.080 —.110 —.051 1844 7 2 + 046 + 044 + O11 
VE SETLE GON aie stetists sicie deleie.s'c.saivisialstelsis ee cinees 1847 24 2 —121 —.121 —.053 1847 384 2 + 0.386 + 0.36 + 0.04 
(Oey ayal ay (el Hes nde COL AOR AERC ER ICEECR CET cl 1851 29 3 —.082 —.045 +.034 1851 387 4 + 0.48 + 0.06 — 0.25 
SIME HB ar eel te co welalose Sialsrstslersie valor sists. stb'p 1856 60 2 —.0382 —.082 +.060 1857 11 1 + 0.48 + 0.48 + 0.20 
PUG T ILO rsninaranies sinsierctetcieswavsnietie > sie tieisiarerseye 1857 12 2 —.1386 —.135 —,.040 1857 16 2 + 1.15 + 1.00 + 0.72 
GLOCTUWAC Minera sel deisieeiscius see deccieiwines. te 1859 45 4 +.004 —.009 +.091 1859 44 4 0.00 + 0.02 — 0.25 
MPAT IS race cele nerari ie sie hr wialersie csc sieisieisieveicierb's #7 1860 17 3 —.148 —.127 —.024 1858 44 4 + 0.67 + 0.36 + 0.08 
GLE CMW AC ise ciara celsiaivia, v's viv gis, clemieisis mye stevie. 1861 % 2 —.123 —.136 —,030 1861 7 2 — 0.03 — 0.01 — 0.28 


61’ Cygni. 
From Dr. Auwers’ elements of the position of this star in the Astronom- 


ische Nachrichten, Vol. LIX, p. 354, we have 
a= 21507379396 + 2°.67878 (¢ — 1860) + 0°.0000207 (¢ — 1860)’, 
6 = + 38°3/46".86 + 17.4510 (¢ — 1860) + 0.001493 (¢ — 1860)’, 


including the proper motion in R. A.. w= -+ 0°.34512, and in Dec., 
wl = + 3",2311. 

On account of the importance of Bradley’s two transit observations in 
determining the proper motion of this star, they have been reduced anew. 
With the equatorial intervals of the wires as given in the Preface to the 
Observations, and the clock corrections and constants of the instru- 
mental corrections given by Bessel in the Fundamenta Astronomiae, the 
resulting mean right ascensions differ more than 0°.5. If, however, for 
1753, October 8, we derive the clock correction from the observations of a 
Bootis, a Aquilae, a Cygni and « Piscis Australis, using Dr. Gould’s values 
of their right ascensions, we have for October 8, 18"5”, + 23°13, instead of 
Bessel’s value + 23°.58, or a correction of Bessel’s clock correction for that 
night of — 0*.43. Making this correction, we have for the apparent R. A. 


for the time of transit at Greenwich, 
Wires 


1753, Sept. 25 20"55"54°.54 1 
Oct. 8 20°55™54°.38 3 


Reducing these to mean place at date, the effect of the two terms depend- 
ing on € being added, and taking the annual variation in mean R. A. at 
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the epoch 1754 to be + 2°.6695, which is sufficiently accurate, we have, as 


the mean R. A. for 1755.0, 
Sept. 25 20°55"56°.23 
Oct. 8 20°55756*.32 


and, combined by giving double weight to the latter, . 
20°55"56°.29 
as the mean result from Bradley’s observations. 


Comparing the provisional formulas, with the different authorities and 
the corrected values as for the other stars, we have columns I and II of 
the following table. For the declinations, the normal equations resulting 


from column II are 
54 dd — 1092 4o’=— 47.59 
— 1092 4d + 484%8 dp’= 4+ 381.45 
from which 


46=+0".14, dy’= + 0.0109. 
With regard to the right ascensions, it has been found more convenient to 
plot the residuals and draw a parabolic curve so as most nearly to repre- 
sent them. ‘Thus the correction to Auwers’ formula is found to be 
+ 0%.041 + 0°.00653 (£— 1860) + 0°.000054 (¢ — 1860)*. 
Then the formulas for the corrected place are 


a= 212037437 + 2°.86531 (¢ — 1860) + 0°.0000747 (¢ — 1860)’, 
6 = + 38°3/47'".00 + 17.4619 (¢ — 1860) + 0'’.001493 (¢ — 1860)’, 


in which the right ascension includes the term + 0°.0000536 (t— 1860)? 
due to variability of proper motion. 

Column III of the table shows how nearly these represent the several 
authorities. 


RIGHT ASCENSION. DECLINATION. 
—_ H#!V#@[T“"— {AC 
+ Obs.—Cal. Mean 2 4% Obs.—Cal. 
3 I II Til Year. i 3 I II III 
. O° 5 . . 
Sree ; j Pq 
1 — .062 — .062 — .018 1754 4 2 —17.27 —1".16 — 0.12 
2 — 88 — 169 — .014 1805 21 2 + 2.82 + 0.29 + O0.%6 
2 — 181 — 131 + O11 1816 20 2 — 0.29 — 0.79 — 0.45 
2 — 021 — .061 + .063 1824 42 4+ 042 + 0.12 + 0.88 
4 — 091 — .091 + .015 1880 82 4 + 012 — 0.22 — 0.03 
0 + .B49 1830 242 4 + 0.92 + 0.10 + 0.29 
0 + .881 1885 7 2 — 1.06 — 0.62 — 0.87 
4 — .089 — .098 — .026 1888 67 4 — 0.73 — 0.67 — 0.57 
38 — 063 — .053 + 011 1841 19 3 0.00 — 0.387 — 0.29 
4 — 069 — .068 — .018 1844 63 4 — 0.18 — 019 —. 0.16 
WARIO GON nists csiisa sialatoisiers sislaivietyisistneic et 1847 152 2 — .020 — .020 — .016 1847 102 3 — 0.06 — 0.22 — 0.21 
IREdcliffer nus ssoucorsinwevorens senna 1850 28 3 + 071 — .009 + .010 1853 20 3 + 147 + 0.94 + 0.88 
Greenwich rrecyeccciash bnsicnsien steieniteces 1851 62 4 + .010 — .018 000 1852 62 4 + 018 + 0.14 + 0,09 
BY USSOIS osicreisialsieisicin'e oircists\e Sg slarolereniiew wie ere 1866 78 8 — .0562 — .052 — .068 1857 26 8 + 0.82 + 0.82 + 0.22 
Greenwich co qeosiieahcecsielcicetestsectsi 1857 6141 + .0384 + .021 — .001 1857 63 4 — 0.36 + 0.24 + 0.14 
Radcliffe tiie tawis ciecerisieacerseves eteasisterestere 1858 18 2 + .030 + .030 + .001 1858 9 2 + 0.67 + 0.20 + 0.09 
Paris csvin pave onan ciosnletcesienn nel lees soit 1860 91 4 + O17 + .033 + .008 1860 62 4 + 0.01 + 0,02 — 0.12 
GTECR WICH saccesvase ceaee catepiesiveaigten 1863 14 2 + .082 + .069 + .008 1863 16 2 — 0.69 — 0.29 — 0.46 
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MEMOIR No. 8. 


Determination of the Elements of a Circular Orbit. 
(Proceedings of the American Academy of Arts and Sciences, Vol. VIII, pp. 201-209, 1870.) 


The following problem seems to possess some interest, and I have not, 
in my reading, met with any discussion of it: 

To determine the elements of the orbit of a planet or satellite, which 
moves in a circle in the plane of the ecliptic, from three observations of its 
direction from the earth, made at equal intervals of time; the positions of 
the earth and the central body at these times being known, but the sum of 
the masses of the central body and the planet or satellite being unknown. 

Or, geometrically stated— 

In a plane, given a point as center and three straight lines, required to 
describe a circle, so that the arcs intercepted between the first and second, 
and the second and third, lines may be equal. 


pe generally & denote the distance of the central body from the earth; 
u I its longitude as seen from the earth; 
oe os r the radius of the orbit of the planets 
sf _ 4 its longitude as seen from the earth; 
t “ x its longitude as seen from the central body. 


Moreover, employ the subscripts (_,), (o), (;) to denote the special 
values of the above quantities, which have place pee at the three 
times of observation in their order. 

If a perpendicular be let fall from the central body on the straight line 
which joins the earth and the body whose orbit is to be determined, its 
length is obviously 


Resin A— L); 
another expression for the length of the same line is 
r sin (y—A). 


Hence, for the three times of observation, the three equations 
r sin (y_,—4_1) = #_, sin (_,— L_,), 
rsin(y—’,) = #, sin (,— L,), 
r sin (y,—A) = #&, sin Q,— LZ). 
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But, since the orbit is circular, y increases uniformly with the time, 
and, consequently, % — y-1 = %1 — % = 7 suppose. 
Thus the above equations may be written 
r sin (4, —7—4A_1) = #_, sin(@A_,— Zs) =@,, 
r sin (7, =A) Rien) se No ee, 
rsin(y,+7—A,) = &, sin (A, — LZ,) w= ths 


which serve to determine the three unknown quantities 7, y, and 7; and it 
will be noticed that their right hand members are known quantities. 

If the sum of the masses of the central body and the body whose orbit 
is sought is denoted by w, and the common interval of time between the 


observations by ¢, 
cis t/ at 


thus, if « were known, two observations would suffice to determine the orbit ; 
but if w is not known, 7 must be regarded as an independent unknown. 
Hence, the necessity for the restriction put at the end of the statement of 
the problem. Also by this restriction the problem is made to depend on the 
solution of an algebraical equation instead of a transcendental one. 

The equations can be simplified by taking two unknown quantities o 
and o, instead of y, and y , such that 


A+2_, 
Os Lore | 5) ? 
=F a 


and putting 


then the equations become 
r sin (w—«c) = a1, 
rsin (w+ 6) =a, 
rsin(w+o) =a, 
or, 
r sin w COs o = at, 
rsin(o +6) =Q, 


: Op ey 
r cos w Sino =——>j—. 


If 7 sin » and 7 cos o are eliminated from these equations, and we make 


+a, 


0 


4 —A_4.; c 
Si aes) [Oy ao hu 
2a, B; 


cos 6d => a=ccosP, 
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where ¢ may be taken as positive and the quadrant of @ becomes determi- 
nate, or 3 may be assumed between the limits + 90°, there will be obtained, 
for the determination of 0, the equation 


sin 2o = 2c sin(¢ + f). 


The computation of c and 8 may be facilitated by introducing the aux- 
iliary quantities & and ¢, such that 


tee k cos = 


San aay 7 Van’ 


then 
c cos 8 = k cos (45° —¢) cos 6, csin# = & sin (45° —£) sin Oo. 


It is evident that the determination of o depends on the solution of an equa- 
tion of the fourth degree; but its value can be very readily obtained from 
the above equation by the tentative process; and then r and @ by the equa- 


tions : 
ak cos (45° — ¢) ee ak sin (45° — €) 


7 sin wo = : 
COS o sin o 


? 


and finally vy) and 7 by means of the relations given above. 

There is a very simple geometrical construction of the roots of the 
equation ino. Making coso=—z@, and sino=y, the values of w and y are 
the coordinates of the intersections of the curves whose equations are 

e+y=1, (*«—a)(y—b) = ab. 
Consequently, if we construct the equilateral hyperbola whose equation is 
xy = + 1, an from a point on it, whose coordinates are 


’ a y= ae b 
here Peart 


: : as 1 Bs 
as center, we describe a circle whose radius is ————, and then draw radii 


/ + ab 

to the points of intersection of the curves, the angles made by these radii 
with the x axis of coordinates are the values of o. Since the center of the 
circle is on the hyperbola, there are at least two intersections, and thus the 
equation in o has at least two real roots. The geometrical construction 
readily affords the condition which a and b must satisfy in order that there 
may be four real roots. The condition is, that the length of the straight line 
drawn from the point a, b, on the hyperbola whose equation is zy = ab, 
normal to the opposite branch, shall be less than unity. The equation to 
the normal which passes through the point x", y'’ on this curve is 


gl! (@—2'") —y" (y—y") —_ O. 


80 COLLECTED MATHEMATICAL WORKS OF G. W. HILL 


The condition that it passes through the point a, b gives, 


AAA 


a” (a! —a)— y" (y"—b) = 0, w’y"= ab. 


If we multiply the first of these by w'”, we get 
w''8 (2 —a) —ab (ab — bv’) = 0, 


or, rejecting the useless factor a’ — a, 
x” + ab? = 0, 
whence a = — s/ab’, and by interchanging a and b, y= — s/ ab. And 


thus the length of the normal 


Vv (a —ay+(y"— by = [at s/ab?y + (b+ / ab) 
= [a3 + ba]. 


Consequently if 


a3 + bs <1, there will be four real roots; 
ai + b? = 1, there will be four, and two will be equal ; 
ai + b? > 1, there will be only two real roots. 


We will now show how to arrive at a direct solution of the problem by the 
employment of trigonometric formulas. If tan o is taken for the unknown 
quantity, the equation, on which the solution of the problem depends, is 


[¢ cos # tan o + csin #]’ (1 + tan’ oc) = tan’ o, 


or, if we put tano= 2, 
2 (q2 Bee 
(w + tan 6)’ (@ + 1) = 3 cos’ B’ 
or, expanded, 
e—] 


MBL Mike Neteceye yah gr tn et che est Ih 


A quantity ~ may be assumed such that this biquadratic shall be resolved 
into the two quadratics 


ao 9 Sin COS (8 + p) 
cos # cos 2 


2 cos » sin (7 —) bars 
w+ 2 Gan cea ee x+tan Pcothy—0. 


e+tan@tanp=0, 


That this is possible will be evident on multiplying the left hand members 
of these equations together, for, after some reductions easy to make, all the 
coefficients, with the exception of that of x’, will be found to be identical 
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with those of the biquadratic; and, consequently, w is determined by the 
equation 


tiene Gonvay & eon sin (6—y) cos (8 +n) _ _—1 


cos? 8 cos? 2. ic (C08 be 
or, 
sin2? ec sin 2v [sin 24 —sin 26] 
sin 2n 1— sin? 2p =o—t, 
or, 


sin’ 2u + (?’—1) sin 2n—¢ sin2e=0. 


That this cubic will always give at least one real value for uw, is evident 
on making in the left hand member sin 2u successively equal to —1, 0, 1 
the results obtained are } 
—c (1 + sin 2A), always negative; 
— ¢ sin 28, negative or positive, according to the sign of sin 28; 
+¢(1—sin 28), always positive. 


Moreover, it is plain that there is one real value of uw, which makes 
sin 2u and sin 20 have like signs; this value we shall adopt. 

Making, according as c’ is greater or less than unity, c’=sec’y or 
ce’ = cos’ y/, the above cubic is solved by these formulas (see Chauvenet’s 
Trigonometry, p. 96), it being necessary to make three different cases. 


Case I. 
tan g = ne tan y = tan} =, sin 24 = ay tany cot 2”, 
Case IT. 
sin g = Te aaa tan ¢ = tana, sin 24 = asin y’ cosec 2¢. 
Case III. 
sin39 = per fine , sine AE sin 7’ sin (y + 60°). 


When ¢ is impossible in Case II, the formulas of Case III must be 
used ; and the upper or lower member of the double sign in the second 
equation must be taken according as sin 2G is positive or negative, in order 
that sin 2u may have the same sign with sin 2@. All the auxiliary angles 
@, ~and uw may be taken between the limits + 90°. Since sin 28 sin 2u 
is always positive, tan @ tan uw and tan @ cot u are so likewise, since they are 
respectively equivalent to 


Sin 26 sin 2p. 
4 cos’? cos’ uz 


gin 28 sin 2n 
and 4. cos? sin?” 


11 
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Let us take two auxiliary angles 6 and 6’, determined by the equations 


tan? 6 tan?» cos cos 2u 


PLUAG es <= gia COR TAI ae 
4 tan? 6 cot? » cos P cos 2u 
[fp BE tebe CRNA I Lie eco A cede ts 
sin 20 = Cos » Sin (f — #) ? 
or by the equations 
: se Cos 2u sin 27 
sin 26 = + cos(f + #)¥ sin Qu’ 


: wy. COS 2p. sin 28 
Sn Oe ain (@—xz)¥ sin 2p’ 


where the upper or the lower of the signs must be taken according as a f 


in the first and ee in the second are positive or negative; and 20 and 26/ 


may also be taken within the limits + 90°. The four values of x or tana 
are then 

tan o = tan? @ tan* » tan 0, 

tan o = tan? tan?» coté, 

tano = tan? @ cot?» tan 6’, 

tan o = tan*£ cot cot dé’. 


If the value of sin 26 or of sin 26’ does not lie within the limits + 1, it 
indicates that the two corresponding values of tano are imaginary. The 
ambiguity in the determination of o from its tangent is to be removed by 
taking it in that quadrant which permits the equation 

sin 26 = 2c sin (c + ) 
to be satisfied. 

Although all these roots will satisfy the equations with which we began 
this discussion, yet they do not all necessarily belong to the problem. The 
reason of this is, that the three equations are not a complete statement of 
all the conditions of the problem. If we denote by A the distance of the 
body, whose orbit we are determining, from the earth, we shall have 

4_,=7 c0o8(%o—7 —A_1) + R_, cos(A_,— L_)), 
4, =P C08 (% — A) + R, cos (4,— L,), 
4, =rcos(y+t2—A) +R cos(A—ZL,). 


The conditions of the problem require that A_,, A), A, shall be essentially 
positive. Hence, if any system of values of 7, y, and » renders any of these 
quantities negative, it must be rejected. These rejected solutions really 
belong to the problem when one or more of the quantities A_,, A), A, are 
increased by 180°. In fact, on referring to the equations with which we 
started, we see that they are not altered when any one of the quantities a 
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is increased by 180°. The geometrical statement of the problem is more 
comprehensive than the application of it to the discovery of the elements of 
circular orbits. Instead of the above criteria for the rejection of solutions 
not applicable, the following, which is simpler, may be used, viz., that x 
always must lie in the angle between Z+ 180° and A which is less than 
180°. 


This example is added for the sake of illustration: 
Suppose, in the case of Venus revolving about the sun, we have these 
data, 


Wash. Mean Time. 2. L. log R. 
1869 Jan, 1.0 250° 22’ 59.1 281° 24’ 54.9 9.9926528 
« June 15.0 94 37 54.9 84 33 34.1 0.0069342 


“ Nov. 27.0 292 3 21.2 245 32 49.3 9.9939666 


There will be found 


log a_, = 9.7048977%,, log a, = 9.2497072, log a, = 9.8545925 , 
logk =0,.5426896, € = 824° 41’ 4.52, O62 30015 2.255 
loga =9.7678074:, log b = 9.3111404. 


Constructing the equilateral hyperbola whose equation is vy=—1, 
and the circle whose radius is 2.89, and the coordinates of its center 
oe’ = +1.69, y’/ = —0.59, we find the two roots of the equation in o, o = 73°, 
o = 2413°. In fact, the value of a? + b?= 1.0475 shows that the equation 
has, in this case, but two real roots. Pursuing the calculation 


log ¢ = 9.7928205, §@=160° 44’ 24.60, 7’= 51°38’ 20.85. 


Case II is to be used here. 
g =— 50° 40’ 40.00, ¢=—37° 56’ 3.23, »—=—34°30' 27.50, 0 =14° 49’ 46.36, 


6! is impossible, which confirms the preceding statement about the number 
of real roots; and the values of o are 


o = 7° 23' 36.95, o = 241° 37’ 18.04. 


If we employ the tentative process with the equation 
sin 2c = 2c sin (sc + f), 


we shall get o = 7° 23! 36.97 and o = 241° 37'17",95; as these values are 
more accurate, we shall use them. The two solutions are 
w= 1°16! 67.99, logr=0.6767422, y= 272°29'17".14, = 28°13/ 48.02; 
w = 197° 31/5415, logr = 9.8624217, y,—=108°45’ 4.30, » = 262° 27 297.00. 
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On applying the above-mentioned criteria, the first solution is seen to 
be inadmissible, it makes A, and A, negative. If both ¢~, and A, are 
increased by 180°, the solution will apply. The given example has then but 
one solution. 

Below we give a comparison between the values of the elements of 
Venus’s orbit, as found in this example, and those of the “Tables”; the dif- 
ferences are of course to be attributed to the neglect of the eccentricity and 
inclination of the orbit, and in a smaller degree to aberration and pertur- 


bations. 
From the Example. From the Table. 
Mean Distance from the sun 0.7284868 0.7233323 
Mean Longitude Jan. 1.0,1869  206°17 35.30 204° 5'7’ 20.89 
Mean Motion in a Julian Year 2091552/’.2 2106641'.438 
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MEMOIR No. 9. 


New Method for Facilitating the Conversion of Longitudes and Lati- 
tudes of Heavenly Bodies, near the Ecliptic, into Right 
Ascensions and Declinations, and Vice Versa. 


(Proceedings of the American Academy of Arts and Sciences, Vol. VIII, pp. 210-213, 1870.) 


In the computation of a Lunar Ephemeris, the conversion of the longi- 
tudes and latitudes into right ascensions and declinations, forms no incon- 
siderable part of the work to be done. Prof. Hansen, at the end of his 
‘* Tables de la Lune,” has given some tables, with the view of diminishing the 
amount of labor required in this conversion. But their employment seems 
to me to possess little, if any, advantage over the use of the ordinary for- 
mulas of spherical trigonometry. I propose the following method, which, 
perhaps in a slight degree, is more ready than that of Prof. Hansen. 

Designating the right ascension, declination, longitude, latitude and 
the obliquity of the ecliptic respectively by a, 5,7, 6 and «, we have the 
following equations: 


sin d= cose sind + sine cosé sind 
gine sine 


= cose sind + 5 sin (7 + 6) + —g—sin(J—d), 
e+6O0+6 
pee Oe a Tt 90° 
ene ED se aR 


co 9 


The first equation is well known, the second is easily derived’ from the 
known formula, expressed in the usual notation, 


A B sin(s—c) 
tans 5 = ae 


when we remember that, in considering the triangle formed by the heavenly 
body and the poles of the equator and ecliptic, A, B,s and ¢ are replaced 


by 90° + a, 90°—7, 90° + penekdeold and ¢. 


Suppose we were to tabulate the functions cose sin A and © sin A 


for a certain value of ¢ (as 23° 27! 20” which is nearly its value at present), 
and in small side tables put the variations of these functions for increments 
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of 1/, 2”,...., 9” ine; we should have the value of sind by entering the 
first table with the argument A=4, and the second successively with the 
arguments A=/+6 and A=/—86, and adding the results thus obtained, 
after having corrected them for the deviation of the value of ¢ from that 
adopted in the tables. After which the value of 6 could be obtained from a 
table of natural sines. For the case of the moon, the first function would 
need tabulation only between the limits d= 0° and A= 5°17’; it might 
be tabulated for every 10”. The second would have to be tabulated from 
0° to 90°; it might be given for every minute of arc. The numbers in 
these tables might be rendered always positive by adding a constant to 
them; as, for instance, 0.1 to the first function, and 0.2 to the second ; and 
thus the addition of the three terms of sind be made easier. We should 
then have to subtract 0.5 from the sum, in order to get sind; or we might 
prepare a special table, which, with the argument 0.5 + sin d, should give 6. 
But, by the addition of these constants, the extent of the tables would be 
doubled, as it would be necessary to tabulate the numbers which correspond 
to negative values of the arguments. 
i +90° 
2 
is always positive, and, ¢ being regarded as constant, is a function of d+ 6, 
and, for negative values of 6+ 6, its value is the reciprocal of that which 
corresponds to positive values of 6+ 6. Moreover, when 6 +6 is a toler- 
ably small angle, it does not differ much from unity, and varies very uni- 
formly. In the case of the moon, 6+ 6 rarely exceeds the limits + 34°, 
and the common logarithm of this quantity lies between 9.9447979 and 
0.0552021; and its rate of change per minute of arc in 6+ 6 varies only 
from 262 to 289 units of the seventh decimal place. We may, with the 
better advantage, tabulate the function 


The factor by which tan must be multiplied to obtain tan 


a+6" 
2 


log cos 1Se — log cos = 


A 
O) ? 


for every minute of arc of the argument A from 0° to 34°, with the precept 

i+ 90° 
2 

but added when 6+ 6 is negative. It will be necessary to append to the 


table the variation of the function for a change in e. The functions 
log tan (45° + -) and log tan (45° + =) can be found from the loga- 
rithmic tables, but some labor would be spared had we tables which gave 
log tan (45° + =) with the argument A both in are and time; which 


that it is to be subtracted from log tan when 6+ 6 is a positive angle, 
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tables would be useful in many other cases, since this function is frequently 
met with in trigonometric formulas. 

The modifications necessary in applying this method to the inverse 
problem of determining the longitude and latitude from the right ascension 
and declination are obvious. The variations due to the change of the 
obliquity might perhaps be neglected in using the tables, especially in the 
case of the declination, and computed at the end by means of the very 
simple formulas 


da _ pes Ae heh, 
qe = — tandcosa, 7. = sina. 


Take this example for illustration : 


On Jan. 14.0, 1871, G. M. T., we have in the case of the moon, 
b= 206240) 35'.9),) ve = 2387 24/19/81 


b= +5° 3’ 16”’.0 From Tab. L, Arg.d, +0.0808224 

— 1.7 (4e = — 0.19) 0 

1+ 6 = 211° 43’ 51.9 From Tab. IL, Arg.? +0, —0.1046706 
—11.7 x de +2 

I—6 = 201° 3%’ 19”.9 From Tab. IIL, Arg.J—3, — 0.0733354 
— 8.2 de oie 

5 = —5° 34’ 37.16 sind —0.0971832 

64+ 6=—0°31' 21.16 log tan 148° 20' 17.95 9.7900662, 
a= 13° 46719°12 From Tab. III., to be added 0.0008223 

+ 0.09 X de 0 

log tan 9°53™ 9°.56 9.7908885,, 


The objection to this method is, that so many arguments /+6,/—6,b+6, 
45° + . , and a from 45° + oe are to be formed; but this is confessedly 


less fatiguing than the taking of tabular quantities from a table. 
It may be allowed to notice here a series, which determines a in terms 
of J, viz., 


6 Or 
a=1+4 tant tan + cos 1 — 3 tan*s tant + sin 2] 
rok 2 3 & ,0+0 2 2 ,o+0 A ye 
3 tan 3 tan 5 cos 31+ 7 tan 9 tan 3 sin 4/ — etc. 


As tan or tan b . y , in the case of the Moon, is always between the 


limits + 3, the above series is, for this body, quite convergent.* 


* This series under a slightly different form is given in the memoir of Lagrange entitled Solutions de 
quelques Problémes @ Astronomie Sphérique par moyen des Séries (See Guvres, Tom. IV, p. 293). 


88 


I add the values of the function log 
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COs 


cos 


——— 


A 


2 


2 


al computed for every 


degree from 0° to 35° of the argument A and for «= 28° 27! 20". 


OCmorRrnrrFrwwnr Cc 


fe} 


e—A 
cos See a 
10g A 
cos 5} 
-0000000 
-0015736 
.0031474 
0047218 
.0062969 
.0078730 
-0094503 
-0110292 


0126098 
0141924 


0157773 
-0173647 
0189549 
0205482 
0221447 
0237449 
-0253489 
0269570 
0285694 
.0301866 
.0318087 
.0334360 
-0350688 
0367074 
.0383521 
.0400032 
.0416610 
0433258 
0449979 
.0466776 
-0483653 
.0500612 
0517658 
0534793 
0552021 
0569346 


+15736 
15738 
15744 
15751 
15761 
15773 
15789 
15806 
15826 
15849 
15874 
15902 
15933 
15965 
16002 
16040 
16081 
16124 
16172 
16221 
16273 
16328 
16386 
16447 
16511 
16578 
16648 
16721 
16797 
16877 
16959 
17046 
17135 
17228 
+17825 


A? 


Change of this function 

for an incr. of 1’ ine in 

units of the seventh de- 
cimal. 


+0.00 
0.19 
0.38 
0.5% 
0.77 
0.96 
1.15 
1.34 
1.54 
1.73 
1.92 
2.12 
2.31 
2.50 
2.20 
2.89 
3.09 
3.28 
3.48 
3.68 
3.88 
4.08 
4,28 
4.48 
4.68 
4.88 
5.08 
5.29 
5.49 
5.20 
5.90 
6.11 
6.32 
6.53 
6.74 
+6.95 


a es < 


THE ORBIT OF VENUS 89 


MEMOIR No. 10. 


Correction of the Elements of the Orbit of Venus. 


(Extracted from Tables of Venus, prepared for the use of the American Ephemeris and Nautical Almanac, 
Washington, 1872.) 


The elements, adopted for comparison with observation, are, in the 
main, those on which Leverrier has based his tables. They are 


Epoch, 1850, Jan. 1.0, Paris Mean Time, 
LT! = 245° 33’ 14’".70 
nm == 129 27 14.5 
So Seb 1952.3 
= 38 23 34.83 
e’ = 0.00684331 
n’ = 2106641.3831 


The value of n’ has been changed in order to make the adopted tropi- 
cal motion coincide with Leverrier’s value. The values of the disturbing 
masses are 


Mercury m =agehrst> Venus m =ayeraz> Earth m”’ =-z55.55; 
Mars m”=s55tu00, Jupiter m= 75> Saturn m’ = 34,5. 


The mass of Mercury is that of Encke,* the mass of the Earth and Moon 
is that found by Prof. 8. Newcomb,} and which corresponds to the value 
8.848 of the mean horizontal parallax of the Sun; the values of the other 
masses are those adopted by Hansen and Olufsen. On these values of the 
disturbing masses depend the expressions of the secular and periodic pertur- 
bations used. The true longitude of the Sun is derived from the apparent 
longitude of Hansen’s and Olufsen’s Zables du Soleil by subtracting the effect 
of aberration corresponding to the constant 20.255. 

All the elements, except the mean motion, are determined, with nearly 
all the precision possible by the modern observations; that is to say, those 
comprehended in the interval from 1836 up to the present time. The addition 
of the observations made previously to 1836 to the discussion, would scarcely 


* Astronomische Nachrichten, No. 443. 
+ Astronomical and Meteorological Observations made at the United States Naval Observatory dur- 
ing the year 1865. Appendix II, p. 29. 
12 ; 
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increase this precision. For the mean motion, we must employ ancient 
observations; and for this purpose it seems better to depend on the data 
furnished by the Transits of 1761 and 1769 than on the somewhat uncertain 
observations of Bradley. 

Encke’s reduction of these Transits, corrected to. conform with the posi- 
tions of the Sun derived from the Tables du Soleil, willbe adopted. All the 
longitudes mentioned here are referred to the mean equinox of date. 

For the Transit of 1761 Encke gives 

Paris Mean Time =1761,June 54 17h 30m 
True Longitude of the Sun 75° 35! 49'.6 
Latitude of the Sun +0.6 


Orbit Longitude of Venus = 255 35 34.45 
Heliocentric Latitude of Venus = —3 45.91 


But the Zables du Soleil give 75° 35'52".05 and + 0".53 as the longitude 
and latitude of the Sun. Consequently, the adopted position of Venus 
is 


Orbit Longitude = 255° 35’ 36.90, Heliocentric Latitude = —3’ 45’’.84. 


For the Transit of 1769 Encke gives 


Paris Mean Time =1769, June 34 10h 10m 


True Longitude of the Sun om 13°27) 1378 
Latitude of the Sun = 0.0 
Orbit Longitude of Venus = 253 27 13.17 
Heliocentric Latitude of Venus = +4 4.56 


The Tables du Soletl give 73° 27'14".25 and + 0.04 as the longitude and 
latitude of the Sun. Consequently, the adopted position of Venus is 


Orbit Longitude = 253° 27’ 13’’.62, Heliocentric Latitude = +4’ 4’’.52. 


The meridian observations have been corrected to conform with the 
constant 8.848 of solar parallax, and to the following expression for the 


semi-diameter : 


” 
: ane + 07.57. 


In other respects Leverrier’s reduction has been adopted. With regard to 
the Greenwich and Paris observations which have accumulated since Lever- 
rier made his investigation, that is, from 1858 forward, as a comparison 
of the places, given in the annual volumes, for the fundamental stars, with 
Dr. Gould’s Standard Places, showed no sensible average difference in the 
right ascensions, no correction for difference of equinoxes has been applied. 
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To the Washington observations in declination in the years 1866, 1867, has 
been applied the correction + 0.75. (See Washington Observations for 1867, 


Appendix III, pp. 20, 21.) 

In forming the following normals, Paris observations have been com- 
bined with Greenwich ; but Washington observations have been kept sepa- 
rate. The normals, formed from the latter, are those given for Washington 
Mean Noon. The Paris observations used are not in great number, and 
belong to the years 1838 and 1856-1866. The comparisons are Obs.—Cal. 


Normals in the inferior part of the Orbit. 


No Greenwich M.T, App. R. A. App. Dec. No. Obs. Aa Ad 
d h m3 Sie es 8 “ 

1 1836, June 9.0 8 16 6.380 +21 53 40.12 4 +0.082 +0.62 
2 July 2.0 8 52 43.140 +16 16 11.35 5 —0.057 +0.63 
3 July 13.0 8 43 59.799 +14 17 35.12 4 —0.054 —0.32 
4 Aug. 7.0 7 47 48.091 +13 41 44.35 3 +0,228 —0.60 
5 Aug. 30.0 756 5.580 +15 11 1.98 4 +0.083 —1.71 
6 1838, Jan. 12.0 22 36 4.483 — 8 23 42.65 vi +0.979 +0.48 
a Feb. 2.0 23 19 4.936 — @0 5 1.83 5 —0.163 +5.07 
8 Feb. 22.0 23 11 48.498 + 3 26 16.93 3 +0.950 +2.00 
9 Mar. 12.0 22 33 39.400 — 0 1 38.66 3 +0.178 +1.75 
10 Mar. 24.0 22 23 12.226 — 3 12 55.39 10 + 0.111 —1.18 
11 April 7.0 22 37 31.008 — 449 5.56 13 +0.096 * —1.02 
12 1839, Sept. 21.0 12 58 21.552 —14 51 58.87 4 —0.147 —0.66 
13 Oct. 12.0 12 19 41.626 — 9 44 43.41 i) +0.047 +0.82 
14 1841, May 1.0 3 50 40.864 +25 34 44.55 6 +0.009 +0.39 
15 May 27.0 2 59 23.728 +17 13 40.10 5 +0.254 +1.95 
16 June 12.0 2 59 45.783 +14 23 34.07 4 —0.021 —0.92 
17 1842, Dec. 15.0 17 56 «8.706 —22 32 23.92 5 —(.140 +2.34 
18 1848, Jan. 10.0 17 15 35.705 —17 35 57.26 2 —0.042 +0.29 
19 1844, May 31.0 7 46 25.585 +23 55 35.09 6 —0.047 +1.23 
20 July 30.0 7 49 49.182 +13 59 37.34 6 —0.046 —0.68 
21 1846, Jan. 16.0 22 44 36.217 — 645 4.41 3 —0.074 +0.13 
22 Feb. 8.0 23 14 37.585 +1 8 50.95 4 —0.092 +0.20 
23 Mar. 18.0 22.15 8.390 — 8 5 52.55 2 +0.210 —3.17 
24 1847, Aug. 15.0 12 16 12.840 — 447 4.42 4 +0.052 +0.69 
25 Sept. 23.0 12 43 32.402 —13 41 51.42 4 —0.203 +0.64 
26 Nov. 15.0 12 36 33.246 — 3 37 36.16 5 +0.206 —0.82 
27 1849, May 2.0 3 36 3.678 +24 41 22.91 5 +0.187 +0.09 
28 June 8.0 2 49 10.035 +14 4 37.76 10 — 0.087 +3.60 
29 1850, Nov. 23.0 18 8 47.037 —26 55 13.20 3 —0.159 —2.65 
30 Dec. 17.0 17 33 52.085 —21 38 46.95 2 —0.033 —0.47 
3L ©6«:1851, Jan. 20.0 17 20 48.470 —17 41 28.31 4 +0.296 —0.76 
32 1852, July 10.0 8 24 23.066 +15 40 33.60 9 +0.040 +0.44 
33 Aug. 16.0 7 25 42.850 +15 24 38.50 4 +0.182 —0.78 
34 Sept. 5.0 8 4 29.218 +15 58 35.33 4 +0.126 —1.14 
85 1854, Jan. 20.0 22 50 6.361 —516 4.06 6 +0.061 —0.04 
36 Feb. 3.0 23 6 4.528 — 0 34 39.68 3 +0.042 +1.67 
87 Feb. 20.0 22 49 33.074 + 119 46.87 5 +0,.221 +0.45 
38 1855, Aug. 18.0 12 20 36.824 — 5 57 52.34 ff +0.007 +0.32 
39 Sept. 20.0 12 35 48.073 —12 52 25.49 5 +0.120 +2.32 
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No. 


40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
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Greenwich M. T. 


1855, Oct. 
Nov. 
1857, Feb. 
Mar. 
April 
May 
June 
June 
1858, Aug. 
Sept. 
Oct. 
Nov. 
Nov. 
Dec. 
1859, Jan. 
Jan. 
1860, May 
May 
June 
July 
Aug. 
Sept. 
1861, Dec. 
Dec. 
1862, Jan. 
Feb. 
Mar. 
April 
May 
1868, July 
Aug. 
Aug. 
Sept. 
Sept. 
Oct. 
Nov. 
1865, Feb. 
Mar. 
April 
April 
May 
May 
June 
June 
July 
1866, Sept. 
Oct. 
Oct. 
Nov. 
Nov. 
Dec. 
1867, Feb. 
Mar. 


da 

12.0 
16.0 
16.0 
18.0 
16.0 
21.0 
13.0 
26.0 
17.0 
18.0 
10.0 

7.0 
29.0 
21.0 
10.0 
29.0 

3.0 
23.0 
19.0 
10.0 
31.0 
22.0 
10.0 
26.0 
16.0 
12.0 
11.0 
23.0 
13.0 
11.0 

1.0 
12.0 

1.0 
19.0 
28.0 
20.0 
13.0 
25.0 

9.0 
25.0 

7.0 
24.0 
11.0 
22.0 
11.0 
25.0 
16.0 
27.0 
15.0 
30.0 
28.0 

7.0 
30.0 


App. R.A. 


h m 8 
11 55 6.9438 


12 36 57.050 
0 49 21.025 
2 36 3.575 
3 35 55.521 
2 42 50.763 
2 50 26.725 
3 20 49.536 

12 21 4.321 

14 31 57.511 

1.666 

17 37 19.047 

9.651 
17 7 52.455 

16 58 27.618 

17 40 25.353 
5 53 18.564 
716 2.843 
8 23 55.823 
8 11 15.899 
7 48 10.699 
9 1 57.720 

20 34 32.810 

21 37 51.853 
22 38 24.381 

22 50 59.987 
21 58 59.897 

6.685 

3.479 

10 24 37.937 

5.496 

12 4 25.882 

12 35 55.785 

12 24 54.206 

11 50 36.106 

12 47 33.271 
0 38 41.720 

254 9.362 
3 23 1.559 

3 20 45.353 

2 56 28.204 

2 28 59.092 

2 42 18.347 

3 7 28.235 
4 9 16.618 

15 1 14.407 

16 24 17.041 

17 2 22.875 

17 44 28.584 

17 39 2.404 
16 44 36.668 

18 9 47.537 

21 52 48.772 


App. Dec. 


— 6°28 37:38 
— 3 23 38.44 
+ 6 27 10.65 
+19 31 12.35 
+25 33 57.52 
+16 59 35.65 
+13 31 18.27 
+14 46 46.18 
— 210 32.51 
—17 24 17.46 
—24 42 17.26 
—28 1 51.96 
—25 54 31.11 
—20 4 43.46 
—17 24 53.14 
—18 26 8.24 
+26 36 37.27 
+25 23 36.95 
+19 58 30.44 
+16 8 22.57 
+16 21 14.53 
+14 41 24.01 
—21 9 42.34 
—15 29 11.52 
—659 2.66 
+ 0 17 57.58 
— 3 59 31.67 
— 4 20 27.06 
+ 119 59.00 
+10 53 34.89 
4+ 122 1.05 
— 3 26 49.57 
—10 23 46.78 
—11 49 46.67 
— 1 43 20.76 
— 3 53 37.08 
+5 8 461 
421 44 33.17 
+24 46 29.99 
+24 31 33.59 
+21 8 3.49 
+14 58 17.96 
+13 4 19.64 
+14 5 20.47 
+17 22 1.01 
—20 15 30.52 
—26 5 30.30 
—2T 36 58.50 


' —27 42 20.26 


—25 25 42.81 
—18 5 53.53 
—19 2 58.09 
—12 51 21.47 


No. Obs. 


4 
5 
13 


AMD o1P OTD > 


= 
SRA Nwannranrnaoarnordee 


— 
ar 


Sanwnrwowntwontows 


Aa 


40.076 
40.148 
+.0.063 
—0.058 
+.0.027 
40.118 
+.0.020 
40.084 
—0.139 
—0.058 
—0.086 
40.050 
40.311 
+.0.208 
+.0.051 
40.138 
+.0.034 
+.0.042 
40.108 
40.108 
40.208 
40.174 
—0.020 
40.036 
+.0.063 
40.201 
40.211 
+.0.061 
—0.069 
—0.014 
—0.004 
40.106 
—0.108 
40.117 
40.117 
40.202 
—0.042 
—0.008 
40.057 
40.102 
40.201 
40.233 
40.208 
40.139 
40.106 
40.066 
0.047 
—0.002 
40.208 
+0.417 
0.359 
40.174 
40.045 


Ao 


—ti'62 
—0.90 
+0.46 
—0.37 
—0.85 
40.56 
+0.81 
41.07 
+1.08 
156 
—0.62 
—3.24 
—4.70 
—2.23 
+3.60 
+0.17 
+1.43 
+1.53 
42.43 
42.50 
+0.18 
—0.67 
—1.44 
pad ae 
—0.48 
—2.41 
43.72 
+0.09 
+2.83 
+0.74 
—2.34 
—4,25 
+0.38 
41.85 
—$.63 
—2.15 
<7 
+0.69 
+0.96 
—0.08 
+1.48 
+1.59 
+0.26 
—0.07 
+0.31 
+0.55 
—1.53 
+0.46 
—0.31 
+0.05 
+0.19 
41.04 
—0.29 


No. 


93 

94 

95 

96 

97 

98 

99 
100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 


125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 


Greenwich M, T. 


1868, May 
May 
May 
June 
June 
July 
July 
Aug. 
Aug. 
Sept. 
Sept. 
1869, Dec. 
Dec. 
1870, Jan. 
Jan. 
Feb. 
Mar. 
April 
April 
April 
May 
June 
July 
Aug. 
Aug. 
Sept. 
Sept. 
Oct. 
Nov. 
Nov. 
Dec. 
1871, Jan. 
Washington 
1863, Aug. 
Sept. 
Oct. 
Noy. 
1865, Feb. 
Feb. 


Mar. ~ 


Mar. 
April 
May 
May 
June 
June 
July 
1866, Sept. 
Oct. 
Oct. 
Nov. 
Noy. 
Dec. 
1867, Jan. 


d 
6.0 
19.0 
29.0 
12.0 
29.0 
14.0 
28.0 
15.0 
26.0 
4.0 
18.0 
1.0 
23.0 
3.0 
27.0 
21.0 
19.0 
5.0 
12.0 
22.0 
23.0 
13.0 
13.0 
8.0 
25.0 
15.0 
26.0 
12.0 
1.0 
18.0 
24.0 
4.0 
M. T. 
19.0 
12.0 
19.0 
15.0 
7.0 
23.0 
11.0 
28.0 
18.0 
2.0 
18.0 
4.0 
26.0 
20.0 
12.0 
6.0 
19.0 
9.0 
28.0 
19.0 
22.0 


7 


ONINANNAK AHA 


bo Ht 
© 


22 


12 


PO NNW WwWNH O&O 


e 
~ 


15 
16 
17 
17 
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App. R. A. 


hom si 
6 7 11.834 


0 


wo 
co 


16 


26 

7 
34 
32 
19 
45 

9 
46 
36 
36 
42 


21.501 
52.419 
50.822 
30.999 

9.381 
21.065 
41.426 
23.633 
43.509 
43.419 

0.743 
28.614 
46.594 
18.855 
12.992 

6.160 
34.856 
59.072 

0.139 
55.518 
32.558 

4,820 
26.170 
16.460 
53.930 
24.896 
50.532 
35.280 
37.167 

7.770 
19.110 


46.295 
6.510 
32.127 
43.563 
19.073 
59.279 
1.700 
8.034 
40.672 
27.361 
22.761 
28.520 
28.164 
13.373 
6.234 
27.321 
2.952 
3.668 
2.599 


16 55 50.052 
17 17 25.170 


App. Dec. 


+26° 


+25 
+24 
+21 
+18 
+16 
+15 
+16 
+16 
+16 
+15 
—23 
——A6 
—12 
—°5 
—1 
EO 
at 
— 6 
— 4 
+ 4 
+12 
+20 
+22 
+19 
+12 


—28 


Ul 


42 
57 
29 
41 


35 
11 
47 
46 

9 
43 
57 

ms 
49 
39 

1 


54.56 

6.61 
40.91 
50.55 
10.72 
52.23 
15.57 
52.99 
18.77 

5.21 
27.66 
19.35 
52.39 

0.76 
26.46 
10.51 
37.21 
36.33 

2.61 
21.21 
43.03 
56.06 
51.48 
39.93 

2.24 

3.63 
14.54 
51.43 
46.16 
12.09 
17.07 

7.73 


30.41 
24.23 
57.84 

9.17 
43.90 
15.84 
32.28 
31.27 
16.40 
40.20 
48.36 

9.64 
23.83 
33.95 
32.81 
35.82 

2.71 
18.33 


—25 52 0.26 
—20 0 53.68 
—17 59 43.41 


No. Obs. 


for) 


KBR WORTOAINAWORNTWWNNWRRFPHEFRNDH PH RDN OK WH 


NOHrMWAWAHEANItwWAH ANTHEM WwW CO, 


= 
o 


Aa 


—0.111 
-++0.054 
+0.103 
+-0.059 
+0.203 
+0.177 
+0.173 
+-0.050 
+0.104 
—0.069 
+0.004 
+0.033 
-+0.038 
+0.092 
+0.339 
+0.257 
+0.195 
+0.087 
+0.266 
+0.060 
+0.036 
+0.148 
+0.047 
—0.032 
—0.107 
—0.060 
—0.026 
—0.170 
—0.157 
—0.012 
—0.033 
—0.029 


+0.078 
+0.071 
+-0.236 
+0.071 
+0.034 
—0.039 
+0.037 
—0.113 
+0.010 
+0.240 
+0.091 
+0.095 
-+-0.079 
-+0.080 
—0.062 
—0.031 
+0.061 
+0.134 
+0.385 
-+0.570 
+0.222 


Aé 
+0.76 
+0.95 
+0.74 
40.79 
—0.09 
+1.23 
—1,35 
—0.96 
+0.03 
—0.37 
—0.63 
+0.09 
40.94 
41.72 
+2.64 
42.49 
+1.21 
+2.55 
+2.67 
49.34 
+0.63 
—0.12 
+1.00 
+1.00 
+0.34 
+0.89 
+0.78 
+1.03 
—0.24 
+1.06 
—1,33 
41.42 


+1.33 
+1.08 
—0.94 
+0.35 
+0.11 
+0.44 
+1.02 
+1.20 
Sere 
+0.61 
+1.46 
+0.42 

0.00 


93 


Sr sd 


—0.62 
—0.75 
—2.11 
—1.56 
—1.88 
+2.20 
—0.14 
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Normals in the superior part of the Orbit. 


No. Greenwich M. T. App. R. A. App. Dec. No. Obs. Aa Ao 
} hm 8 ile 8 “ 

146 1858, Jan. 23.0 19 46 16.637 —21 53 48.46 3 +0.022 —2.26 
147 April 23.0 2 56 59.252 +16 35 27.79 5 —0.005 —0.10 
148 June 14.0 7 27 55.977 +23 33 18.26 13 +0.078 —0.13 
149 July: 72950 10 17 52.788 +12 10 47.22 5 —0.035 +0.11 
150 1859, Feb. 23.0 19 14 56.589 —19 15 37.66 7% > +0.022 —0.82 
151 Mar. 18.0 20 57 4.220 —16 11 30.29 6 +0.188 +2.39 
152 June 17.0 3 46 35.988 +18 29 1.65 4 +0.033 —0.40 
153 July 19.0 6 31 41.515 +23 6 57.50 Li: —0.021 —0.31 
154 Aug. 23.0 9 32 0.652 +15 49 11.42 8 —0.016 —0.44 
155 Nov. 13.0 16 1 34.918 —20 45 38.42 5 +0.044 —1.75 
156 Dec. 17.0 19 5 56.987 —23 55 27.75 4 +0.043 —3.39 
157 1860, Jan. 17.0 21 46 14.280 —15 10 47.89 5 +0.016 — 2.66 
158 Feb. 29.0 1 0 24.170 + 6 15 55.78 3 —0.062 —0.17 
159 April 19.0 4 48 31.013 +25 10 19.92 4 —0.014 —0.04 
160 Oct. 24.0 11 13 17.826 + 5 51 46.41 5 +0.086 —0.82 
161 Dee.) ) 710-0 14 42 35.914 —13 40 52.46 5 —0.060 —0.81 
162 1867, May 14.0 iD aGR SEG) + 5 34 41.60 6 +0.113 +0.44 
163 June (17.0 3 49 8.762 +18 38 58.87 5 +0.050 +1.11 
164 Aug. 18.0 910 1.066 +17 23 44.04 6 —0.059 +0.60 
165 Oct. 15.0 13 41 6.075 — 9 28 37.18 4 +0.009 —1.01 
166 Nov. 19.0 16 36 3.118 —22 25 34.51 5 —0.007 —0.51 
167 1868, Oct. 16.0 10 40 43.471 + 8 38 39.82 9 +0.100 +0.01 
168 Dec. 17.0 15 18 46.956 —16 23 36.95 6 +0.083 +0.83 
169 1869, Jan. 12.0 17 32 57.506 —22 22 25.57 5 +0.050 —1.48 
170 April 20.0 1°36) i195 + 8 48 59.95 6 “—0.070 +0.55 
171 June 17.0 6 29 55.784 +24 7 55.16 5 —0.020 +0.32 
172 July 16.0 9.571 36.090 +18 33 2.87 4 —0.208 +0.78 
173 Aug. 26.0 12,10 0.084 — 0 7 34.79 5 —0.010 +0.29 
174 Sept. 21.0 14 5 26.833 —13 7 17.72 4 —0.183 +1.02 
175 Oct. 13.0 15 49 46.368 —21 42 44.87 5 —0.026 +1.43 


In order to have as few unknown quantities as possible in the equa- 
tions of condition, the differences Aa and Ad have been changed into cos 7.A0 
and Ay; @ denoting the geocentric longitude of Venus referred to a plane 
drawn through the center of the Harth parallel to the plane of the orbit of 
Venus, and y denoting the corresponding latitude. The formulas used are 
given in Watson’s Theoretical Astronomy, pp. 153-159. 

In the following equations we have put 


” “ 
= AL! —2 sin’ > 42, y = 1004n',. z= de’, w= 0 (de! 2 sin’ 40"), 


all expressed in seconds of arc ; and a’, y’, z and w' denote the corresponding 
quantities in reference to the solar elements. In the computation of the 
coefficients of the last, roughly approximate formulas have been used. 

A mean of the Transits of 1761 and 1769 gives 


+ 0.992a — 0.839y + 1.612 + 1.17 + 1.00z'’— 0.84y' + 0.832’ — 1.82a’= + 1.745. 


et er 


| 
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The indeterminate correction of the Sun’s semi-diameter nearly disappears 
from this mean. 


The following equations of condition are numbered with the same num- 
bers as the normals from which they are derived. The last column contains 
the residuals which remain after the elements have been corrected as shown 


in the sequel. 


No. 
1 
2 —1.37 
3 —2.05 
4 —2.07 
5 —0.80 
6 —0.31 
7 —0.98 
8 —2.27 
9 —2.44 
10 —1.70 
11 —0.90 
12 —2.06 
18 —2.51 
14 —2.00 
15 —2.09 
16 —1.12 
17 —2.69 
18 —1.58 
19 —0.27 
20 —2.40 
21 —0.47 
22 —1.54 
23 —1.95 
24 —0.40 
25 —2.29 
26 —0.55 
27 —2.22 
28 —1.22 
29 —1.55 
30 —2.73 
31 —0.88 
382 —2.18 
33 —1.26 
84 —0.44 
35 —0.68 
36 —1.37 
37 —2.43 
388 —0.54 
389 —2.27 
40 —2.32 
41 —0.46 
42 +0.13 
43 —0.25 
44 —1.37 


+0.18 
+0.28 
+0.28 
+0.11 
+0.04 
+-0.12 
+0.27 
+0.29 
+0.20 
+0.11 
+0.21 
+0.26 
+0.17 
+0.18 
+0.10 
+0.19 
+0.11 
+0.01 
+0.13 
+0.02 
+0.06 
+0.07 
+0.01 
+0.05 
+0.01 
+0.02 
+0.01 
—0.01 
—0.03 
—0.01 
—0.05 
—0.03 
—0.01 
—0.03 
—0.06 
—0.10 
—0.03 
0.13 
—0.13 
—0.03 
+0.01 
—0.02 
—0.10 


—0.40% +0.05y —0.362 


—0.87 
—0.87 
—0.02 
+0.31 
0.42 
—0.93 
—Z.ck 
—3.04 
—2.53 
—1.76 
+3.53 
+4.64 
—4.12 
—4.05 
—2.39 
+3.74 
+1.80 
—0.63 
—0.41 
—0.47 
nae EH 
—2.61 
+1.03 
+3.87 
--1.78 
—4.51 
—2.59 
+2.84 
+3.75 
cca Hf 
—1.24 
+0.04 
+0.19 
=—0.5 1. 
—1.02 
—2.15 
+1.14 
+3.71 
+4.26 
+1.64 
—0.89 
—1.34 
—3.10 


Equations of Condition, 


—1.44u 
—2.97 
—4.16 
—4,28 
—2.15 
+1.41 
+2.31 
+4.06 
+3.85 
+2.69 
+1.56 
—2.38 
—2.02 
—0.54 
—1.48 
—1.18 
+3.87 
+2.98 
—1.18 
—4.82 
+1.64 
+3.16 
+3.15 
—1.15 
—2.60 
—0.38 
—0.53 
—1.14 
+1.97 
+3.93 
+2.02 
—4,31 
—2.92 
—1.60 
+1.96 
+2.96 
+4.44 
—1.33 
—2.77 
—2.04 
—0.39 
+0.28 
+0.16 
+0.07 


+1.43a —0.19y’ —0.212’ 


+2.41 
+3.08 
+344 
+1.80 
+1.30 
+1.98 
+3.27 
+3.40 
+2.70 
+1.91 
+3.08 
+3.51 
+3.00 
+3.10 
2.12 
+3.69 
+2.58 
+1.27 
+3.40 
+1.47 
+2.54 
+2.95 
+1.40 
+3.28 
+1.55 
43.22 
+2.23 
+2.55 
43.72 
+1.88 
223.18 
+2.26 
+1.44 
+1.68 
2.87 
+3.42 
+1.54 
3.27 
+3.27 
+1.46 
+0.87 
+1.24 
42.37 


—0.32 
—0.41 
—-O014L 
—0.24 
—0.16 
—0.24 
—0.39 
—-0).40 
—0.32 
—0.22 
—0.32 
—0.36 
—0.26 
—0.27 
—0.14 
—0.26 
—0.18 
—0.07 
—0.18 
—0.06 
—0.10 
—0.11 
—0.03 
—)07 
—0.03 
—0.02 
—0.01 
+0.02 
+0.04 
+0.02 
+0.08 
+0.06 
+0.04 
+0.07 
+0.10 
+0.14 
+0.09 
-++-0.19 
+0.19 
-+0.09 
+0.06 
+0.09 
+0.17 


—1.45 
—2.17 
—2.65 
—2.22 
+1.86 
+3.56 
5.84 
+6.26 
+5.18 
+3.95 
—6.12 
—1.0L 
+4.57 
+4.28 
+2.72 
—1,82 
—0.65 
+0.21 
—2.47 
+2.19 
+4.37 
+5.79 
—2.79 
—6.58 
—3.33 
+4.94 
+38.02 
—2.07 
—2.06 
1.96 
het 
—2.00 
—1.92 
+2.58 
+3.95 
+5.83 
—3.10 
—6.49 
—6.59 
—3,.12 
+1.91 
+2.71 
+4.12 


—3.06u’ — 41/01 
—4.69 =—0.95 
5.74 =—0.69 
—5.57 = +3.37 
—3.16 = +1.44 
$2.32 == +127 
+2.59 =—0.23 


43.12 = +1.48 
+2.85 =+3.13 
42.00 = +1.13 
+1.01 =+0.96 


—0.14 =—1.66 
+0.389 =-+0.29 
—3.99 =-+0.22 
—4.47 =+4.08 
—3.49 =—0.59 
+7.26 =—2.09 
+5.38 m=—0.63 
—2.76 —=—0.81 
+618 m=—0.57 
+2.48 =—0.98 
+3.00 =—1.19 
42.51 = +184 
—1.18 =+0.42 
—0.29 =—2.95 
+1.04 =+3.15 
—4,09 =+2.47 
—3.46 —=+0.04 
+494 =—2.24 
+7.28 =—0.41 
+410 =+4.28 
—6.06 =—0.38 
—4,22 =-+2.07 
—2.50 = -+1.59 
+2.70 = -+0.46 
+3.09 =-+0.71 
+8.70 = -+2.52 
—1.20 =—0.19 
—0.59 =-+0.25 
—0.07 =+1.34 


--0:99° == -2.17 
+0.52 =-+41.01 
—0.68 = —0.68 
—2.66 —=-+0.01 


Residuals. 


40°97 
—1.02 
—0.74 
13.87 
+1.43 
+0.68 
—1.25 
—0.38 
41.22 
—0.27 
+0.08 
22.07 
—0.34 
—0.91 
+3.09 
—1.14 
—4,20 
—2.10 
—0.95 
—1.14 
—1.79 
—2.93 
—0.20 
+0.24 
—3.92 
42.75 
+0.72 
—0.85 
S31 
8418 
ae Tl 
—1.64 
+1.48 
+1.39 
—0.68 
1.20 
—0.59 
—0.52 
= 130 
0:27 
+173 
+0.85 
—1.18 
—1.57 
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No. 


45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 


—2.17@ —0.16y 
—0.86 —0.06 
—0.41 —0.03 
+0.28 +0.02 
+0.138 -+0.01 
—0.05 0.00 
—0.80 —0.07 
—2.13 —0.19 
—2.58 —0.23 
—1.28 —0.12 
—0.48 —0.04 
+0.09 +0.01 
—0.17 —0.02 
—1.03 —0.11 
—2.27 —0.24 
—0.52 —0.05 
—0.06 —0.01 
+0.07 +0.01 
—0.12 —0.01 
—0.62 —0.07 
—2.12 —0.26 
—2.11 —0.26 
—0.23 —0.03 
+0.08 0.00 
+0.09 -+0.01 
—0.17 —0.02 
—0.41 —0.05 
—1.19 —0.16 
—2.29 —0.31 
—113 —0.16 
—0.31 —0.04 
+0.18 +0.02 
—0.48 —0.07 
—1.09 —0.17 
—2.05 —0.32 
—2.51 —0.39 
—1.84 —0.28 
—0.78 —0.12 
—0.45 —0.07 
—0.07 —0.01 
+0.04 +0.01 
—0.24 —0.04 
—0.51 —0.09 
—1.36 —0.23 
—2.36 —0.40 
—1.95 —0.33 
—0.20 —0.03 
+0.24 +0.04 
+0.04 +0.01 
—0.14 —0.02 
—0.35 —0.06 
—0.81 —0.15 
—1.75 —0.32 
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—4,30z 
—2.06 
—1.38 
+0.81 
+0.92 
+1.06 
+1.95 
+3.57 
+3.49 
+1.70 
+0.81 
—0.55 
—0.62 
—1.08 
—1.37 
+0.10 
+0.16 
—0.02 
—0.16 
—0.36 
—1.60 
—2.45 
—0.97 
—0.80 
+0.47 
+0.73 
+0.98 
-+1.98 
+3.67 
+2.56 
+1.41 
—0.88 
—1.66 
—2.64 
—4,24 
—4,99 
—3.75 
—2.03 
—1.47 
—0.98 
+1.02 
+1.28 
+1.62 
+2.76 
+3.97 
+2.75 
+0.64 
—0.01 
—0.58 
—0.64 
—0.76 
—1.05 
—1.47 


—1.15u 
—0.91 
—0.72 
—0.23 
+0.17 
+0.48 
+1.04 
+2.60 
+3.83 
+2.46 
+1.49 
—0.78 
—1.07 
—2.31 
—4.41 
—1.72 
—1.09 
+1.02 
+1.21 
+1.89 
+4.07 
+3.60 
+0.86 
+0.55 
—0.82 
—1.00 
—1.22 
—2.02 
—2.89 
—0.97 
—0.36 
+0.33 
+0.23 
+0.21 
—0.17 
—0.64 
—1.02 
—0.71 
—0.65 
—0.51 
+0.20 
+0.45 
+0.66 
+1.48 
+2.75 
+3.06 
+1.14 
+0.86 
—0.82 
—1.01 
—1.27 
—1.93 
—8.45 


43.1707 40.23y +4.762" —4.18u’ = 41°79 


+1.86 
+141 
+0.72 
+-0.87 
+1.04 
+1.79 
+3.10 
+3.54 
+2.26 
+1.47 
+0.92 
+1.18 
+2.05 
+3.29 
+1.52 
+1.07 
+0.92 
ATs 
+1.61 
+3.07 
43.07 
+-1,22 
+0.96 
+0.92 
+1.18 
+141 
+2,20 
+3.29 
+2.14 
a1 31 
+0.97 
+1.64 
2.25 
+3.16 
+3.50 
+2.67 
+1.64 
41.27 
+0.94 
+1.08 
+1.39 
+1.67 
+2.52 
+3.45 
42.73 
+1.02 
0.66 
+0.97 
41.15 
+1.36 
+1.83 
4-29.78 


+0.14 
+0.11 
-+0.06 
+0.08 
+0.09 
+0.16 
+0.28 
+0.32 
+0.20 
+0.13 
+0.09 
+0.12 
+0.21 
+0.35 
+0.16 
+0.11 
+0.11 
+0.13 
+0.19 
+0.37 
+0.37 
+0.15 
+0.12 
+0.12 
+0.16 
+0.19 
+0.30 
+0.45 
-+0.29 
+0.18 
+0.15 
+0.25 
+0.34 
+0.48 
+0.54 
+0.41 
+0.25 
+0.20 
+0.15 
+0.18 
+0.23 
+0.28 
+0.48 
+0.58 
+0.46 
Oka, 
+0.11 
+0.18 
+0.21 
+0.25 
+0.34 
+0.51 


+2.50 
+1.57 
—1.45 
—1.91 
—1.96 
—2.15 
—2.37 
—2.09 
—0.80 
+0.19 
+1.02 
+0.55 
—0.57 
—1.62 
—1,53 
—1.89 
+0.26 
+1.00 
+2.35 
+5.13 
5.44 
+2.71 
+2.05 
—1.17 
2.14 
—2.19 
—4,49 
—6.57 
—4.55 
Stitt 
+1.93 
+3.39 
+4.25 
+5.41 
+5.80 
+4.44 
+2.66 
+1.89 
+0.91 
—2.25 
—2.49 
—2.61 
—2.92 
—3.24 
—2.12 
-+0.16 
+1.23 
+0.98 
+0.65 
+0.34 
—0.20 
—1.00 


—3.03 
—2.63 
—0.59 
+0.43 
+1.41 
+3.30 
+5.96 
+6.93 
+4.19 
+3.29 
late 
—2.81 
—4.25 
—6.32 
—2.76 
—1.47 
+2.12 
+2.37 
+2.74 
+3.73 
+3.15 
+0.18 
—0.56 
—1.65 
—1.49 
—1.34 
—1.05 
—0.78 
+0.41 
+1.06 
+0.85 
—0.84 
—1.90 
—3,27 
—3.80 
—3.24 
—2.47 
—2.22 
—2.01 
+0.55 
+1.68 
+2.47 
+4.38 
+6.23 
-++5.43 
+2.49 
+0.92 
—1.93 
—2.46 
—2.95 
—3.87 
—5.52 


= +0.55 
= +1.49 
= —2.32 
=—0.21 

—0.98 


Residuals. 


—0'31 


—0.31 
+1.01 
—2.18 
—0.26 
—1.26 
—0.08 
+1.97 
—0.06 
—1.67 
+1.03 
+0.58 
+0.27 
+0.14 
—0.62 
+2.49 
+2.58 
—0.88 
—0.48 
—0.48 
—1.35 
+1.04 
-+0.23 
—0.06 
—0.54 
+0.73 
+2.87 
—2.63 
—1.19 
+1.95 
+3.24 
—1.21 
—0.74 
—0.58 
—1.37 
--0.05 
+1.53 
+1.95 
+1.30 
-+1.32 
+0.53 
+0.41 
—100 
+0.78 
+2.27 
+2.07 
+2.00 
+0.47 
—1.45 
+0.49 
+0.90 
—0.18 
+1.13 


% 
2 
j 


—2.479 —0.46.y —1.39¢ 


—2.10 
—1.05 
—0.60 
—0.35 
—0.09 
+0.12 
—0.09 
—0.32 
—1.24 
—2.63 
—1.44 
—0.63 
—0.42 
—0.20 
+0.14 
+0.24 
+0.39 
+0.37 
+0.38 
+0.40 
+0.41 
+0.41 
+0.42 
+0.42 
+0.42 
+0.42 
—0.62 
—1.88 
—1.65 
—0.43 
+0.18 
+0.06 
—0.15 
—0.57 
—1.62 
—2.41 
—2.21 
tS 
—0.35 
+0.02 
+0.15 
—0.07 
—0.30 
—1.01 
—2,22 
—2.54 
—0.61 
+0.42 
+0.41 
+0.39 
+0.34 
—0.02 
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—0.39 
—0.20 
—0.11 
—0.06 
—0.02 
+0.02 
—0.02 
—0.06 
—0.25 
—0.53 
—0.29 
—0.13 
—0.09 
—0.04 
+0.03 
+0.05 
+0.08 
+0.08 
+0.08 
+0.08 
+0.08 
+0.09 


+0.09 


+0.09 
+0.09 
-+0.09 
—0.08 
—0.26 
—0,24 
—0.06 
+0.03 
+0.01 
—0.02 
—0.09 
—0.25 
—0.37 
—0.34 
—0.18 
—0.05 

0.00 
+0.03 
—0.01 
—0.05 
—0:17 
—0.38 
—0.43 
—0.10 
+0.03 
+0.03 
+0.03 
+0.03 

0.00 


—0.73 
—(,11 
+0.02 
+0.06 
+0.11 
+0.09 
0:10 
—0,20 
—0.70 
—2.15 
—1.91 
malt! 
—1.09 
—0.92 
—0.76 
—0.80 
—0.49 
—0.55 
—0.29 
+0.15 
+0.33 
-+0.60 
+0.81 
+0.84 
+0.43 
+0.22 
+1.24 
+2.98 
+3.29 
+1.57 
—0.85 
—1.00 
—1.22 
—1.31 
—3.52 
—4,84 
—4,40 
—2.60 
—1.32 
—0.83 
-+0.92 
+1.10 
+1.35 
+2.28 
+3.80 
+3.66 
+1.02 
+0.30 
—0.80 
—0.04 
+0.56 
+0.38 
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Residuals. 


—4.75u +3490" 40.65y’ —L.6le’ —6.68u’ — 44/36 +4102 
—4,28 +312 +058 —172 5.98 =+260 +0.64 
—2.57 +206 +038 —167 —399 =+0.79 —0.19 
—185 +161 +030 —170 302 =+148 +0.92 
—147 4135 +025 —175 —240 =—0.92 —1.26 
—113 41.09 +020 —182 162 =+0.20 +0.12 
+0.96 +087 +017 —0.09 +201 =+0.46 +0.23 
41.21 41.10 40.22 40.87 +240 =+0.79 +0.26 
4148 +131 40.26 +149 +260 =4184 10.95 
$2.84 +222 +044 +345 +4330 =-+5.70 +3.37 
+4.76 +358 +0.72 45.86 +425 =4449 —0.01 
+258 +242 +4049 +4444 +242 =+43,11~ 40.51 
4140 +162 40.33 +334 +113 =+210 +0.78 
4113 4141 40.29 +3.02 +072 =+4.67 +3.68 
+0.87 +120 40.24 +4265 40.28 =+1.74 441.08 
+0.46 +086 +017 +170 0.82 =+0.76 +0.63 
40.21 +0.75 +015 +109 —1.20 =+1.98 +2.03 
—0.22 +068 +014 +024 139 =+0.96 +1.27 


—0.61 +0.64 +013 —0.42 —1.24 —0:50  —0:12 
Un mnist-C.0onejOsbou = =—-O0.1 ¢ 1 1.00 —1 55h wh 
0.82) -7-0:607  --0.12 "2.07 | —0:59 —l13  —0:68 
Oot wet-0.00)) 0.12) 1.16 9 ==0:34 ——().66, 7 —0.17 


—0.59 +059 +012 —119 +0.28 =—2.75 —2.27 


—0.23 +058 +012 —1.08 -+0.48 —2.23 —1.81 
+012 7 --0:58 '--0.12 —0.85 --0.80 —0.45 —0.09 
=+O:1o 0 -0000 1-012,  =——O125  --1.16 —0.44 —0.21 


+0.82 +0.57 +012 +014. +116 =—0.25.- —0.05 
—1.44 +163 +022 —3.30 —1.23 =+0.50 —0.03 
—3.12 -+2.88 +039 —5.80 —0.87' =+0.49 —1.02 
—147 42.65 40.37 —5.52 +0.04 =+38.61 +2.02 
—0.438 +1.43 +0.20 —3.07 +093 =+0.82 -+0.31 
+0.36 +0.81 +012 +1.70 +0.76 =-+0.51 +0.43 


+0.24 +0.96 +014 +2.18 +0.27 =—0.35 —0.56 
+019 +115 +017 +258 —0.38 =-+0.88 -+0.42 
+0.19 +1.56 +024 +319 —1.29 =—110 —2.05 


+0.03 +2.67 +041 +451 —2.92 =-+0.68 —1.50 
—0.46 +3.57 +055 +546 —4.03 =+3.34' -+0.29 
—1.02 +3.22 +049 44.97 —4.07 =+174 —0.93 
—0.95 +2.18 +034 +320 —3.21 =+1.44 0.00 
—0.68 +136 +021 +1.51 —2.54 =+1.09 +0.56 
+0.52 +0.97 +015 +0385 —2.12 =+132 +1.23 
+0.09 +0.84 +014 —1.89 +0.22 =—0.60 —0.59 
+0.385 +107 +0.18 —2.09 +1.26 =—0.20 —0.50 
+0.52 +1.29 +0.22 —2.13 +199 =+1.23 +0.64 
+115 +2.00 +034 —2.30 +3.70 =+2.00 +0.49 
+2.57 +3.21 +054 —2.66 +605 =+5.49 -+2.34 
+3.57 -+3.51 +060 —2.36 -+6.78 =-+7.55  -+3.84 
+162 --1:60 --0.27 —1.65 -+-3.56 =-+3.16 -+1.98 
4-0.80 -}-0:58 =F 0.05) '*'--0.38)))-F 1.13. == 0:00, +—0.06 
—0.24° --0.59 =F 0.05. F102) —0.58 =—O011 -+-0.11 
—0.83 -+0.62 +005 +006 —1.26 =-+1.08 +1.40 
—0.61 0:66 -+0.06 —0.81°  —1.12 =—0:51 —0.25 
+1.00 -+1.04 +010 -+1.03 -+2.11 =-+0.79 -+0.40 
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No. Residuals. 


151 +0167 +0.01y 40.122 -10.89u +0.830’ +0.08y +1.432 +1180 =+321 +2300 
152 +038 +0.04 —0.88 —0.03 +0.62 +0.06 +061 —111 =+0.84 +0.49 
158 +0.40 +0.04 0.58 —0.59 +060 40.06 —013 —119 =—0.29 0.00 
154 +0.42 +0.04 +0.06 +0.83 +059 +0.06 —0.83 —0.83 =—0.08 —0.03 


155 +042 40.04 +0.72 +048 +058 +0.06 —0.81, +0.85 =+1.04 +1.21 
156 +0.41 +004 —0.25 —0.81 +059 +006 —0.10 \+1.21 =-+0.38  -+0.75 
157 +089 +0.04 —0.44 40.72 +060 +0.06 +065 1.08 ==—0.61 —0.57 
158 +035 +0.04 —0.85 +0.04 +0.65 +0.07 +138 -+0.24 =—1.16 —1.04 
159 +019 +0.02 —0.61 —0.65 +0.81 +0.08 +1.26 —1.29 =—0.19 —0.07 
160 +0.21 +0.02° +0.385 —0.80 +077 +0.08 —1.76 —0.165 =-+1.50 -+1.69 
161 +0.34 +40.04 +081 —0.24 +066 +007 —0.94 +106 =—0.53 —0.30 
162 +034 +0.06 —0.63 +052 +066 +011 +1.25 —0.55 =-+1.72 -+1.80 
1638 +0.38 +0.07 —0.82 —0.05 +0.62 +011 +060 —110 =-+0.98 -+1.22 


164 +0.42 +0.07 —0.02 —0.85 +059 +010 —0.75 —0.90 =—0.97 —0.50 


165 +0.42 +0.07 +083 —0.13 40.58 +010 —113 -+0.28 =-+0.52 -++0.89 
166 +0.41 +0.07 +0.64 +055 +058 +010 —0.70 +095 =-+0.01 -+0.24 
167 +017 +0.03 +0.29 —0.85 +0.83 +0.16 —1.81 —0.48 =-+1.38 -+1.57 
168 =-0.35 --0.07 -=-0.82  —0.10 -£0.65 -=-02,~ —I°16.- =-0:75 —==-0.65 | =-0:90 


169 +0.88 +0.07 +0.75 +038 +061 +012 —0.07 +129 =-+0.85 -+1.09 
170 +0.42 4-008 —0.79 -+0.24 +058 =[011 --1.10 —0.35,) =—0.73 —0:48 


171 +0.42 +0.08 —0.35 —0.76 +059 +011 +018 —1.15 =—0.27 -+0.20 
172, +042 +008 +0.27 —0.81 +058 +011 —0.50 —1.05 =—3.06 —2.55 
173 +0.38 +0.07 +0.79 —0.27 +0.62 +012 —1.27 —0.50 =—0.26 -+0.10 
174 +031 +0.06 -+0.81 +020 +064 4013 —1.35 +018 =—2.86 —2.65 
175 +032 +0.06 +065 +055 +068 +0138 —1.25 +080 =—0.73 —0.60 


The equations derived from the latitudes 7 contain two more unknown 


quantities, 
V= 41, w= pind Ao’, 


but, in them, the variation of the solar elements will be neglected. 
The mean of the Transits of 1761 and 1769 gives 


— 0.059% + 0.050y — 0.0952 — 0.069u + 0.000v + 1.000w = — 1/’.165. 


From this mean the indeterminate correction of the Sun’s semi-diameter is 
nearly eliminated. 


Lquations of Condition. 


z 
¢ 


1 —0.01e +0.00y  —0.012 +0.00u +0.61v 41.240 =-+0/82 
2 —0.10 +0.01 —0.21 —0.08 —0.36 +1.95 = +041 
3 —0.12 +0.02 —0.31 Ott —1.09 +2.04 = —0.49 
4 +0.17 —0.02 —0.41 40.25 —2.13 +0.88 =—0.14 
5 ++0.20 —0.03 —0.37 +0.17 —1560 —0.40 —=—1,51 
6 +0.09 —0.01 —0.14 —0.10 +0.12 —1,35 = +0.02 
7 ++0.20 —0.02 985) 085 +1.17 —1.42 = +5.62 
8 +0.19 —0.02 —0.30 —0.49 2.32 —0.77 = 41.54 
9 —0.14 +0.02 —0.54 —0.16 42.42 +0.46 = +0.64 
10 —0.23 +0.03 —0.54 —0.07 41.88 +1.10 =—1.70 
cE —0.18 0.02 —0.36 —0.10 41,05 +1.38 = —1.48 


No. 


12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 


—0.22x 
+0.11 
+0.12 
—0.03 
+0.02 
+0.01 
—0.15 
+0.01 
+0.10 
+0.11 
-+0.23 
—0.23 
(013 
—0.17 
+0.07 
+0.10 
+0.01 
—0.06 
0.00 
UL 
—0.10 
+0.21 
+0.16 
+0.14 
+0.22 
+0.16 
—0.16 
—0.18 
StpO sk 
+0.06 
+0.06 
+0.13 
+0.18 
—0.05 
+0.02 
+0.05 
—0.03 
—0.07 
—0.09 
—0.11 
—0.03 
—0.03 
—0.14 
(ak Z 
+0.04 
+0.03 
—0.05 
—0.08 
+0.16 
+0.10 
0.00 
+0.04 
+0.13 
+0.22 


+0.02y 
—0.01 
—0.01 
0.00 
0.00 
0.00 
+0.01 
0.00 
0.00 
0.00 
—0.01 
+0.01 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
+0.01 
0.00 
+0.01 
+0.01 
+0.01 
—0.01 
—0.01 
+0.01 
0.00 
0.00 
+0.01 
+0.01 
0.00 
0.00 
0.00 
0.00 
—0.01 
—0.01 
—0.01 
0.00 
0.00 
—0.01 
—0.01 
0.00 
0.00 
0.00 
—0.01 
+0.02 
+0.01 
0.00 
0.00 
+0.01 
+0.03 
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—0.01z 
—0.33 
+0.21 
—0.02 
+0.01 
—0.07 
—0.12 
+0.02 
—0.38 
— O47, 
—0.28 
—0.57 
—0.12 
—0.07 
—0.09 
+0.18 
0.00 
+0.14 
—0:07 
—0.15 
—0.30 
—0.38 
—0.30 
— Vouk 
—0.27 
—0.37 
sai) 
—0.09 
—0.42 
—0.08 
—0.06 
+0.04 
+0.22 
—0.03 
+0.01 
I 
—0.05 
—0.02 
+0.09 
+-0.19 
+0.09 
—0.07 
—0.10 
—0.14 
+0.06 
-++0.05 
—0.10 
—0.30 
—0.31 
—0.19 
—0.01 
—0.07 
—0.20 
—0.34 


VENUS 
—0.58u —2.34v 
—0.36 —2.06 
—0.24 +1.57 
—0.09 -++0.06 
+0.05 —0.75 
+0.04 +0.27 
+0.32 +1.60 

0.00 +0.78 
+0.18 —2.05 
=O 0h +0.33 
—0.45 .+1.68 
—0.06 +2.13 
—0.25 —0.86 
—0.56 —2.43 
ole +0.09 
—0.24 +1.52 
+0.02 —0.62 
—0.05 —1.03 
+0.07 +0.49 
+0.29 +1.60 
—0.06 —1.04 
+0.27 —1.92 
+0.10 —1.27 
—0.20 +0.59 
—0.39 +1.41 
—0.44 +2.39 
—0.30 —0.98 
—0.56 —2.43 
—0.29 —1.88 
——-OnlG +0.20 
OE +0.31 
—0.25 +1.18 
—0,32 +1.78 
—0.14 +0.33 
+0.05 —0.80 
+0.10 —1.04 
—0.05 +0.03 
—0.13 —0.68 
—0.16 Sa) 
(uli, —1.37 
—0.03 —0.71 
+0.13 +0.84 
+0.29 -+-1.54 
+0.19 +1.45 
—0.05 +0.93 
—0.02 -+0.90 
—0.02 +0.18 
—0.03 aU 
+0.13 —1.37 
—0.01 —0.63 

0.00 (010 
—0.02 —0.37 
——OnkG +0.44 
—0.47 +2.04 
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No. 


66 —0.2le  —0.03y 0.592 —0.02u 42.260 40.540 = +4.46 
67 —0.08 —0.01 —0.14 —0.09 +0.16 41.25 = —0.29 
68 —0.03 0.00 —0.03 —0.05 —0.40 +0.89 = +3.00 
69  —0.04 0.00 —0.07 —0.08 +0.26 +0.90 = +0.62 
70 —0.07 —0.01 —0.09 —0.11 —0.36 +115 = —2.16 
71 239 —0.14 —0.02 —0.13 —0.25 —0.80 +115 = —3.21 
72 | 0,23 —0.08 —0.07 —0.49 —1.74 >. +0.76 =—0.32 
73  —0.17 —0.02 —0.12 —0.56 —2.41 —0.21 = 42.40 
74 +0.16 +0.02 —0.28 —0.18 —0.74 —1.75 = —2.59 
75 = +0.04 +0.01 —0.05 —0.07 +0.33 —1.30 =—0.70 
76  +0.06 +0.01 —0.07 —0.10 +0.26 —0.86 =—0.80 
77 = ++ 0.16 +0.02 +0.09 —0.30 +1.43 —0.21 = +0.69 
78 40.19 +0.03 +0.21 —0.34 +1.75 +0.50 = +0.68 
79 +0.18 +0.02 +0.20 —0.30 41.72 +1.54 =—0.50 
80 | +0.01 0.00 +0.08 —0.17 +122 +2.20 = +0.45 
81 —0.04 —0.01 —0.03 —0.09 +0.07 +2.22 = +0.26 
82 +0.02 0.00 +0.01 +0.04 ~ —0.76 +1.50 = —0.82 
83 —--++0.04 +0.01 0.00 +0.08 —0.99 +1.02 = —0,72 
84 +0.05 +0.01 —0.04 +0.10 —1.06 +0.30 =—0.07 
8  —0.08 —0.01 +0.01 —0.16 —0.88 +0.49 = +0.88 
8s 8 86—0.11 —0.02 +0.12 —0.17 —1.29 —0.09 = —1,.35 
87 —0.12 —0.02 +0.17 —0.16 —1.41 —0.56 = +0.45 
88 —010 —0.02 +0.20 —0.09 —1.26 —1.63 = —0.07 
89  —0.03 0.00 +0.07 —0.04 —0.61 —2.49 = +0.58 
90  —0.09 —0.02 —0.05 +0.23 +1.23 —2.00 = +114 
91 —0.11 —0.02 —0.17 +0.15 +1.24 +0.17 = +0.70 
92 —0.04 —0.01 —0.07 —0.03 +0.01 +0.75 =—0.49 
93  -+0.04 +0.01 +0.06 —0.05 +0.96 +0.26 = +0.83 
94 +0.03 +0.01 +0.06 —0.02 +0.95 +0.69 = +0.99 
95 +0.02 0.00 +0.04 —0.01 +0.82 +1.06 = +0.89 
96 0.02 0.00 —0.04 0.00 +0.44 +1.61 = +0.92 
97 0.09 —0.02 —0.21 —0.05 —0.44 +2.14 = +0.44 
98 —0.03 0.00 —0.31 +0.05 —1.44 +2.02 = +1.56 
99 +0.14 +0.03 —0.33 +0.27 —1.96 +1.25 =—1.15 
100 = +0.20 +0.04 —0.34 +0.26 —1.79 +0.12 =—0.91 
101. $0.17 +0.03 —0.31 +0.17 —1.48 —0.35 = +0.19 
102 = $0.14 +0.03 —0.27 +0.09 —1.18 —0.62 =—0,52 
108 = $0.10 +0.02 —0.20 0.00 —0.72 —0.86 =—0.60 
104 = —0.01 0.00 +0.01 0.00 —0.79 —0.52 = +0.02 
105 = +.0.08 +0.01 —0.06 —0.01 —0.43 —1.12 = +0.74 
106 = +.0.07 +0.01 —0.18 —0.06 —0.08 —1.38 = +118 
107 = +020 +0.04 —0.28 —0.33 +1.14 —1.61 = +0.54 
108 = $0.05 +0.01 —0.46 —0.30 +2.47 —0.62 = +0.96 
109 = =—0.24 —0.05 —0.53 0.00 +177 +0.94 = +0.22 
110 + —0.16 —0.03 —0.31 —0.07 +0.88 +1.27 = +194 
111 =~ —0.12 —0.02 —0.23 —0.09 +0.56 +1.28 = +1.08 
112 0.08 —0.02 —0.14 —0.09 +0.16 +1.20 = +181 
118 390.01 0.00 —0.01 —0.03 —0.57 +0.65 = +0.34 
125 =—0.17 —0.02 —0.12 —0.33 —1.12 +1.08 = +169 
126 —0.23 —0.08 —0.07 —0.49 —2.24 +0.28 = 4-142 
127° -++-0.19 +0.03 —0.39 | —0.22 —1.30 —1.73 = +0.59 
128  +0.06 +0.01 —0.08 —0.10 +0.16 —1.43 = +0.76 
129° = +0.05 +0.01 —0.07 —0.08 +0.11 —0.85 =—0.11 


130 +0.08 +0.01 —0.05 —0.16 +0.56 —0.85 = +0.64 


No. 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 


+0.12a” 
+0.17 
+0.18 
+0.07 
—0.06 
—0.01 
+0.05 
+0.05 
—0.06 
—0.09 
—0.11 
—0.11 
—0.04 
—0.03 
—0.14 
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+.0.02y 
+0.02 
+0.03 
+0.01 
—0.01 
0.00 
+0.01 
+0.01 
—0.01 
—0.02 
—0.02 
—0.02 
—0.01 
—0.01 
—0.02 


+0.01¢ 
+0.12 
+0.24 
+0.13 
—0.05 
0.00 
—0.01 
—0.06 
—0.02 
+0.07 
+0.14 
+0.21 
+0.11 
—0.05 
—0.14 


—0.244 41.030 —0.6l0 40.74 
—0.31 +1.51 —0.08 = +1.60 
—0.33 +1.81 +1.08 = +1.68 
—0.29 41.47 +1.98 =—0.50 
—0.18 +0.46 +2.34 = +0.90 
—0.01 —0.51 +1.80 =—0.11 
+0.09 —1.03 +0.84 = —0.35 
+0.09 —0.99 +0.03 = +0.88 
—0.12 —0.56 +0.66 =—0.91 
—0.17 —1.13 +0.23 —=—0.84 
—0.17 —1.34 —0.22 =—1.90 
—0.11 —1.87 —1.26 —=—-1,37 
—0.05 —0.77 —2,38 =—0.65 
+0.12 +0.77 —2.51 = +3.52 
+0.24 +1.48 —0.50 = +0.28 


To apply to these equations the rigorous method of least squares would 
be very laborious; hence the method of ‘‘ Equivalent Factors” has been 
used ; the equations have been multiplied either by whole numbers or by 


fractions which are ready multipliers. 


In this way the following Normal 


Equations were derived from the equations of condition which have cos 7 .A0 
for their absolute terms: 


+195.842 —44.809y +127.7le + 73.19w~ —251. 
— 44.78 -+47.099 — 83.68 — 62.84 -+ 41. 
+120.94 —83.889 +427.28 +133.17 —136. 
+ 70.08 —62.965 -+135.64 -+365.81 — 73. 
—255.15 +42.172 —138.12 — 80.06 +425. 
+ 40.68 —48.373 -+ 82.84 + 61.99 — 26. 
— 83.42 -+41.537 —422.53 +119.76 +102. 
+112.81 —95.792 +406.68 -+505.65 —126. 


902 
04 
59 
13 
64 
27 
83 
69 


++43.027y — 85.482" 


—A48.460 + 41.17 
+82.936 —410.76 
+63.350 114.76 
— 27.182) ) 4-91.22 
+51.815 — 41.45 
—40.091 -+644.06 
+94.621 —120.34 


If wu is eliminated from these equations, the result is 


4+119.25u° —=— 877 
— 96.06 —=—113.43 
+400.15 == +162.30 
+508.04 == +197.06 
—132.67 —=-+ 92.63 
+ 94.13 =+121.18 
—111.82 —=— 23.87 
+902.21 —=+264.18 


+181.8382 —82.213y +100.57%¢ —237.27¢% +30.352y7 —108.44e + 17.60u —— 48.20 
— 32.75 +36.284 — 60.38 + 2848 —37.577 + 60.88 — 878 =— 79.58 
+ 95.45 —60.971 +877.90 —109.97 -++59.874 —452.54 +215.20 —=-+ 90.56 
—239.82 128.394 —10843 +409.68 —13.317 +116.34 — 21.48 —=-+135.76 
+ 28.81 —87.705 + 59.85 — 18.88 +41.080 — 60.90 + 804 —=-+ 87.79 
—106.35 +62.147 —466.94 +126.77 —60.831 +606.49 —27815 —=— 88.38 
+1601 —8770 +21918 — 25.60 + 7.053 —278.97 +199.94 m=— 8.21 
and if from these z is eliminated, the result is 
+156.487 —15.987y —208.002 +14.418y +11.992° —39.67u. —=— 74/30 
— 17.50 +26.542 + 10.91 —28.055 —11.42 +25.60 =— 65.11 
—212.48 +10.900  +378.08 + 3.863 2-49.51 +40.27 = +161.74 
ee 19.69.' | 28.049. --.3.64 +31.598 +10.77 —26.04 =+ 73.45 
Sen T EQ tly AS19901 +13.151 +47.33 —12.25 = + 23.52 
289.951) 26.5959 6 88.18 —27.674 —16.50 +75.13 =— 61.46 
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It is evident now, that since the principal coefficients of z' and wu! have 
fallen from 644.06 and 902.21 to 47.33 and 75.18, no very reliable values 
of these quantities can be obtained from these equations. The elimination 
of y gives 


+145.899 —201.430  — 2.480y + 51le —24.25u m—111-52 
—205.24 +373.60 +15.384 — 8.82 429.76 = +188.48 
— 4.80 — 15.07 + 1.950 — 1:80 = tL =+ 4.64 
+ 92.39 — 3.69 10,791 +41.65 + 0.47 —=— 8.84 
— 21.82 + 27.25 + 0.435 — 5.06 +49,48 =+ 3.78 


The elimination of x from these gives 


+90.230 +11.895y' — 1.632 — 4.350’ — +31/63 
+ 8.44 + 1.868 eee} + 0.21 —-+ 0.97 
+ 0.30 — 0.742 +4155 + 0.95 —— 6.63 
— 2.88 + 0.064 — 4,30 +.45.85 = —12.89 


The elimination of a from these gives 


+0.755y — 0,982 + 0.62u' —=— 199 
—0.782 +41.56 + 0.96 =— 6.74 
+0.444 — 4.35 4-45.71 ——11.88 


The only condition, relative to the solar elements, which can be obtained 
with any weight from these equations is 


x + 0,182y’= + 0.335. 


That is, the mean longitude of the Sun of Hansen and Olufsen’s Tables 
ought to be increased by a third of a second at the epoch 1863. As, how- 
ever, these Tables will, probably, be used for a long time to come in com- 
puting the solar coordinates of the American Ephemeris, y', 7 and uw! will be 
put severally equal to zero; and, as it has been decided to use the Pulkova 
constant of aberration, x will be put equal to +0”.19. With these assump- 
tions, the values of x, y, z and ware 


2—=—0".502, y=—2".863, 2z=—0".040, w= +0195. 
The equation of condition derived from the Transits of 1761 and 1769 


being excluded, the normal equations, determining the corrections of the 
inclination and the longitude of the ascending node, are 


+2.510 +0.390y  +1.84¢2 0.67  +163.260 — 0.420 —=+2602 
—4.46 —0.105 —0.29 —1.06 — 6.86 +188.58 = 424.11 


From these are obtained the following values of v and w: 


y=+0"18, w=+07.12 or 482/= + 2.0. 
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But, from the equation furnished by the Transits in 1761 and 1769, 
A83/= — 17.84. 


If the first result is supposed to belong to 1855.0, and the second to 1765.4 
the proper value of the correction is 


ASd’= + 0.9 + 0.2227. 


The origin of the pretty large correction — 0.02863, of the mean 
motion of Venus, is easily shown. In his investigation, Leverrier (Annales, 
Vol. VI, p. 72) found the following value of An’: 


An'= + 0.00085 + 0’.0689):+ 0’.0959.’ + 0.1207" ; 


but the value of this quantity used in forming his Tables is the first term 
only. If the values of v, »/,» corresponding to the change from Leverrier’s 
values of the masses to those here adopted, be substituted in this expres- 
sion, the correction of Leverrier’s mean motion, from this cause, is found 
to be 

4n’= — 0.01588. 


Moreover, a comparison of the values of the Sun’s mean longitude in the 
Tables of Hansen and Olufsen and of Leverrier gives 


Han.-Ley. = — 0.93 — 0’’.010742. 


From the way in which An! and An’ are involved in the equations of con- 
dition, it may be concluded, that if An’ were left indeterminate in the solu- 
tion, the value of An’, obtained, would be roughly 

An! = (An!) + 1.24n", 


(An’) denoting the value of An’ on the supposition of An'/=0. Thus, on 
making An’ =—0".01074, the correction of the mean motion of Venus 
from this cause is An’ = — 0”.01289. The sum of these two corrections is 
An’ = — 0”.02877, which is almost identical with that derived from the 
equations of condition. 

The increment of the motion of the node, 0.222, requires that the mass 
of Venus should be reduced from gystsz to cetery. This agrees with Lever- 
rier’s result: setting out with the mass 0.0000024885, he found that it 
should be multiplied by the factor 0.948, which would make the mass 
TBST: 

The corrections to be added to the elements, with which we set out, to 
obtain the elements, from which the Tables are constructed, are 

AL'=— 0.502, 4x’= + 28.46, A83'= + 0.90 + 07.2224, 
4’= + 0.18, Ae'= —0.000000196,  dn’—=—0’’.02863. 
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The Tables have been compared with the occultation of Mercury by 
Venus, observed at Greenwich, May 28, 1737. The observations made are 
Greenwich M. T. 
9°40" 3°.9. Mercury distant from Venus not more than a tenth part 


of the diameter of Venus. 
9 48 10.2. Mercury wholly occulted by Venus. 


The position of Mercury being derived from Prof. Winlock’s Tables, the 
apparent position of the two planets, as seen from Greenwich, and in longi- 
tude and latitude, are 
Greenwich M. T. U b Vv b/ v—l b/—b 
1737 a h oO / a Oo 4h ° ‘ dd ° 4 Md dd a 
May 28 8 89 24 2305 +2°9'12'90 893i 4997 +2°10 9/98 +4446:92 +5708 
9 89 27 56.68 +29 5.67 89311438 +2 9 42.02 4197.70 +36.35 
10 89 31 30.35 +28 5843 89 30 39.68 +2 914.28 — 50.72 415.85 


and, interpolating, 


Greenwich M.T. V—l b/—b Dist. of Centers. 
h ms “ “4 a 
9°40 03.9: +31.73 +22.64 38.96 
9 48 10.2 — 1.79 +19.87 19.95 


With the addition of 0’.57 for irradiation, the semi-diameters of Mercury and 
Venus are respectively 3.98 and 26.97; hence, at the first observation, the 
distance of the limbs of the planets is 8.01, 2.6 more than a tenth part of 
the diameter of Venus; at the second observation, the distance of the cen- 
ters is less than the difference of the semi-diameters; hence, the Tables are 
verified by the statement of the observer. Venus being, at the time, a thin 
crescent, and about half of Mercury’s disc being illuminated, it is plain that 
it would be difficult for the observer to estimate the distance in fractional 
parts of the apparent diameter of Venus. 

Leverrier’s remarks on this occultation are impaired by a mistake 
made in the last line of his computation. 
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MEMOIR No. 11. 


On the Derivation of the Mass of Jupiter from the Motion of certain 
Asteroids. 


(Memoirs of the American Academy of Arts and Sciences, Vol. IX, New Series, pp. 417-420, 1873.) 


The object of the present note is to show that the discussion of the 
observations of certain asteroids, provided they extend over a sufficient 
period of time, will furnish a far more accurate value of the mass of Jupiter 
than can be obtained from measurements of the elongation of the satellites, 
or from the Jupiter perturbations of Saturn. It is to be hoped that observers 
will hereafter pay particular attention to those asteroids which are best 
adapted for the end in question. 

The magnitude of the Jupiter perturbations of an asteroid depends at 
once on the magnitude of the least distance of the two bodies, and the 
greater or less degree of approach to commensurability of the ratio of their 
mean motions, and also on the magnitude of the eccentricity of the asteroid’s 
orbit. 

Those asteroids which lie on the outer edge of the group, and whose 
mean motions are nearly double that of Jupiter, will best fulfil the two first 
conditions named above. For they will have inequalities of long period 
whose coefficients will be of the order of the first power only of the eccen- 
tricities, while all other classes of long-period inequalities are necessarily of 
higher orders, and hence demand longer periods in order to have their coeffi- 
cients brought up to an equal magnitude. 

In order to exhibit the relative value of these asteroids for the purpose 
in view, I have computed the terms of the lowest order in the coefficients 
of these inequalities of long period for all the asteroids, yet discovered, 
whose daily mean motion lies between the limits 550" and 650”; and have 
appended herewith tables, by which the value of these terms can be readily 
computed for any which may hereafter be discovered between these limits. 

The formulas for computing these terms are found in the Mécanique 
Céleste, Tom. I, pp. 279-281. Here 7 must be put equal to 2, in the terms 
which involve the simple power of the eccentricities. We will employ the 
usual notation for the designation of the elements of orbits, and make some 


reductions in Laplace’s formulas for the sake of ready computation. 
14 
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Qn! — 


wer Qu! —-E . ’ . n 
If we put y = a or in Laplace’s notation , and recollect 


that we need the formulas only for the case of an inferior perturbed by a 
superior planet; and moreover make 


yPF°=—H, and 7 Q—J, 


F and G® being Laplace’s symbols, we shall have 


1 (ar(7— +11 ais = ay aby? 
Herp {Tay + f r ae ee rt |- ve a6 


da® 
a a a oe 
Mong eey SI Ot att is) ay fh Oe -1]}. 


If, in the next place, K and @ are derived from the equations 


K cos(f —z) = Hsing —J sing’ cos(x’—7), 
K sin (6—z) = —ZJ sing’ sin(x’—7z), 


the inequality in longitude we are computing is 


he tes 
p Ksin(L—2L +]. 


Hand J may be regarded as functions of a, and are positive between 
the limits corresponding to «= 550” and w= 650". The common loga- 
rithms of these quantities are here tabulated for every 0.001 of a between 
the limits above mentioned ; the values of 6 and 6? and their differentials 
were obtained from Runkle’s Tables of the Coefficients of the Perturbatwve 
Function. 


a log H log J a log H log J 
0.595 0.3153369 9.871828 0.610 0.3323864 9.889836 
.596 -8165277 -873131L .611 -38834562 -890910 
.597 .8177118 -874420 .612 -8345169 -891967 
598 .8188875 .875695 .613 .8355683 -893007 
599 -3200561 -876956 .614 -8366103 .894030 
.600 .8212173 .878202 .615 .38376427 .895036 
.601 -8223707 879434 .616 .8386652 -896022 
.602 .3235163 -880652 -617 -8396777 -896990 
.603 3246540 -881855 .618 -8406801 -897939 
.604 38257838 -883043 .619 .8416723 -898869 
.605 -38269054 -884214 -620 -8426539 -899780 
.606 -38280187 -885370 621 -8436248 -900671 
.607 38291236 -886511 622 -3445848 -901542 
.608 .8302199 -887636 623 .8455337 -902892 


0.609 0.3313075 9.888745 0.624 0.3464714 9.903221 
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a log H log J a log H log J 
0.625 0.3473975 9.904028 0.643 0.3618323 9.914446 
626 3483119 904814 644 3624928 914764 
627 3492144 905578 
628 .3501047 .906320 +645 -3631366 -915051 
629 3509827 907040 -646 .8637632 .915306 
647 3643722 915528 
630 (3518480 907736 .648 .3649632 915717 
631 .3527005 .908408 -649 -3655358 915871 
632 3535399 .909056 
633 3543659 909679 650 3660897 eee 
eo tec aes 5 Grete 651 3666246 916076 
652 3671400 916125 
ee lageande a 653 3676354 916136 
636 3567612 911396 654 oot OEMS 
687 8575813 -911916 655 3685644 916040 
638 3582866 912409 ie leeesors rope 
639 3590269 912874 657 3694082 915785 
658 3697969 915595 
cts pec ee 659 3701628 915362 
641 3604614 913718 
0.642 0.3611550 9.914097 0.660 0.3705053 9.915085 


The values of the elements of Jupiter’s orbit for the epoch 1850.0 which 
we shall use are 


Mm =r'55) 

p! = 299.1286, 
log a’ = 0.7162372, 

g’ = 2° 45’ 54.55, 

me sell? 50! 2". 


The values of the corresponding elements of as many of the asteroids 
as lie between the limits above mentioned are contained in the following 
table. The longitudes of the perihelia are referred to the mean equinox of 
1850.0. 


be log a i) T 
_Hygea 634.3118 0.498 4692 5 44 56.4 234 58 46.6 
Themis 636.7634 0.497 3523 6 42 52.9 139 56 11.2 
Euphrosyne 633.8508 0.498 8680 12 44 10.3 93 27 51.5 
Doris 647.1295 0.492 6769 -4 23 42.9 74 10 11.3 
Pales 655.6209 0.488 9025 13 43 18.3 32 3 13.1 
Europa 650.0877 0.491 3564 5 49 14.3 101 45 37.6 
Mnemosyne 632.6897 0.499 2106 5 68 17.1 52 58 47.8 
Erato 640.8591 0.495 4961 946 4.3 33 55 38.0 
Cybele 560.8775 0.534 0920 6 54 36.4 258 11 24.3 
Freia 569.0505 0.529 9038 10 49 12.0 93 2 36.6 
Semele 652.9848 0.490 0690 11 49 36.5 28 25 39.1 
Sylvia 543.5800 0.543 1620 4 39 22.6 337 8 6.1 


Antiope 632.3591 0.499 3618 11 39) 227, 293 49 3.5 
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The expression of the inequalities, and the length of their periods 
which result from the substitution of these values of the elements in the 
formulas, are 


Hygea 14676.2 sin [LD —2L/ + 228°58 1/4], 97.96 years. 
Themis 14606.2 sin [L—2L/+146 4 4.5], 91.72 “ 
Euphrosyne 28996.5 sin [LDL —2L’+ 97 58 58.4], 99.23 « 
Doris 5086.7 sin [LD —2L/+ 85 41 49.4], 72.27 « 
Pales 11639.2 sin [LJ —2L’+ 33 36 12.6], 61.57 “ 
Europa 6584.4 sin [LD —2L’ +111 29 19.21, 68.14 “ 
Mnemosyne 12956.0 sin [L—20/+ 60 9 1.9], 102.58 “ 
Erato 13654.9 sin [DL —2L’+ 36 21 16.9], 92.91“ 
Cybele 13145.4 sin [LD —2 L/ + 251 13 31.6], 94.49 “ 
Freia 32243.5 sin [LD —2L/+ 98 15 25.51, 120.93 “ 
Semele 10860.7 sin [L—2L’+ 29 55 45.1], 64.54“ 
Antiope 28567.8 sin [L —2L’ + 288 44 31.6], 103.57“ 


These expressions can be regarded as rough approximations only to the 
actual values of these inequalities, since all terms of the third and higher 
orders with respect to the eccentricities and inclinations, and of the second 
and higher orders with respect to the disturbing masses, have been neglected. 
Yet they are sufficiently exact to show the order of magnitude of the Jupi- 
ter perturbations of the asteroids in question. 

The effect of these inequalities at the time of opposition will be magni- 
fied in the proportion roughly of atoa—1. Thus in the case of Freia, the 
determination of the mass of Jupiter will depend on the observation of an 
arc of 12°.7. 
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MEMOIR No. 12. 


On the Inequality of Long Period in the Longitude of Saturn, whose 
Argument is Six Times the Mean Anomaly of Saturn Minus Twice 
that of Jupiter Minus Three Times that of Uranus. 


(Astronomische Nachrichten, Vol. 82, pp. 83-88, 1873.) 


This inequality is proportional to the product of the masses of Jupiter 
and Uranus. In its coefficient we shall have regard only to the part which 
is divided by the square of the motion of the argument. 

Employing the notation in general use, the quantities having no accent, 
or one, or two, according as they belong to Jupiter, Saturn or Uranus, p 


designating i ndt, and putting 
m 1 rr cosy m’” 1 rr cosy” 
R=ppal Tae |+ce Ee git i 


we have the well known equation 


Cat) 
ne = — 3a'n'd'R. 


The symbol d’ denotes differentiation with respect to the time only inas- 
much as it is introduced into & by the coordinates of Saturn. 

Having regard only to the perturbations which are of two dimensions 
with respect to the planetary masses, this equation may be written 


2 , 
oe = — 38a'n/d' oR + 38a n'd'R re dR. 


Let ndz and dir denote respectively the perturbations of the mean anomaly 
and of the natural logarithm of the radius vector in Hansen’s method, and 
let the subscripts (0) and (2) denote the parts of any quantity which arise 
from the actions respectively of Jupiter and Uranus. Then R, being 
expressed as a function of the mean anomalies g and g’, and #, as a function 
of g' and g’, neglecting the terms arising from the perturbations of the lati- 
tudes, since they have as factors the squares of the mutual inclinations of 


110 COLLECTED MATHEMATICAL WORKS OF G. W. HILL 


the orbits, and preserving only the terms multiplied by the product of the 
masses of Jupiter and Uranus, we have 


dR fae: PREECE, f UR, + UR, f dR,, 


oR = 'ad)y+ 2 oh eo Cnéz), + 2 og" Ao 


Yat Sor 


1 U ,O U ) R, tr OR, tr 
fer ee aa + rap (lr): apt (Olt )o 
Suppose now that dR, has a term Asin (tg! — 2g + x), and that dR, 


has a term B sin (v’g' — 3g'+ 2), where 7 and 7 are positive or negative 
integers; and it is evident that terms in d/R hi d'‘R having the argument 


6g’ — 2g — 3g" can arise only from the multiplication of such terms as these ; 
then, having regard only to the term arising from the addition of the argu- 
ments, 


UR, f aR, + aR, f aR, = =—} 1 ras ee a AB sin[(i+7’)g'—2g — 3g" + x+2]. 


But since 7+ 7 = 6, the term in dp! will have only the simple power of 
6n! — 2n — 8n' as divisor; hence these terms will be neglected. 

Moreover, if d denote differentiation with respect to the time inas- 
much as it is introduced into df by the coordinates of Jupiter and Uranus, 


dsk=dok—ad'ok. 


But terms arising from djR are divided by the first power only of 
6n!' — 2n — 3n", hence, in any term of edd we may substitute — d'dR for 


db’ 
VdR. Thus we obtain 


a5 p! Deli oh, Prof ” ok, 1s of , OR, ok, xT 

qe = 3a'n Bec 2')a+ 0 ag’ag” 0z')y>— 0 agog’ \"2)s— % ' Og"Og aan (n'dz!"), 
, Of, , OF, Of, 1 OR, 

alr Se Fe A Ais (r oy hs ("Br anil, jy fole deals »,): 
Og 2 og” 0 0g’ 2 


It is evident that, in the terms of this equation which are due to the 
mutual action of Jupiter and Uranus on each other, the argument 
6g! — 2g — 3g" can only result from the addition of arguments like these : 


+n 
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In R, or rome f in (néz), or (lr); in R, or 7” a : in (n’’d2'’), or (6lr’’) 9; 
69’— 3g and g — 3g" 69’ — 4g" and og!’ — 29 
69’ — 49 29 — 3g" 69’ — 59" “1 ag" — 2g 
es ae 3g — 3g" 6g’ — 6g" m4 3g" — 3g 
But the coefficients of the terms in R, and r a, and in R, and r/ oo ; 


having the arguments of the first and third column, are quite small on 
account of the high multiple 6 of g’; and the perturbations of Jupiter by 
Uranus, having the arguments of the second column, are also small, as are 
also the perturbations of Uranus by Jupiter having the arguments of the 
fourth column. Hence it has been thought permissible to neglect these 
terms. . Thus the formula used for the computation of this inequality is 


fe) ( a) 
Psp! gis ; 
ae = 8a'nn’ i . 7 (n'd2!)a+ ae (dlr ) | 


ogog 
oR 
Or aa 
, 7] oR, IJ or’ us 
+ 8a'n'n "| eee (n'62"))+ Te Ogi (dlr | . 


Here the argument 69’ — 29 — 3g" is produced only by the addition of 
arguments such as 
5g’— 2g and g/— 3g” 
4q'— 2g “cc 2q'— 3!" 
3q’— 2g (14 3q'— 39” 


belonging to terms of the several factors involved in the expression. 

The values of the factors proportional to Jupiter’s action on Saturn 
have been derived from Hansen’s Untersuchung tiber die gegenseitigen Stérung- 
en des Jupiters und Saturns ; the values of those proportional to the action 
of Uranus have been specially computed. The values of the masses adopted 
are M=s0, mM =s550, mM! = sta. In the following expressions the 
common logarithms are written in place of the coefficients, and the values 
of n/dz' and dir’ are in seconds of are. 


a(1+m/) eR, : 
Tm agag? = +t 8.00004 cos (59/27 + 66°51/.6) (n/d2/),= +1.47688 sin ( g/—3y// + 216° 12/.2) 


+ 8.80451 cos (4g/—2g + 97 389.5) + 1.40046 sin (29/—39/”+ 60 7.5) 
+ 9.50716 cos (8g/—2g +127 52.9) + 0.17010 sin (839/—3g//+112 48 .0) 
+ 0.00652 cos (2g/—2g +158 38.7) +8.6777 sin (4g/—3g// +129 ) 


+ 9.79708 cos( g/—2g +258 50.7), +7,1505 sin (5g/—89// +185 ), 
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ak, 
a/(1+m/)® Ge 
mag Ht 796411 sin (Sy/—2g + 228° 48/.2) (6Ir/),= +0,1270 cos ( g/—8g/7+220° 58/ ) 
+ 8.809380 sin (49’—29 +264 16 .2) +1.08420 cos (29’—39//+240 20 .9) 
+ 9.59413 sin (39’—2g +300 16 .3) + 0.05350 cos (89/—39//+ 289 25 ) 
+ 0.23412 sin (29/—2g +3835 48 .0) +8.7412 cos(4g/—39//+302 36 ) 
+ 982255 sin( g/—2g +256 31.4), +7.4637 cos (5g/—89// +301 d 
ov saen= +93.60517 cos( g/—39+ 85° 167.9) (n/dz/);= + 8.46848 sin (5y/—2g +246° 53/.9) 
+94.72630 cos (2g’/—39// +288 47 .0) +2.83450 sin (49/29 +277 10.8) 
+95.25666 cos (3g/—3g//+125 24 .6) +1.41847 sin (83g/—2g +185 15.1) 
+ 94.26848 cos (49/—39//+146 30 .5) +1.50550 sin (29’—2g +156 17 .9) 
+93.1858 cos(5g/—3g//+148 34 ), +0.4863 sin( g/—2g +250 30 ), 
a (v7 =) 
al aT = +93.98809 sin ( y/—39/7+ 40° 2/.0) (dlr’),= + 1.72766 cos (5g/—2g9 + 62° 43/.0) 
+94,85117 sin (2g’—89/7+250 27.4) +2.52156 cos (49/—2g +277 2.4) 
+ 95.29557 sin (8g/—39//+124 50 .1) +1.30103 cos (89/—2g +141 32 .0) 
+94.1683 sin (49/—89/7+153 26 ) +1.48499 cos (2g/—2g +156 1.7) 
+92.9164 sin (5g/—39//+130 42 ), +0.4146 cos( g/—2g + 9% 54 )- 


In the next place 


3 mnn' 3n'n" 
108 SCE m\(6n'— on — Snip = 101870, LOE aR — on — Bn" = 9.18681 . 


Thus we get, the coefficients still replaced by their logarithms, 


dp! = +-0.50212 sin (6g'—29—3¢/" + 108° 8/.8) +-0.25546 sin (6¢/ —2g—8g" + 102° 10.8) 
+ 1.22067 sin ( +837 47.0)+0.74761 sin ( +335 57.8) 
+0.69296 sin( + 60 41.0)+9.8569 sin( =“ + 80 40 ) 
+9.6999 sin( +107 )+8.9608 sin +123 ) 
+7.9632 sin( “ +214 )+6.8089 sin( “ +219 ) 
+9.1068 sin( « +269 46 )+8.9026 sin( « +282 45 ) 
+0.90920sin( +324 37.1)40.55954sin( = « +847 29.8) 
+0.66333 sin( =“ + 49 41.3)4+9.7834 sin( + 86 22 ) 
+9.9910 sin( « + 98 19 )+88401 sin( « +129 28 ) 
+8.3019 sin( “ + 17 30 )4+6.5178 sin( « + 48 36 ). 


By the addition of these terms is obtained 


dp'= + 34.752 sin (69’— 2g — 3g") + 1'.312 cos (69'— 2g — 3g’’) 
= + 34.776 sin (69'— 2g — 39” + 2°9' 43"). 


The inequality in the mean longitude of Uranus, having the same argu- 
ment, has been calculated by Leverrier (Additions aux Connatssance des 
Temps, 1849, p. 85). He found 


dp"'= + 32/.74 sin (69’— 2g — 39+ 181° 158"). 


Thus, contrary to what might be expected, the inequality in the case of 
Saturn is larger than in the case of Uranus. 
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MEMOIR No. 13. 
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Charts and Tables for Facilitating Predictions of the Several Phases of 


the Transit of Venus in December, 1874. 


(Papers relating to the Transit of Venus in 1874, Part II, 1872.) 


CONTENTS. 


Constants and elements employed, 

Hourly ephemerides of the sun and Venus, 
Axis, diameters, &c., of the enveloping cones, 
Curves represented on the charts, 


Prosuem I. To find the point of the ears Arias a ae mal Ag, takes abe 


at a given time and altitude, 


ProsuEM II. To find the point on the ergs pace ener ihe contact takes 
LAL 
. 124 
Times, &c., of the cept and end of each contact, and of its occurrence in the 

ba 
. 128 
. 1385 
7139 


place at a given point of the sun’s limb and at a given aes , 
Values of quantities required in the computation of the curves, 


zenith, : 

Approximation of the curves He chreles, : 

Tables of positions of points used in drawing the curves, 

Explanation of the charts, and their use, . 

Tables and formulas for computing more accurate values a the Ree of boniscin 
Example, - 

Corrections to be applied oe aves poate oye in the olonenis: , 

Tables and formulas for finding the position of the planet on the sun’s disc, 

Localities favorable for the determination of parallax, 


CHARTS. 
No. I. INGRESS, EXTERIOR CONTACT. No. II]. Earuss, INTERIOR CONTACT. 
II. INGRESS, INTERIOR CONTACT. IV. EGRESS, EXTERIOR CONTAOT. 


PAGE, 
. 114 
aelicy 
eeELG 


o alale: 


ea EL. 


. 142 
. 145 
. 147 
. 150 


All the constants and elements which have been used in the computa- 
tions on the transit are given below. The quantities having no terms mul- 
tiplied by ¢ are either constant or may be regarded as such for the duration 
of the transit; and the quantities which vary may be regarded as varying 


uniformly. The unit of ¢ is an hour. 
15 


114 
Epoch : 


VENUS. 
Orbit longitude, referred to the mean equinox of date, 
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1874, December 8° 11", Washington Mean Time. 


76° 58 12’. 84 + 242”. 332¢ 


Longitude of the ascending node, 75° 33! 24". 1 

Log sine of inclination, . ait 8.722486 
Periodic perturbations of the enende. . +0".11 

Log radius-vector, . 9.8575310 — 27.6¢ 
Semi-diameter at mean diatanren 8’. 546 


THE SUN. 
True longitude, referred to the mean equinox of date, 


256° 58’ 41”. 62 + 152’. 5322 


Latitude, — 0.41 

Log radius-vector, 9.9932845 — 21.3¢ 
Semi-diameter at mean Mistanee, 959’. 788 

True obliquity of the ecliptic, 23° 27" 27". 67 

Equation of the equinoxes in longitude, — 2", 42 

Sidereal time, at Washington, in arc, . 62°44’ 9/6 + (15° 2! 27”. 84)¢ 
Constant of solar parallax, 8’’. 848 

Constant of aberration, ; 20". 4451 

Eccentricity of the earth’s dertiene ; 0.0816967 

Horizontal refraction, . 35’ 


The elements of the heliocentric position of Venus are from the new 
Tables of Venus,* and may be readily deduced from the first example given 


in pages 16-19 of the introduction. 


The apparent position of the sun which results from the above elements 


coincides with that derived from the tables of Hansen and Olufsen, but the 
true longitude is 0/.19 greater, owing to the adoption of Struve’s value of 
the constant of aberration, 20.445, instead of the value 20/.255. 

The value of the sun’s semi-diameter is adopted from Bessel. (See 
Astronomische Nachrichten, No. 228, and Astrunomische Untersuchungen, Vol. 
II, p. 114.) This value is used in the computation of eclipses for the Ameri- 
can Ephemeris. Hansen has also used it in his disquisition on the transit of 
Venus. In the British Nautical Almanac the value 961”.82 is used, and is 
the same as that given for the reduction of meridian observations of the 
sun. Leverrier states (Annales, Vol. VI, p. 40) that the value, deduced 
from the previous transits of Venus, is 958.424. Hence, it is probable that 
predictions from the elements of the British Nautical Almanac will be found 
to be considerably in error from this cause. 


*Tables of Venus, prepared for the use of the American Ephemeris and Nautical Almanac, by 
George W. Hill, Washington, 1872. 
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From the data given above are obtained the following hourly ephemer- 
ides. For the sake of completeness they are expressed in terms of longi- 
tude and latitude, as well as in right ascension and declination. 


VENUS. 

Log r= 
a= 6= App. geocentric App. geocentric log distance 

Wash, M. T. App. R, A. App. dec. longitude. latitude. from the 

earth. 

1874. 4 a 4 dd / 4d ‘ dd 
Dec. 84 8h 255 58 56.03 —22 38 9.96 257 4 53.34 +11 40.84 9.4221505 
9 57 21.96 37 22.29 3 22.30 12 19.91 482 
10 55 47.90 36 34.60 1 51.27 12 58.99 467 
11 54 13.86 35 46.90 257 0 20.24 13 38.06 460 
12 52 39.84 34 59.18 256 58 49.21 14 17.18 461 
13 51 5.83 34 11.44 57 18.18 14 56.21 470 
14 255 49 31.85 —22 33 23.67 256 55 47.16 +15 35.28 9.4221488 
THE SUN. 

‘Log r/= 
a= O/= App. App. log distance 

Wash. M. T. App. R. A. App. dec. longitude. latitude. from the 

earth. 

1874. 4 Mh U 4“ / dd d/ 

Dec. 84 8h 255 42° 16.80 —22° 48 24''39 256 50 35.86 —0.41 9.9932909 
3) 45 1.47 48 39.36 53 8.39 0.41 888 
10 47 46.15 48 54.28 55 40.93 0.41 867 
11 50 30.84 49 9.15 256 58 13.44 0.41 845 
12 53 15.54 49 23.98 257 0 45.99 0.41 824 
13 56 0.25 49 38.77 3 18.52 0.41 802 


14 255 58 44.98 —22 49 53.51 257 5 51.05 —0.41 9.9932781 


From these quantities the position of the center of the sun, as seen from 
the center of Venus, is derived. 


Wash. M. T. a=R, A. d= dec. re Ree 
1874. ° / 4h ce} U 4d 
Dec. 84 8h 255 36 9.50 —22 52 9.48 9.8575394 
11 255 49 8.82 54 3.58 309 


14 256 2 8.52 55 56.63 227 


In the next place are obtained the following quantities, which are desig- 
nated by the eclipse notation* of Chauvenet’s Spherical and Practical As- 
tronomy, which, for the most part, is identical with that of Bessel’s Analyse 
der Finsternisse. It must be remembered that Venus here takes the place 
of the moon. 


* The plane of reference passes through the center of the earth perpendicular to the axis of the 
enveloping cones; a and d are the right ascension and declination of the vanishing point of the axis; 
/, the hour-angle of that point at the first meridian; @, the distance of the sun and planet; 2, y, the 
coordinates of the axis in the plane of reference, y being taken positive toward the north, x positive 
toward that point whose right ascension is 90° + a; os and oe 
the angle of the cone; J, the radius of the cone in the plane of reference; 1 = tan /. 


are the hourly changes of x and y; fis 
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Wash, M. T ® @ y oy fy 
1874. 
Dec. 84 8h 37.6744 —9.74895 +25.0318 +2.59020 122” 0 36.6 
11 + 8.4134 9.75838 32.7602 2.56207 166 55 0.8 
14 —20.8759 —9,76782 +40.4042 +2.53393 211 49 24.6 
Wash. M. T. Exterior contacts. Interior contacts. 
1874. Si 1 log 1 logit ap Xt log l logt 
Dec. 84 8h | 22 24/272 41.1254 1.614110 7.8141 | 22° 0.545 38.4845 1.585286 7.8063 
11 .299 62 19 41 570 54 296 63 
14 1324 68 24 41 595 59 301 63 


CURVES REPRESENTED ON THE CHARTS. 


Having now the necessary data, I proceed to explain the computations 
which have been made for the purpose of drawing the charts. These charts 
are designed to give the principal circumstances attending each of the four 
contacts at any point of the earth’s surface where it is visible. These circum- 
stances may be taken to be the time at which the contact occurs, and the 
position of the point of contact on the sun’s limb. Hence, two classes of 
curves have been plotted on the charts—first, curves upon which contact 
occurs at the same instant; and, secondly, curves upon which contact takes 
place at the same point on the sun’s Lmb. These curves are evidently limited, 
in both directions, by the curve upon which contact takes place in the hori- 
zon. The readiest method of drawing them will be to compute a sufficient 
number of positions conveniently distributed on these curves, and through 
these positions, plotted on the chart, draw the curves. 

As convenient formulas for the purpose are not found in the treatises 
on practical astronomy, I will develop them here. 

It will be amply sufficient to determine the position of these curves to 
within a minute of arc. Hence, as the horizontal parallax of Venus is 
only 33”, the effect of parallax on the right ascension and declination of the 
point of contact may be neglected. Then the position of this point can be 
found by the equations, 


/ s , 
a=at 74-24), 
S 
@=St57,0C—9%), 


the upper sign being used for the exterior contacts, and the lower for the 
interior. With sufficient approximation, these equations may be written 


ai +3, (a'— a), 


dats ('—2), 
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The exterior contacts last about 21 minutes on the earth’s surface, and 
the interior contacts about 25 minutes. The quantities a and d’ vary so 
slowly that they may be computed for the middle of the duration of each 
contact on the earth’s surface, and then supposed constant for this duration. 
In this way the following values have been obtained : 


Wash. M. T. a qd 
hm pi a 
For exterior contact at ingress........ 8 40 255° 57" —22° 38 
For interior contact at ingress........ 9 10 255 57 22 37 
For interior contact at egress.......... 12 48 255 51 22 34 
For exterior contact at egress......... 13 18 255 51 —22 34 


The investigation to be made is conveniently divided into two problems 


ProsiemM I.— To find the point of the earth’s surface at which contact takes 
place at a given time and at a given altitude. 
Let 
w = the longitude of the required point west from the first meridian ; 
= its latitude; 
wu = the sidereal time at the first meridian ; 
h = the given altitude; 
6 = the parallactic angle at the point of contact; 
8’ = »p —a’— w = the hour-angle of the point of contact. 


The general formulas of spherical trigonometry, applied to the triangle 
formed by the zenith, the pole, and the point of contact, give these equa- 
tions: : 

cos g sin! = cosh sin@, 
cos y cos %’ = cosd’ sinh — sind’ cosh cos6, 
sing = sind’ sinh + cosd’ cosh cos@. 


As soon as @ is known, these three equations, together with the equa- 
tion, 
o=p—d—H=pi— 


give the position of the required point. To obtain 6, resort must be had to 
the equation defining the condition of contact, viz. : 


(¢— wy? = (@—&) + (y—1)', 
= 2+ y? —2(aE + yn) + 7 —O. 


In place of x and y make the usual substitutions, 


z=msin UM, 
y=mcos M, 
then 
m — (1 —16)’ =f p—e 


ésinM+7cosM= orn 
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The numerical value of each member of this equation is always less 
than unity, and it will be determined, to a sufficient degree of precision, with 
four decimals. The average value of the denominator 2m is about 80; 
hence, in the numerator it will be sufficiently accurate to put p* = 1, and 
2g = 2mig, and neglect the term — 7°0?; and if terms multiplied by 
7? and e” are neglected, it is plain that ¢=sinA. Thus simplified, the equa- 
tion becomes 

E sin M + 7 cosa Ett, isin h—g- sin’ h. 

The right hand member of this equation is a known quantity, and it 
only remains to discover the expressions of £ and y in terms of @ to have the 
equation determining 0. . 

The known expressions for & and 7 are 

E=pcos¢’ sin’, 
7 =p cosd sing’ —p sind cos¢’ cos#. 


But if terms of the order of e* are neglected, 


Cos 
p COs gy! = fee ; 


(1 —e’) sing 


sin g’= 
e gY p 


Putting » =a —a, replacing S by its value 3’ +, and making cosy = 1 
since y is a very small angle, the above expressions become 


p&é = cos¢ sin %’ + siny cos¢ cos #, 
pn = (1—e’) cosd sin g — sind cos ¢ cos # + siny sind cos¢ sin #. 


In these equations substitute for cos sin SX’, cos @ cos 8’, and sin ¢, their 
values in terms of 6, which have been given above; then 
p& = cosh sin@—sin» sind’ cosh cos@ + sin» cosa’ sinh, 


pn = sin» sind cosh sin é@ + [cos (d' —d) —e’ cosd’ cosd] cosh cos @ 
+ [sin (d'’ —d) —e’ sind’ cosd] sink. 


But since d! and d are very nearly equal, the last equation may be written 


py = sin» sind’ cosh sin @ + (1—e’ cos’d’) cosh cos 0 
+ [sin (d’ — d) — te’ sin 2a’] sinh. 
Put now 
sinx = sin» sind’, &’ sin x= sin (d’ —d) — te’ sin 2d’, 
K=1—e’ cos’ d’, K’ cosx’= sin» cosd’. 
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The quantities K, x, K’, and x’ will be sensibly constant for the duration of 
each contact on the earth’s surface. Then 


p& = cosh sin @—sinx cosh cos6 + K’ cosz' sinh, 
pn = sinx cosh sind + K cosh cosé + K’ sin’ sinh. 


Since x is very small and £ nearly unity, there results from these equa- 
tions, 


p[& sin M+ 7 cos M]=sin(M-+ x) cosh sind + K cos (M + x) cosh cos 0 
+’ sin(M +) sinh. 
In the next place make 
L sin (M+ a) = sin (M+ cD 
Leoos(M+i4)=K cos(M +), 


from which may be derived the sufficiently approximate values 


LI =1—e’ cos’ d’ cos’ M, 
= te’ cos’d’ sin2M + sina’, 


from which it appears that, since M does not vary much, Z and A are 
sensibly constant for the duration of each contact on the earth’s surface. 


Then putting 
y=MU+A, 
p[& sin M+ 7 cos M]= L cosh cos(¢@—y) + K&’ sin(M+~) sink, 


substituting for & sin M+ y cos IV, its value, 


m—-P+1. .. Tes 
Laie +isinkh— z sin’h, 
and making 
_m—P+1 
a= RUST Oe 
i— K' sin(M+%’ 
ee nM +») 
it 
extn? 


and remembering that p and unity may be considered equal when multiply- 
ing a small term, the final equation for determining 0 is 


cos (0—y) =p sech[A + Bsinh + C sin’h]. 


This equation possesses the advantage of having its terms separated 
into factors, one of which depends on the time only, and the other on the 
altitude only. Thus, in computing the positions of a series of points on a 
curve of the first class, the quantities A, B, C, and y, since they are func- 
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tions of the time only, remain constant. B may be regarded as sensibly 
constant for the duration of each contact on the earth’s surface, and C is 
nearly so. A, C, and y are tabulated at intervals of a minute for the dura- 
tion of each contact on the earth’s surface. 

The right hand member of the above equation contains the unknown 
factor p; in a first approximation this will be put equal to unity, and the 
value of 6 thus obtained substituted in the equation, 


sing = sind’ sinh + cosd’ cosh cos 0. 


Then a sufficiently accurate value of p is given by the equation, 


p=1—¢ sin’¢. 


However, as four-place logarithms are amply sufficient for all these compu- 
tations, and the means of estimating the value of to within a degree or 
two are usually not wanting, the repetition of the computation can be 
avoided. The equation gives two values for 6, corresponding to two points 
on the earth’s surface, which satisfy the conditions of the problem, and p 
must be determined separately for each. 

It remains to discover the limits between which the time and the alti- 
tude must lie, in order that the solution may be possible. It is evident that 
when, for a given time, A has its maximum value, the equation determining 


6 becomes 
cos (¢—7) = £1. 


Thus the condition of contact taking place at maximum altitude is 


cosh=+p[A+ Bsinh+C sin’h]. 


The ambiguous sign must be so taken that cosh may be positive. If 
is put equal to unity or regarded as known, this equation will be of the 
fourth degree in sin; but since A must be in the first quadrant, it will be 
found, in general, to have but one root applicable to the problem. It is 
readily solved by successive approximations; a first value of h may be 
derived from cosh=-+ A. According as the upper or lower sign has 
place, the value of 6 is y or y + 180°. In this case of maximum altitude, 
the two solutions of the problem become identical. 

Since each curve of contact at the same instant must have two points 
for h = 0, it follows that the time must be so taken that the numerical 
value of Ap may not exceed unity. Thus the equations, 


Ape +1; 
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give the times of first and last appearance of the contact on the surface of 
the earth. 


In the special case of contact on the horizon, A = 0, the equation deter- 
mining 6 takes the simple form 


cos (@—y) = Ap, 


and the equations determining the position of each point reduce to 


cosy sin = sgin@, 
cos g cos %’ =— sind’ cosé, 
sing= cosd’ cosé, 
oz My ae 


It is worthy of remark that the equation determining 6 remains the 
same if h, instead of being exactly zero, is a small positive or negative 
angle ; for sec will be sensibly unity, and, B and C being small, the terms 
B sinh and C'sin’h may be neglected. Hence, in taking into account the 
effect of refraction on the position of points, where contact takes place in 
the horizon, 6 may still be derived from the equation, 


cos (9 —y) = Ap, 


but it will be necessary to make A= — (the horizontal refraction) in the 
equations determining and ». 

The particular case where h = 90°, or contact in the zenith, requires 
notice. Here the equation determining 6 reduces to 


A+B+C=0. 


This determines the time at which the phenomenon takes place; and the 
equations for the position of the point reduce to 


, 
O== fy, 


DOK 


Prosuem II.— Zo find the point of the earth’s surface at which contact takes 
place at a given point on the sun’s limb and at a given altitude. 


If the angle of position of the given point measured from the north 
point of the sun’s limb toward the east is denoted by Q, the fundamental 
eclipse equations are 

(J—7%) sinQ@=a—6é, 


(1— 1%) cosQ=y—7. 
16 
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In these equations sin A can be substituted for ¢, and # and y can, with 
sufficient approximation, be represented by the expressions, 


ik det , 
=X + dt p) 
. d 
Yeyer ort, 
if ¢ is counted from an epoch near the middle of the duration of the contact 
on the earth’s surface. Putting now 


; dx ; 
=m, sin U,, gan siny, 


Yo =m, cos M,, 


a =ncos J, 
we have 


E=m, sin M,—(1—‘i sinh) sinQ + nt sin XN, 
7 =m, cos M, — (l—1 sinh) cos Q + nt cos XN. 
From these equations are derived the following, 
Ecos N—7 sin N=™m, sin(M,— N)—(—i sinh) sin(Q— WN), 
nt = & sin N + » cos N—™m, cos (M, — V) + (1—7 sinh) cos(Q — VV). 
The values of & and y found in the first problem must be substituted in 
these equations. The first member of the first of these equations is obtained 


simply by writing N+ 90° for M in the first member of the corresponding 
equation of the first problem. Hence, making 


I/= 1—e’cos’d sin’ XN, 
X = — $e’ cos’d’ sin2N +» sind’, 
y =N+274+ 90°, 


these quantities are constant for the duration of each contact on the earth’s 
surface, and there is obtained the equation 


p[& cos N—y sin V]= L’ cosh cos(@—7') + K’ cos(N + ~’) sink. 
Consequently, if 


Hs U8 Lee 

A = 77 sin (M,— V)—psin(Q-Y), 
dure IE 

B’ = sin (M,— N) —; cos(N +7), 


where Q has been put equal to M in the term multiplied by 7, the equation 
determining 6 in this problem becomes 


cos (06 —y’) = p sech[A’ + B’ sinh]. 
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The equation giving the value of né is only needed for the purpose of 
obtaining wi, which it is necessary to have in order to geta from . In 
this it will be sufficiently accurate to put for € and » their approximate 
values, 


E= cosh sin @, 
n= cosh siné, 


and neglect the term multiplied by 7; then 
nt = cosh cos (6 — VN) — m, cos(M,— N) +l cos(Q—N). 


If uw denote the value of uj at the epoch from which ¢ is counted, yu’ the 
motion of uj in a unit of time, and 


! yl! 
A" = 1. — ™ cos (My — N) + “cos (Q— NW), 


the expression for uj is 
we Al + , cosh cos(@— WV). 


After 6 and uw; have been determined from the equations just given, the 
position of the point on the earth’s surface is found by means of the same 
equations as in the first problem. Thus it appears that the solutions of the 
two problems are quite similar, the only differences being that the term cor- 
responding to C sin’ hf, in the factor of the equation which determines 9, is 
wanting, and that a separate computation must be made for u;; and the 
remarks to be made regarding the solution of the equation determining 0, 
and the limits between which Q and A must be assumed, in order that solu- 
tion may be possible, are quite similar to those made in the first problem. 
While B’ and »’ are constant for the duration of each contact on the earth’s 
surface, A’ and A” involve the variable Q, and may be tabulated with Q as 
the argument within its limiting values. The equation determining 0 gives 
two values for this quantity, corresponding to the two points on the earth’s 
surface, which satisfy the conditions of the problem; and p must be deter- 
mined separately for each. 

The condition of contact taking place at a given point on the sun’s 
limb, and at the maximum altitude, is 


cosh = + p[A’ + B sinh], 


and the equations 
Fe 7 Somos oil 
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give the limiting values of Q. In finding the points on the curves of the 
second class, which are common to the curve of contact on the horizon, @ is 


derived from the equation 
cos (9—/') = A’p, 


but h = —(the horizontal refraction) in the equations which determine } 
and 3’. In computing the value of uw; for each of the two solutions of the 
problem, it will be noticed that, with sufficient approximation, the second 
term has the same numerical value but opposite signs in the two solutions; 
and, in the case of maximum altitude for a given value of Q, the equation 
becomes simply 
yA 

In this case also, it will be advantageous to compute four auxiliary 

quantities from the equations, 


p cose = cos d’, p' sine’ = sind’, 
psine=sind’cosé, p’ cose’ =cosd’ cos@’, 


by means of which the equations determining @} and S take the form, 
cos ¢ sin # = cosh sin @, 
cos ¢g cos # =p sin(h—e), 
sing =p’ cos(h—e’). 


As @ is constant in this case, p, p’, €, , are so likewise, provided that 
after the point of maximum altitude has passed the zenith, A be supposed 
to increase from 90° to 180°, or, in other words, that 180°—A be used 
instead of h. 


VALUES OF THE QUANTITIES EMPLOYED. 


Denoting the four contacts in their order by the symbols I, II, IIT, and 
IV, the values of the various quantities employed in the foregoing discus- 
sion are: 


I II III IV 
Epoch from which ¢ is counted, 8" 40™ 9° 10™ - 12" 48™ 13" 18™ 
Dy Rae Toh tice Lemay porvhsik sl MOC Reon Bs +18’ +16’ —6! —8’ 
LOG FO tee ets, pe keane 71.9187 1.9158 1.9359 1.9417 
fe ei Ge aaah ie 3 7s 2 ey 54° 20/ 58° 33 100° 46’ 104° 14’ 
Cc i-a Oey UNA ar MEE ER GLA) 9.9989 9.9986 9.9977 9.9977 
ATV RT Ure MIATUNG, Gh pee eu tone +3’ +4 —3’ —1’ 
log Ai sieioe tea le ints n't.1880 1.2228 n'l.B415 n't.3411 


. 284° 50’ 30’.5 284° 48’ 49’.5 284° 36’ 36.5 284° 34’ 55’.6 


) 


CHARTS AND TABLES OF THE TRANSIT OF VENUS 


125 
I II UI IV 

hes 9.9977 9.9977 9.9977 9.9977 

x; CART. eee ; —2’ —1’ +7’ +8’ 

4sin(M,— WN), +34,0289  +84.0187 +34.0188 +34.0290 

log E z| ; 1.616412 1.587591 1.587600 1.616423 

i ie 14° 49" 14° 48” 14° 44! 14° 43/ 

log B’, . 7.3788 7.3517 7.3349 7.3605 
wt 

to—" cos(M—N), . . 166° 23’ 166° 26" 166° 43’ 166° 45’ 
/ 

log | Fin minutes of are | thee 3.5657 3.5369 3.5368 3.5656 
, 

log | in minutes of are | oe 1.9516 1.9516 1.9515 1.9515 

logp, . a 9.99758 9.9978 9.9979 9.9979 

aera 21° 9" 21° 56’ —Rne paler Loxe'gas 

logy’, . 9.9876 9.9876 9.9877 9.9877 

Ha A a —156° 40’ = —156° 41’ Biyae phi 1 LO8e 15! 


The quantities which vary with the time and with @ are given in the 
following tables. 


I.—for Exterior Contact at Ingress. 


ween A log C y BY Dhges A log 0 y BS 
h m ° d ° h m ° r | ° / 
8 29 +1.0339 m 8.0752 5129 128 56 8 40 —0.0313 n 8.0864 4925 181 41 
30 0.9360 0762 6118 129 11 41 0.1268 0874. 4913 181 56 
31 0.8383 0772 51 7 129 26 42 0.2220 0884 49 1 18211 
32 0.7408 0782 5056 129 41 43 0.3170 0894 4850 132 27 
33 0.6435 0793 5044 129 56 44 0.4117 0904 4838 182 42 
34 0.5464 0808 5033 180 11 45 0.5061 0914 48 26 182 57 
35 0.4495 0813 50 22 130 26 46 0.6003 0924 4814 133 12 
36 0.3529 0823 5011 180 41 47 0.6942 0934 48 2 183 27 
37 0.2565 0883 4959 130 56 48 0.7878 0943 4750 183 42 
38 0.1603 0844. 49 48 181 11 49 0.8811 0953 4738 183 57 
39 +0.0644 0854 4936 131 26 50 0.9742 0963 4726 184 12 
8 40  —0:0313 8.0864 4925 181 41 8 51 —1.0670 8.0973 4714 184 27 

Q A’ A” Q A’ All Q A’ All 
46°50 —1.0360  133°54° 48°30 —0.3841 132° 26 5010 +0.2969  130°58 
47 0 0.9721 133 45 40 0.3173 13217 20 0.3666 130 49 
10 0.9079 133 36 50 0.2502 132 8 30 0.4366 130 40 
20 0.8435 133 27 49 0 0.1828 131 59 40 0.5069 130 31 
20. 0.7788 183 19 10 0.1152 131 51 50 0.5774 130 28 
40 0.7188 133 10 20 —0.0472 131 42 51 0 0.6482 130 14 
50 0.6484 183 1 30 +0.0211 131 33 10 0.7193 130 5 
48 0 0.5827 132 52 40 0.0897 131 24 20 0.7907 129 56 
10 0.5168 132 43 50 0.1585 131 15 30 0.8624 129 47 
20 0.4506 132 35 50 0 0.2276 131 7 40 0.9348 129 39 
4830 —0.3841 132 26 5010 +0.2969 130 58 5150 +1.0065 129 30 
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II.—Ffor Interior Contact at Ingress. 


MT. A log 0 y by abs A log C y Ms 
h m ye oe: hm ore, ome 
8 57 +1.0501 8.1034 46 1 185 57 9 10 —0.0238 8.1155 4813 139 18 
58 0.9651 1044 4548 136 12 11 0.1037 1164 48 0 139 28 
59 0.8807 1053 45 36 136 27 12 0.1832 1173 42 47 139 43 
9 0 0.7967 1063 45 23 186 42 13 0.2623 1181 4233 139 58 
1 0.7130 1072 4510 136 57 14 0.3410 1190 4220 140 13 
2 0.6296 1081 44.57 187 12 15 0.4198 ~ 1199 42 7 140 28 
3 0.5466 1091 44 45 187 27 16 0.4972 1208 4153 140 43 
4 0.4640 1100 44 32 187 42 17 0.5746 1217 4139 140 58 
5 0.3817 1109 4419 18757 18 0.6515 1225 4126 141 13 
6 0.2998 4118-44 6 «18842 19 0.7280 1234 4112 141 28 
7 0.2183 1127 48 53 ©1388 28 20 0.8040 1243 40 58 141 43 
8 0.1372 1187 4839 138 43 21 0.8795 1251 40 44 141 58 
9 +0.0565 1146 43 26 188 58 i 99 0.9546 1260 4030 142 13 
9 10 —0.0238 n81155 4813 139 13 9 23 —1.0292 n8.1268 4017 142 28 
Q A! All 4) Al All Q A’ Al’ 
39°50 —1.0401 142°10 4% 0 —0.3965 140 13 4410 +0.2984  188°19 
40 0 0.9924 142 1 10 0.3449 140 4 20 0.3517 188 10 
10 0.9444 141 52 20 0.2930 139 55 30 0.4073 138 2 
20 0.2961 141 43 30 0.2409 189 47 40 0.4632 137 53 
30 0.8474 141 34 40 0.1885 139 38 50 0.5194 187 44 
40 0.7985 141 25 50 0.1858 139 29 45 0 0.5758 187 35 
50 0.7493 141 16 43 0 0.0827 139 20 10 0.6325 137 26 
41 0 0.6997 141 7 10 —0.0294 139 11 20 0.6895 137 18 
10 0.6499 140 58 20 +0.0242 139 3 30 0.7468 137 9 
20 0.5998 140 49 30 0.0781 138 54 40 0.8044 137 1 
30 0.5494 140 40 40 0.1322 138 45 50 0.8623 136 52 
40 0.4987 140 31 50 0.1866 138 37 46 0 0.9204 136 44 
50 0.4477 140 22 44 0 0.2414 138 28 10 0.9788 136 35 
42 0 —0.3965 140 18 4410 +0.2964 138 19 4620 +1.0375 136 27 


III.—Ffor Interior Contact at Egress. 


eek A log C y Wy meee A log ¢ y ea 

hm Ae Bey hm meg one 

1235 —1.0188 mn 8.1276 —10 53 190 41 1248 —0.0100 m 8.1162 —13 50 193 57 
36 0.9440 .1268 1 190256, 49 +0.0706 1153 14 3 194 12 
37 0.8687 -1259 nba ea se i el 50 0.1515 1144 1416 194 27 
38 0.7929 1251 11 34 191 26 51 0.2329 1135 14 29 194 42 
39 0.7166 1242 11 48 191 41 52 0.38147 1126 14 42 194 57 
40 0.6399 1233 12 22 101756: 53 0.3968 -1116 1455 195 12 
41 0.5627 -1224 1216 192 14 54 0.4793 .1107 15) 8 195227, 
42 0.4850 .1216 12 29 192 26 55 0.5622 .1098 15 21 195 42 
43 0.4069 .1207 12 48 192 41 56 0.6454 1089 15 34 195 57 
44 0.3284 .1198 12 56 192 56 57 0.7290 -1079 15 46 196 12 
45 0.2494 .1189 ADe OOS idee 58 0.8129 .1070 1559 196 27 
46 0.1700 .1180 Toe 8 Loosen 12 59 0.8972 -1060 1611 196 42 
47 0.0902 ALTA 13 36 ©6198 42 13 0 0.9819 1051 16 24 196 57 


1248 —0.0100 m 8.1162 —13 50 193 57 13 1 +1.0669 m 8.1041 —16 36 197 12 
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Q A!’ Al” Q A’ All Q A’ All 
° / e é ° d ° é ° / ° é 
—10 30 —1.0148 191 4 —12 40 —0.3690 193 0 —14 50 +0.3258 194 55 
40 0.9669 191 13 50 0.3173 1938 9 15 0 0.3818 195 4 
50 0.9187 191 22 13 0 0.2653 193 18 10 0.4371 195 13 
LT 0 0.8702 191 31 10 0.2181 193 27 20 0.4931 195 21 
10 0.8215 191 40 20 0.1605 193 36 30 0.5494 195 30 
20 0.7724 191 49 30 0.1076 193 44 40 0.6059 195 39 
30 0.7280 +191 58 40 0.0545 193 53 50 0.6628 195 47 
40 0.6733 192 7 50 —0.0010 194 2 16 0 0.7200 195 56 
50 0.6283 192 16 14 0 +0.0528 194 11 10 0.7775 196 5 
12 0 0.57381 192 25 10 0.1069 194 20 20 0.8353 196 13 
10 0.5226 192 34 20 0.1612 194 29 30 0.8933 196 22 
20 0.4717 192 48 30 0.2158 194 37 40 0.9515 196 30 
30 0.4205 192 51 40 0.2706 194 46 —16 50 +1.0101 196 39 
—12 40 —0.3690 193 0 —14 50 +0.3258 194 55 


IV.—for Exterior Contact at Egress. 


A log @ Y bh 


M.T M.T. A logid x wy 
hm ay C27) hm ast: ows 
18 7 —1.05386 m 8.0988 —17 48 198 43 1318 —0.0144 m 8.0874 --19 59 201 29 
8 0.9605 .0974 18 1 198 58 19 +0.0817 .0864 2010 201 44 
9 0.8671 .0964 LSses 199413 20 0.1780 0854 20 22 201 59 
10 0.7735 .0954 18 25 199 28 21 0.2745 .0844 20°33 202 14 
11 0.6795 .0944 18 37 199 44 22 0.3713 .0834 20 45 202 29 
12 0.5853 .0934 18 49 199 59 23 0.4683 .0823 20 56 202 44 
13 0.4908 .0924 19 0 200 14 24 0.5655 .0813 21 8 202 59 
14 0.3960 .0914 1912 200 29 25 0.6629 .0803 2119 203 14 
15 0.3010 .0904 19 24 200 44 26 0.7605 .0793 21°30 — -203' 29 
16 0.2057 .0894 19 36 200 59 27 0.8583 .0783 21 41 203 44 
17 0.1102 .0884 19 47 201 14 28 0.9563 .0772 2153 203 '59 
1318 —0.0144 m 8.0874 —19 59 201 29 13 29 +1.0545 m 8.0762 —22 4 204 14 
Q A’ All Q A’ Al Q A!’ All 
° i ° 4 ° / ° ° / ° 
—17 30 —1.0021 199 18 —19 10 —0.3487 200 48 —20 50 +0.3341 202 16 
40 0.9380 199 27 20 0.2817 200 57 21 0 | 0.40389 202 25 
50 0.8737 199 36 30 0.2144 201 6 10 0.4739 202 34 
18 0 0.8091 199 45 40 0.1468 201 15 20 0.5443 202 42 
10 0.7443 199 54 50 0.0790 201 24 30 0.6150 202 51 
20 0.6791 200 3 20 0 —0.0109 201 33 40 0.6859 203 0 
30 0.61386 200 12 10 +0.0575 201 41 50 0.7572 203 8 
40 0.5478 200 21 20 0.1262 201 50 22 0 0.8288 203 17 
50 0.4817 200 30 30 0.1952 201 59 10 0.9006 203 26 
19 0 0.4153 200 39 40 0.2645 202 8 20 0.9727 203 34 
—19 10 —0.3487 200 48 —20 50 +0.3341 202 16 —22 30 +1.0451 203 43 


BEGINNING, ETC., OF EACH CONTACT. 


From the foregoing data are readily derived the times, and position of 
the places, at which the following phenomena occur. 
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Wash. M. T. Longitude. Latitude. 

h m Yen On 

Contact I begins on the earth .......... 8 29.335 55 27 +35 24 
occurs in the zenith ......... 8 39.530 131 34 —22 38 

ends on the earth ........... 8 50.292 244 25 —38 24 

Contact II begins on the earth .......... 8 57.572 65 53 +40 15 
occurs in the zenith ......... 9 9.520 139 6 —22 37 

ends onthe earthy aie scceciete 9 22.630 257 24 —44 22 

Contact III begins on the earth .......... 12 35.216 86 40 —64 33 
occurs in the zenith ......... 12 48.314 194 2 —22 34 

ends on the earth ........... 13 0.244 235 18 +62 48 

Contact IV begins on the earth .......... 13 7.548 58 15 —61 0 
occurs in the zenith ......... 13 18.300 201 33 —22 34 

ends) on theearth en... cunt 13 28.471 251 17 +59 20 


APPROXIMATION OF THE CURVES TO CIRCLES. 


The curves to be drawn on the charts approximate so closely to circles 
of the sphere that it has been deemed sufficient to compute the positions of 
three points on each curve, namely, the two at which contact occurs on the 
horizon, and the one for which the altitude is a maximum, and then regard 
the curve as a circle of the sphere passing through these points; and, as the 
stereographic projection has been chosen for the delineation of the charts, 
the projected curves will also be circles. 

But it will be of interest to determine beforehand how great an error 
can be produced by this assumption. And first, in the case of the time- 
curves, let o be the radius of the circle of the sphere passing through the 
three points, and adopt the subscripts (0), (1), (2), (8), for the quantities 
which refer respectively to the pole of this circle, the points of contact on 
the horizon, and the point of maximum altitude. Theno and the position of 
the pole of this circle are determined by the equations, 

SiN ¢, SIN go + COS ¥, COS ¥ CoS (1; — 1%) = Cosa, 
Sin ¢, SIN Yo + COS Y, COS ¥y COS (#, — %) = COSc, 
SIN 3 SIN Y, + COS Y; COS ¥ COS (F; — 9) = COSC, 


or, if for the moment we write, in general, 


aS + Ul 
x= cos ¢ sin 8, 
y = cos ¢ cos &, 
Z= sn'¢., 


by the equations, 
; LyX + Yi Yo + 4% = COSC, 
LyX + YoYo + 2% = COSG, 
Ly Xo + Ys Yo + 23% = CO8G. 
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It will be sufficient to assume here that the circle which passes through 
the point of maximum altitude and the two points for which 2 = — (the 
horizontal refraction) will also pass through the two points for which h = 0. 
Consequently, we shall suppose that h, = 0 and f,=0. But, from the 
foregoing investigation, 


Sp = DAS Gopm sms SIRO IC Xs = Cosh, sin 0, 
Y% = —sind'cos#,, Y= —sind’cos@, Y; = cosd’ sin h,— sind’ cosh, cos 4, 
Z-—= cosa cos), 2% = cosd' cos¢,, % = sin d’ sin hi + cos d’ cosh, cos 6;, 


and if two unknowns, v and 7, are taken so that 


eR SEDN De 
Yo = — sin (d’ — tr) cosv, 
he = cos (d’ — t) cosv, 


the equations determining o, v, and ¢ are 


Sin @, sin v + Cos 4, COS v COS T = COSc, 
Sin 0, SiN v + COS 4, COS v COST = COSC, 
cos fA; sin @; sin v + Cos h; cos 4; Cos v Cos tT + Sin A; COS Vv Sin T = COSG, 


from which are derived 


; in 4 (0, + @ 
ay ee et SAD : 
COS $ (0, — %) 


cos $ (A, + 4) 


sec o COS v COS T = = 
cos (0, — 4%) ’ 


, £ (0, +6, — 20, 
sec ¢ cos v sin ct = 1s dos by eet 24s) , 
sin hy, fy 


cos 4 (¢,— 4,) 
But since 0, and 6, are given by the equations, 
2, 
cos ((, ~y7) = Ap, = A (1 - > cos’ d’ cos” a) ; 


2 
cos (0. —7) = Ap, = A (1 ~ cos" d’ cos’ 0, 


where 6, —¥ is nearly 360° — 6, + y, we shall have 
2 
cos | 7 | cos —. SSea2 el E — < 008" d’ (A? cosy + sin? 1) | 
sin | 7 | = + $A’e cos’ d’ sin 27. 


As for the ambiguous signs, they are determined by the following con- 
ditions : Let it be agreed that the position of the pole, for which o is less 
17 
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than 90°, is to be found. And as the equations ought not to be changed 
when the subscripts (1) and (2) are interchanged, let 
b, ~ Oy 
B= SO eae 
be so taken that @ is in the first quadrant, and let 


0. + 0 
i Taree 


0, + 


be taken in that quadrant which makes a 6; a small positive, or neg- 


ative, angle ; then 
Yo = y —4A’e’ cos’ a’ sin 27 
when A is positive, and this expression augmented by 180°, when A is nega- 
tive; and 
coef => + A E _ S cos’ d' (A? cos 27 + sin’ 7) | ) 


the ambiguous sign to be so taken that cos @ may be positive. The quan- 
tity cos Ca 6s) differs from unity by a quantity of the order of é, 


which may be neglected. Moreover, A; and @ are nearly equal. Thus, the 
equations determining o, v, and ¢ take the simpler forms, 


R sin Yo 
seC o s1n 0b = -——— > 
cos 2 
sec o cos v cos t = C0870. 
cos 7 
sec ¢ COS v Sint Ea Maal 
cos f 


Since h; — @ is small, its square may be neglected, and the equations give 


opivithy, 

DSTI. 

Pane eal 
COS 7o 


whence ¢ is a small positive or negative angle. The position of the pole of 
the circle is then given by the equations, 


COS ¢, COS *, = — COS 7, Sin (d’ — rt), 
COS G,)SiNi 0, — 1s Silas 
SIN ote cos 7, cos (d’ — t), 


, 9." 
Wo [4 — VY. 
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If the distance of any point on the time-curve from this pole be denoted 
by o’, then o/— o may be taken as a sufficiently exact measure of the error 
committed by our method of drawing the curve. 


But 
cos a! = x8 + YYo + 2%, 
z= coshsin 0, 
y = cos d’ sin h — sin d’ cos h cos 0, 
z = sind’ sin h + cos d’ cosh cos 0, 
whence 


cos o = cos f/ sin @ sin y, + cos h cos 0 cos y, cos t + Sin h cosy, sin Tt, 


or, as cos ¢ may be put equal to unity, 
cos o’ = (A; — 8) sinh + cos h cos (0— yp). 

The quantity o’—o is composed of two parts independent of each 
other ; the first depending on the curvature of the cone enveloping the sun 
and Venus, and proportional to the quantity we have denoted by C; the 
second due to the non-sphericity of the earth and proportional to e. These 


parts can then be determined separately. 
First, from the equations, 


cosh; = +(4+ Bsinh, + C sin’h,), 
Cosi ei 2: A, 


is obtained, with sufficient exactness, 
A,—B = F (64+ C sin £). 
But 
cos h cos (9 —y,.) = + (A+ Bsinh + C sinh) , 
COS otek A 


thus 
e cos o’ —coso = + C sinh (sinh — sin f). 


Secondly, from the equations, 
COSUP sn Alp, aA [2 — £ (sin d’ sin 8 + cos d’ cos Bf cos 7 | : 
cos 8 = + A [1—é’ cos? d’ (A’ cos 2y + sin’y)], 


we find that the part of A; — @ proportional to eé’ is 


h, —8 = 16 cos # [sin’ d’ sin 8 + sin 2d’ cos 8 cosy — cos’ d’ sin f sin’). 
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Also 
cos h cos (0 —y,) = + Ap + +e’ cos’ d’ sin 2y cos* # cos A sin (0 —7), 


mt E — (sin d' sin h + cosa’ cos h cos ay | ; 


2 
= 5 cos’ d' sin 2y cos? 8 ¥ (sin? 2 © sin? h) , 
cos h cos 6 = A cos y —¥ (sin’ 8—sin’ h) siny, 


where the sign of sin (9—y) must be attributed to the radical 
/(sin® 3 — sin’ h). 


After some reductions it will be found that 


Ce ig : - 5 i 
cos o — cos 6 = 3 (sin? d’ — cos’ d’ sin’) cos # sin h (sin f — sinh) 


2 
+ 5 sin 2d’ sin y cos @ sin h #/ (sin? # — sin’ h). 


Uniting to this the term proportional to C, we have the complete value 


2 
cos o — cos 6 = E sin’ d'— cos? d' sin’) cos 8 + | (sin 8 —sin h) sin h 
ne 


9 sin 2d’ sin y cos # sin hv (sin? @ — sin’ h) . 


It will be seen that this expression vanishes when h=0 and whenh=6, 
as it should. Differentiating it with respect to the variable sin h, in order 
to obtain its maximum value, we arrive at an equation of the fourth degree 
in sinh. Hence we are obliged to content ourselves with a superior limit 
to the maximum value, which, however, for practical purposes, may be 
regarded as identical with it. The first term of the expression has its 
maximum value when sin h= isin @, and the second when sin h= ae 
sin 8. Substituting these values in their respective terms, we obtain 


2 
i Sp ie (cos’ d’ sin’ y + 2 sin 2d’ sin y —sin? da’) sin 28 + 2 sin f, 


where the ambiguous signs, in both cases, must be so taken that the largest 
numerical value of the expression will be obtained. Replacing & and C by 
their values, and taking for the factor which involves d@/ and y the greatest 
value it can have, it results that o/ — o cannot exceed 


11’ sin @ + 2 sin 28, 


and the maximum value of this with regard to the variable @ is less than 12.’ 
Having regard to the scale on which the charts have been constructed, this 
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quantity may be considered as within the unavoidable errors produced by 
imperfection of drawing. 

It is worthy of remark that, in our method of drawing the curves, the 
error is only a fourth part of that which results from neglecting altogether 
the curvature of the cones enveloping the sun and the planet, as has gene- 
rally been done in treatises on practical astronomy. 

The investigation of the error in the case of the second class of curves 
differs somewhat from that of the first class, on account of uj not being con- 
stant for all points on the curve. The equations determining o and the 
position of the pole are 

sin ¢, sin ¢, + COS Y COS ¢, COS (w, — wu) = COS, 
Sin ¢, SIN Y, + COS Gz COS Y COS (w, — w,) = COS oc, 
Sin ¥; SIN ¢) + COS ¥Y3 COS Y, COS (w; — w,) = COSc, 


where 
/ 
i a sin G7) — a, 
wo, = AU+ oa. (0 — f) as 
Spies n eee 29 
on 7 Races a, A 
If we put 


Bays + i / poets) fa sate 19 
g=" sin (@—/)=+% yA—4, 


See if) 9! 
wo, = Ae Wo» 


g is a small angle, whose square may be neglected, and the equations, using 
the notation given in the case of the first class of curves, take the shape 


(4+ G91) ot (A— G1) Yo % % = COS o, 
(®.— JY2) Lo+ (Yat Yr) Yor %% = COSC, 
@, Lot Ys Yo + 23% = COSC. 
Put 
0, = 0,—g sind, 
0,=0,+g sind’, 


and, as g is here also a small angle, making cos t = 1, the equations, using 


the same notation as before, become 
sin 6; sin v + cos 0, cos v = Cosa, 
sin 4, sin v + COS 6, COS v = COSC, 
cos fh, sin 0, sin v + cos fh; Cos 0, cos v + sin A, COS v SIN T = COSc. 


These are entirely similar to the analogous equations for the first class 
of curves. Hence, the operations here being identical with those of the 
former case, it will be necessary to note only the final results. If 


y=7 —4$A’e’ cos’ d' sin 27’ 
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when A’ is positive, and this expression augmented by 180° when A’ is neg- 
ative, and 


1: 
cos 8 = + A’ E — es cos’ d’ (A” cos 27’ + sin? 7’) | ets > (1— A”) sin a’, 


the upper or lower signs being taken so as to render cos ( positive, then 


I 


and the position of the pole of the circle is given by the equations, 


cos gy sin% = siny, 
COB Yy COS %, = — COS 7, Sin (d’— 7), 
sing,= cosy, cos (d’—7), 
Oi, == Ae Ove 


To determine the error of representing this class of curves by circles of 
the sphere, 


cos o’ = sin ¢ Sin ¢, + COS ¢ COs Y COS (w—~a,), 


2 
ees A" —* cos h sin (0—7’) — &, 


whence 
if 
COS a! = 2X + YYo + Zo + - 
= (h; — f) sin h + cos h cos (6 — ~) 


cos h sin (0—7’)(ya, — ry) 5 


/ 
+ - v (sin? @ — sin? h) [cos d’ sin 7, sin 2 + sin d’ cosh sin (0—y)], 


U 
= (h, — 8) sinh + cosh cos (@—y,) + a sin d' (sin? 2 — sin’ h) 
+ — cos d! sin 7’ sin hy (sin’ # — sin’ h),, 


where the upper or lower sign is taken according as A’ is positive or nega- 
tive, and the sign of sin (6 — y’) is assigned to the radical 


V (sin’? 8 — sin’ h). 
I 
The part of cos o! — cos o which involves the factor a will be found to be 
+“ sin d’ sin h (sin @—sin h), 
Be S cos d’ sin 7’ sin hv (sin? @ — sin’ h). 

The part proportional to é is obtained from the analogous expression 
in the case of the first class of curves, simply by changing y into y/, and 
thus is | 
= (sin? d' — cos’ d’ sin? 7’) cos # sin A (sin @ — sin h) 


e 


9 sin 2d’ sin 7’ cos @ sin h ¥ (sin? 6 — sin’ h) . 


+ 
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Combining these two parts, we have 


2 / 
cos o’— COS 6 = E (sin? d’— cos’ d’ sin’ y’) cos @ + “sin a | (sin @—sin h) sinh, 
2 ’ 
+ E sin 2d’ sin y’ cos 8 + . cos d’ sin r'| sin 2A (sin? @ — sin’h). 


Deriving a superior limit to the maximum value of o/—o by the same 
method as in the former case, it is found to be, with regard to the vari- 
able A, 


2 
Jé—o6 = — ig (sin” d’ + 2 sin 2d’ sin 7’— cos’ d’ sin? ') sin 28 


, 
+ i ein d’ + 2cosd’ siny’) sin PB, 


where the ambiguous signs must be taken so as to make the numerical value 
of the expression the largest. On substituting the numerical values of d! 
and y’, it will be seen that the term proportional to e has no appreciable 
effect in augmenting the maximum value of o!—o, which is found to 
be 18/. 


POSITIONS OF POINTS OF THE CURVES. 


The positions of the points needed for drawing the curves are given 
below ; for the two points on the horizon 4 = — 35/; and for the point of 
maximum altitude, the value of this quantity is given in the last column. 


I.—LHuaterior Contact at Ingress. 


FIRST CLASS OF CURVES. 


Contact on the horizon. Contact at maximum altitude. 
Wash.M.T. Long. Lat. Long. Lat. Long. | Lat. Max. alt. 
8 30 TE 420) S-58e. 8 4547 +16 52 BUS Vy aay yl Bhd 
31 88 46 61 56 ALS + 5 37 87 4 15 41 33 32 
32 “107 51 66 27 37 56 — 2 40 94 22 9 32 42 45 
33 128 12 67 56 35 14 9 37 100 23 + 414 50 34 
34 146 54 67 3 32 45 15 48 105 42 — 0 34 57 32 
36 173 35 610% 27 48 26 48 115 18 9 14 70 5 
38 189 18 52 40 22 19 36 37 124 27 ily 81 3 
40 199 29 43 19 15 25 45 40 133 50 24 18 87 25 
42 207 4 33 18 5 45 54 4 144 9 31 8 76 24 
44 213 24 22 36 350 40 61 25 156 15 37 22 64 58 
46 219 20 10 42 325 43 66 17 171 29 42 50 52 28 
47 222 25 + 3 59 808 46 66 43 181 0 45 1 45 27 
48 225 50 — 3 36 290 27 64 58 192 25 46 32 37 31 
49 230 1 12 46 272 38 60 14 206 51 46 52 27 49 


8 50 237 1 —26 41 254 41 —49 38 228 10 —43 57 12 47 
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SECOND CLASS OF CURVES. 
Angle ot a 
LB of Contact on the horizon, Contact at maximum altitude. 
of contact. 
Wash.M.T.| Long. Lat. Long Lat. Long. Lat. Max. alt. 
47 0 259 46 —5333° 3H 62 bot a6 ae 262 16° 738 86, 9 10 
47 20 244 42 38 21 351 59 60 57 -~182 55 73 32 32 37 
47 40 237 41 27 52 T 26 52 52 158 46 65 0 44 28 
48 0 232 58 18 55 LG yok: 45 1 148 31 56 25 ' 54 19 
48 20 229 7 10 47 21 46 37 29 142 35 48 19 638 8 
48 40 225 39 — 3 10 26 5 30 11 138 27 40 31 71 238 
49 0 222 20 + 411 29 37 23 2 135 13 32 55 79 20 
49 20 219 i 11 24 32 44 15 54 132 30 25 23 87 10 
49 40 215 29 18 37 BORO 8 41 130 3 17 48 85 0 
50 0 211 36 25 54 38 29 —119 127 46 1051: 76 59 
50 20 207 2 33 24 41 28 + 6 24 125 28 — 1 55 68 38 
50 40 201 16 41 14 44 49 14 38 123 3 + 6 47 59 41 
51 0 193 11 49 34 48 57 23 43 120 19 16 26 49 45 
51 20 179 34 58 32 54 46 34 20 116 45 27 51 87 56 
51 40 147 8 +67 4 66 17 +48 37 110 22 +43 47 21 16 
Il.—Interior Contact at Ingress. 
FIRST CLASS OF CURVES. 
Contact on the horizon. Contact at maximum altitude, 
Wash.M.T.| Long. Lat. Long. Lat, Long. Lat. Max. alt. 
h m Ove: Oy Old) / o.4 ou Ones 
8 58 78 40 +53 6 57 25 +26 25 82 32 +31 1 15 42 
59 96 45 62 17 52 8 14 50 93 49 22° 24 28 46 
9:0 115 41 66 34 48 57 6 54 100 51 16° 5 37 46 
1 135 13 61 oT 46 28 + 0 22 106 20 10 45 45 8 
2 152 56 67 12 44 20 — 5 21 ial 3s} + 5 57 51 40 
4 178 21 61 57 40 27 15 23 AOA: — 2 36 638 7 
6 193 36 54 387 36 40 24 16 126 31 10 17 73 21 
8 2038 36 46 37 32 36 82 24 133 37 17 26 82 56 
10 210 52 38 17 27 48 40 5 140 52 24 13 87 48 
12 216 41 29 45 21 48 47 25 148 41 80 42 78 38 
14 221 45 20 53 13°17 54 24 157 33 86 56 69 18 
16 226 32 11 26 0 41 60 45 168 15 42 51 59 30 
18 231 24 +1 4 340 39 65 33 182 3 48 11 48 47 
19 234 8 — 4 52 326 47 66 42 190 51 50 27 42 47 
20 237 5 aA) 310 30 66 23 201 28 52 11 36 5 
21 240 45 18 42 293 3 63 53 214 42 52 57 28 10 
9 22 246 12 —28 48 275 6 —57 43 232 36 —51 42 17 20 
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III.—Interior Contact at Hgress. 


FIRST CLASS OF CURVES. 


Angle of 
eine oF Contact on the horizon, 
of contact. 

Long. Lat. Long. 

40 0 6.5 e-5T 48. 305 33° 
40 20 256 41 43 33 349 9 
40 40 249 44 34 27 6 45 
41 0 245 5 26 50 16 36 
41 20 241 26 20 1 23 3 
41 40 238 17 13 41 27 45 
42 0 235 26 7 40 31 25 
42 20 232 45 — 150 34 27 
42 40 230 7 + 3 51 Bi Ca 
43 0 227 28 9 30 39 31 
43 20 224 43 15 3 41 47 
43 40 221 48 20 50 43 57 
44 0 218 35 26 36 46 9 
44 20 214 55 32 34 48 27 
44 40 210 31 88 45 51 0 
45 0 204 57 45 13 banbD 
45 20 197 14 52 6 57 33 
45 40 184 50 59 24 62 36 
46 0 159 13 +66 27 71 37 
Contact on the horizon. 

Wash. M. T. Log. Lat. Long. 
h m Od os Caw 
12 36 67 18 —52 11 349 56 
: 37 76 50 43 42 330 38 
38 82 28 36 50 820 13 

39 86 37 30 45 313 26 
40- 89 57 25 11 308 35 

42 95 23 14 59 301 48. 
44 100 0 — 5 30 297 4 
46 104 18 + 3 33 293 21 

48 108 34 12 28 290 8 

50 ESE 21 22 287 8 

52 118 21 30 28 284 5 

54 124 57 39 57 280 44 

56 134 33 50 2 276 33 

57 141 44 55 19 273 50 

58 152 26 60 44 270 13 

59 170 41 65 49 264 43 

18 0 209 26 +67 32 251 50 


Contact at maximum altitude. 


Lat. 


—65 56 
64 4 
58 10 
51 59 
46 1 
40 9 
34 29 
28 53 
23 19 
17 45 
12 8 

6 25 
=) bod 

+ 5 34 
tet 
18 57 
26 37 
35 29 

+46 59 


‘ 


Lat, 


—65 24 
60 36 
5B 34 
50 46 
46 10 
37 24 
29 7 
21 4 
$3553 

—4 54 

+ 3 86 
12 41 
22 51 
28 38 
35 12 
43 10 

+55 3 


‘ 


Long. 


274° 


212 
179 
165 
157 
152 
148 
145 
142 
140 
138 
136 
134 
133 
131 
128 
126 
123 
118 


58° 


8 
26 
11 
24 
16 
30 
29 
58 


Lat. 


—69° 48° 


75 58 
70 41 
64 1 
57 30 
51 10 
45 5 
39 5 
33 12 
Zhe Lo 
21 24 
15 23 
9 13 
— 2 46 
+4 2 
11 22 
19 32 
29 8 
+41 49 


Max. alt. 
8°15 
26 37 
37 7 
45 38 
58 7 
60 2 
66 33 
72 52 
79 1 
85 8 
88 48 
82 32 
76 10 
69 32 
62 32 
54 59 
46 34 
36 38 
23 22 


Contact at maximum altitude. 


Long. 


86 
137 
159 
169 
175 
182 
187 
190 
193 
196 
199 
202 
206 
208 
211 
215 
223 


ii 
BL 
44 
51 
36 
34 

2 
32 
34 
27 
21 
29 

9 
24 
12 

9 
42 


Lat. 


—7§ 10 


77 40 
72 18 
66 37 
61 19 
51 18 
41 55 
32 53 
23 59 
14 57 
==) 30 
+ 4 26 
15 38 
22 0 
29 18 
38 10 
+52 6 


Max. alt. 
19 26 
29 31 
87 11 
43 49 
49 39 
60 16 
70 2 
79 22 
88 33 
82 9 
72 30 
62 9 
50 31 
43 52 
36 13 
26 50 
11 45 
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SECOND OLASS OF CURVES. 
Angle of 
eeepc ot Contact on the horizon. Contact at maximum altitude. 
of contact. 
Long. Lat. Long. Lat. Long. Lat. Max. alt. 
==10°40)316. 1), 62 46 1228  —66 50 S066: | 989 O16 8 
ib) 304 19 40 59 45 8 62 36 250 1 74 59 29 43 
11 20 298 50 82 24 60 29 56 30 224 56 68 57 39 30 
11 40 295) 57 25 2 69 45 50 22 213 42 62 15 47 41 
12 0 292 15 18 23 76 14 44 24 207 27 55 45 55 (0 
12 20 289 48 12 8 81 10 38 36 2038 23 49 30 61 47 
12 40 287 35 6 10 85 13 32 56 200 27 43 25 68 15 
13 0 285 31 — 0 23 88 44 27 20 198 13 37 28 74 31 
13 20 283 29 + 5 18 91 53 21 47 196 23 31 35 80 39 
13 40 281 24 10 57 94 48 16 13 194 48 25 42 86 45 
14 0 279 13 16 36 97 37 10 34 193 24 19 45 87 6 
14 20 276 50 22 18 100 22 — 4 49 192 6 13 42 80 51 
14 40 274 5 28 8 103 10 +1 7 190 49 7 28 74 26 
15°20 270 53 34 8 106 6 7 19 189 32 — 0 55 67 42 
15 20 266 49 40 24 109 17 13 52 188 8 +6 0 60 35 
15 40 261 25 46 58 112 56 20 58 186 34 13 31 52 50 
16770 253 24 53 59 117 26 28 54 184 34 21 59 44 6 
16 20 239 27 61 22 123 41 38 15 181 43 32 9 33 34 
—16 40 206 43 +67 44 135 51 +51 6 175 56 +46 36 18 22 
IV.—Lxterior Contact at Egress. 
FIRST CLASS OF CURVES. 
Contact on the horizon, Contact at maximum altitude. 
Wash. M.T.| Long. Lat. Long. Lat. Long. Lat. Max. alt. 
3s | ws | 49d 22°19 —66 49 92729 ws eG aS. Got: 
3 89 39 37 40 350 56 64 5 136 44 72 10 29 44 
10 95 17 29 12 335 3 59 2 159 56 67 18 38 58 
11 99 23 21 58 325 34 53 46 172 21 61 35 46 42 
12 102 43 15 28 319 2 48 27 180 2 55 52 53 35 
14 108 21 — 3 35 310 30 38 19 189 34 44 54 65 56 
16 113 25 + 7 22 304 48 28 34 195 52 34 25 77 20 
18 118 31 17 53 300 20 18 54 200 52 24 7 88 21 
20 124 11 28 19 296 27 —9 7 205 21 13 42 80 34 
22 131 13 38 54 292 37 + 112 209 48 — 2 47 68 59 
24 141 26 49 54 288 21 12 30 214 41 +9 9 56 16 
25 149 7 55 33 285 46 18 49 217 33 15 48 49 9 
26 160 34 61 11 282 33 ° 25 55 220 59 23 17 41 5 
27 179 43 66 10 278 5 34 18 225 35 32 8 31 27 
13 28 215 33 +67 37 269 28 +46 2 233 48 +44 25 17 40 
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SECOND CLASS OF CURVES. 


Anglo of 
at of Contact on the horizon, Contact at maximum altitude, 
of contact. 
Long. Lat, Long. Lat. Long. Lat. Max, alt. 
—1740 | 319 § —438°32 33°81 — 66 10. 294 S270 - 06 11) 20 36 
18 0 308 37 35 23 63 48 58 49 239 29 71 16 36 16 
18 20 303 17 25 27 ae AG 50 43 222 6 62 39 47 14 
18 40 299 26 16 44 85 26 42 56 214 8 54 12 56 43 
19 0 296 21 8 50 La yg 35 27 209 26 46 8 65 23 
19 20 293 33 — 118 95 55 28 12 206 18 38 24 73 32 
19 40 290 50 +6 2 99 54 21 3 203 47 30 50 81 26 
20 0 288 5 13 14 103 30 13 54 201 46 23 17 89 15 
20 20 285 5 20 27 106 56 — 6 40 199 58 15 40 82 53 
20 40 281 39 27 48 110 24 + 0 48 198 17 — 7 49 74 48 
21 0 277 26 35 22 114 1 8 37 196 33 + 0 25 66 19 
21 20 271 49 43 20 118 6 iy ye 194 40 9 19 57 10 
21 40 263 21 51 51 1237 26 26 192 23 19/19 46 51 
22 0 247 33 60 59 130 20 37 42 189 2 31 29 34 15 
—22 20 202 9 +68 1 147 35 +54 33 180 40 +50 42 14 0 


EXPLANATION OF THE CHARTS AND THEIR USE. 


These charts are the development by the stereographic projection of a 
sphere four inches in diameter. The center of each chart is in latitude 22° 
54’ south, and the border is at the distance of 100° from this zenith. The 
charts are so placed in longitude that the illuminated hemisphere, at the time 
of contact, may occupy the central portion of the chart. The longitudes, which 
are noted along the equator, are counted westerly from the meridian of 
Washington; and, to avoid the inconvenience of repeating the same figures 
as eastern longitudes, which might give rise to provoking errors in the use 
of these charts, the numeration has been carried beyond 180° up to 360°. 
The latitudes are noted along the middle meridian. The smaller islands of 
the Pacific and Indian Oceans have been indicated on the charts only in 
those regions which are favorably situated for observations for determining 
the parallax; and no geographical names have been placed on the charts, 
except the names of a few principal cities and towns and islands in the same 
regions. 

As to the curves delineated on the charts, one will notice, first, the 
continuous line in black limiting all the other broken lines, and on which 
is inscribed ‘Contact on the horizon.” At all points on this line the phe- 
nomenon of contact, mentioned in the title of the chart, will take place in 
the horizon ; that is, the point of contact common to the limbs of Venus and 
the sun will be in the horizon. As stated above, the horizontal refraction 
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has been allowed for in determining the position of this curve. This curve, 
then, limits the part of the earth’s surface in which the phenomenon is 
visible. At all points on the curve to the right of the middle meridian of 
the chart, the sun will be setting at the time of the phenomenon, and at all 
points to the left it will be rising. 

At any station within this curve, the altitude of Venus and the sun will 
be approximately equal to the arc of a great circle drawn from the station 
to meet the curve at right angles. On each chart will be found a ‘Scale 
for altitudes.” If, having plotted any station on the chart, we measure, with 
a pair of dividers, the shortest distance to the curve of “Contact on the 
horizon,” and then apply this distance to the scale, we shall get the altitude 
of the point of contact, with an error of not more than }°, or, in extreme 
cases, 4°, an approximation sufficient for the purpose of estimating the 
extinction of light. The scale is limited to 30°, as, beyond this point, the 
extinction of light is not of importance. 

The azimuth of the point of contact, differing but little from that of the 
sun’s center, may be estimated from the chart by drawing a line from the 
station to the central point of the chart, which lies on the middle meridian 
in latitude 22° 54’ south, and measuring the angle which this line makes 
with the meridian of the station. To avoid drawing this meridian, we may 
take points in the same latitude on the two nearest meridians, find the azi- 
muth at each, and then, by interpolation, the azimuth at the station. 

One will notice, next, the dotted lines in blue. At all points, on each 
of these, the phenomenon of contact takes place at the same instant, the cor- 
responding Washington mean time of which is noted at the right hand 
extremity of the line. It will be noticed that there is an interval of one 
minute between the times corresponding to the first five and last five curves 
on the chart, but that elsewhere the interval is two minutes. In addition 
to these curves, the positions, situated on the curve of ‘“‘ Contact on the hori- 
zon,” where the phenomenon of contact makes its first and last appearance 
on the earth’s surface, are indicated, as are also the times of their occur- 
rence. 


In the region crossed by the curves passing through the central part 
of the chart, where the intervals between the successive curves are nearly 
equal, one will have no difficulty in interpolating between them. Having 
plotted the station on the chart by its given longitude, counted west from 
Washington, and its latitude, conceive a line to be drawn through it, per- 
pendicular to each of the adjacent curves, and, having ascertained the pro- 
portion of the parts into which the station divides this line, find the time 
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which divides the interval between the times belonging to the adjacent 
curves in the same ratio. This will be the Washington mean time of the 
contact at the station. Subtracting from this the longitude west from Wash- 
ington, converted into time, one will get the local mean time of contact. It 
may be well to notice here that in Hastern Europe, Asia, Africa, Australia, 
and New Zealand, where the time has been arrived at in going eastward 
from Kurope, the transit occurs, in civil time, on December 9, but that in the 
Sandwich and other islands of the Pacific where the time has been arrived 
at in going westward from America and Kurope, the transit occurs on 
December 8. 

In the regions near the points of first and last appearance of contact, 
interpolation between the curves is more difficult, owing to the irregularity 
of the intervals. A satisfactory result, however, can be obtained from using 
the principle that the interval between the times, corresponding to two 
time-curves, is nearly proportional to the difference of the cosines of the 
maximum altitudes, at which contact occurs on these curves. This is best 
illustrated by an example. Let it be required to find the time of interior 
contact at egress, at Khiva, in the region east of the Caspian Sea. On refer- 
ring to chart No. 3, the time is seen to lie between 12°59™ and 130™. 
From the tables given above, we find that the maximum altitudes at which 
contact occurs on these time-curves are, respectively, 26° 50’ and 11° 45’. 
Interpolating between these, as in the preceding case, we shall find that the 
maximum altitude of the time-curve which passes through Khiva is about 
23° 8’, Then the required time is given by the following expression : 


cos 23° 8’— cos 26° 50’ 
cos 11° 45’— cos 26° 50’ 


12°59" + x1", 


and this is 12"59"™19°. When the station at which it is desired to find the 
time of contact lies within the first or last time-curve drawn on the chart, 
the point of first or last appearance of contact on the earth’s surface, with 
its associated time, takes the place in the interpolation of one of the time- 
curves. The error of the time of contact, derived in this way, ought not to 
exceed 5°. However, for stations in the central portions of the chart, it may 
sometimes be a little more. In this error we must be understood as includ- 
ing only errors of drawing, plotting, and measuring upon the chart, and not 
errors in the elements, on which the computations for the charts have been 
based, the effect of which may be very much larger. 

One will notice, lastly, the dotted lines in red. At all points, on each 
of these, contact occurs at the same point on the sun’s limb. The angle of 
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position of this point, counted from the north point of the limb toward the 
east, for the two charts which belong to the ingress, but toward the west for 
the two which belong to the egress, is noted at the left hand extremity of 
each curve. The interval between the angles, corresponding to two adjacent 
curves, is uniformly 20’. The angle of position of ‘the point of contact, for 
any station, can be found in precisely the same manner as the time from the 
time-curves. The greatest and least angles of position of the point of con- 
tact which occur on the curve of “Contact on the horizon” are not noted on 
the charts. As they may be needed in interpolation, I give them here. 


Minimum value, Maximum value. 


Chart No.) ch eugene eee 46°55.6 51 49.1 
Chart No. 2) .6 ce ee aes 39 58.4 46 13.6 
Chatt' No. back Ae ee cee 10 33.1 16 48.3 
Chart Noo 2.uc tines eee 17 30.3 22 23.8 


TABLES AND FORMULAS FOR COMPUTING TIMES OF CONTACT. 


As more accurate values of the times of contact may be desired than 
can be derived from the charts, tables of data, entirely similar to the data 
for solar eclipses given in the American Ephemeris, are here appended: 


I.—Lxterior Contact at Ingress. 


Wash. M. T. A B Cc 
g 29 +32.9620 +67.4082 —14.8430 129° 14.7 
30 32.7995 67.4513 14.7999 129 29.7 
31 32.6370 67.4944 14.7568 129 44.6 
32 32.4745 67.5375 14.7137 129 59.6 
33 32.3119 67.5806 14.6706 130 14.6 
34 32.1494 67.6237 14.6275 130 29.5 
35 81.9869 67.6667 14.5845 130 44.5 
36 31.8243 67.7098 14.5414 130 59.5 
37 31.6618 67.7529 14.4983 131 14.5 
38 31.4993 67.7960 14.4552 131 29.4 
39 31.3368 67.8390 14.4122 131 44.4 
40 31.1743 67.8821 14.3691 131 59.4 
41 31.0118 67.9251 14.3261 132 14.3 
42 30.8493 67.9682 14.2830 132 29.3 
43 30.6867 68.0113 14.2399 182 44.3 
44 30.5242 68.0543 14.1969 132 59.2 
45 30.3617 68.0974 14.1538 183 14.2 
46 30.1992 68.1404 14.1108 133 29.2 
47 30.0367 68.1835 14.0677 133 44.1 
48 29.8741 68.2265 14.0247 133 59.1 
49 29.7116 68.2696 13.9816 134 14.1 
50 29.5491 68.3126 13.9386 134 29.0 


8 51 +29.3866 +68.3557 —13.8955 134 44.0 
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Wash. M. T. 
h m 
8 57 


COoONanrtr WD FH 


NN DHPHE HEH He pep 
NE SCDCAMANIAARHWHHHS 


9 23 


Wash. M. T. 
hom 
12 35 
36 
37 
38 
39 
40 
41 
42 
43 
440 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
iY 10) 
lisse 


A 


+28.4115 
28.2490 
28.0865 
27.9239 
27.7614 
27.5988 
27.4363 
27.2737 
27.1112 
26.9487 
26.7861 
26.6236 
26.4610 
26.2985 
26.1360 
25.9734 
25.8108 
25.6482 
25.4857 
25.3232 
25.1606 
24.9981 
24.8355 
24.6730 
24.5104 
24.3479 
+24.1853 


A 


— 7.0414 
7.2041 
7.3668 
7.5296 
7.6923 
7.8550 
8.0177 
8.1804 
8.3432 
8.5059 
8.6686 
8.8313 
8.9941 
9.1568 
9.3196 
9.4823 
9.6450 
9.8078 
9.9705 

10.1333 
10.2960 
10.4587 
10.6215 
10.7842 
10.9470 
11.1097 

—11.2724 


Il.—Interior Contact at Ingress. 


B ¢c 
+65.9731 —10.9967 
66.0162 10.9536 
66.0592 10.9106 
66.1022 10.8676 
66.1452 10.8246 
66.1882 10.7816 
66.2312 10.7386 
66.2742 10.6956 
66.3172 10.6526 
66.3602 10.6096 
66.4032 10.5666 
66.4462 10.5236 
66.4892 10.4806 
66.5322 10.4376 
66.5752 10.3946 
66.6182 10.3516 
66.6611 10.3087 
66.7041 10.2657 
66.7471 10.2227 
66.7901 10.1797 
66.8330 10.1368 
66.8760 10.0938 
66.9189 10.0509 
66.9619 10.0079 
67.0049 9.9649 
67.0478 9.9220 
+67.0908 — 9.8790 
III.—Jnterior Contact at Egress. 
B Cc 
+75.2908 —1.6806 
75.3332 1.6382 
75.3757 1.5957 
75.4181 1.5533 
75.4606 1.5108 
75.5030 1.4684 
75.5454 1.4260 
75.5879 1.3835 
75.6303 1.3411 
75.6728 1.2986 
75.7152 1.2562 
75.7576 1.2138 
75.8000 1.1714 
75.8425 1.1289 
75.8849 1.0865 
75.9273 1.0441 
75.9697 1.0017 
76.0121 0.9593 
76.0546 0.9168 
76.0976 0.8744 
76.1394 0.8320 
76.1818 0.7896 
76.2242 0.7472 
76.2665 0.7049 
76.3089 0.6625 
76.3513 0.6201 
+76.3937 —0.5777 


be 
136°13.8 
136 28.8 
136 43.8 
136 58.7 
137 13.7 
137 28.7 
137 43.6 
137 58.6 
138 13.6 
138 28.6 
138 43.5 
138 58.5 
139 13.5 
139 28.4 
139 43.4 
139 58.4 
140 13.3 
140 28.3 
140 43.3 
140 58.2 
141 13.2 
141 28.2 
141 43.1 
141 58.1 
142 13.1 
142 28.1 


142 48.0 


Be 
190° 37.0 
190 52.0 
191 7.0 
191 22.0 
191 36.9 
191 51.9 
192 6.9 
192 21.8 
192 36.8 
192 51.8 
193 6.7 
193 21.7 
193 36.7 
193 51.6 
194 6.6 
194 21.6 
194 36.6 
194 51.5 
195 6.5 
195 21.5 
195 36.4 
195 51.4 
196 6.4 
196 21.3 
196 36.3 
196 51.3 
197 6.2 
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IV.—Leaterior Contact at Egress. 


Wash. M. T, A B Cc # 

13° 7 —12.2489 +79.2889 —2.9645 198° 36.1 
8 12.4117 79.3313 2.9221 198 51.0 

9 12.5744 79.3736 2.8798 199 6.0 

10 12.7372 i 79.4160 2.8374 199 21.0 
11 12.9000 79.4584 2.7950 199 35.9 
12 13.0627 79.5007 2.7527 199 50.9 
13 13.2255 79.5431 2.71038 200 5.9 
14 13.3882 79.5854 2.6680 200 20.8 
15 13.5510 79.6278 2.6256 200 35.8 
16 13.7138 79.6701 2.5833 200 50.8 
17 13.8765 79.7125 2.5409 201 5.7 
18 14.0393 79.7548 2.4986 201 20.7 
19 14.2020 79.7972 2.4563 201 35.7 
20 14.3648 79.8395 2.4139 ; 201 50.6 
21 14.5276 79.8818 2.3716 202 5.6 
22 14.6903 79.9242 2.3292 202 20.6 
23 14.8531 79.9665 2.2869 202 35.6 
24 15.0158 80.0089 2.2445 202 50.5 
25 15.1786 80.0512 2.2022 203 5.5 
26 15.3414 80.0935 2.1599 208 20.5 
27 15.5041 80.1358 2.1176 203 35.4 
28 15.6669 80.1782 2.0752 203 50.4 
13 29 —15.8296 +80.2205 —2.0329 204 5.4 


The other quantities needed for the computation may be taken to be 
constant for each contact, and have the following values: 


log Z log F log G log H A’ B’ and 0’ 

I 9.96323 9.96562 n 9.59632 nN 9.58290 —27.087 +7.177 
II 9.96323 9.96558 n 9.59629 n 9.58312 —27.091 +7.164 
III 9.96311 9.96546 n 9.59697 n 9.58382 —27.122 +7.070 
IV 9.96307 9.96546 n 9.59718 nN 9.58379 —27.127 +7.057 


A’, B', and OC! are respectively the variations of A, B, and C in one 
second, and are expressed in units of the fourth decimal place. 

If the values of these quantities be taken for a time 7, assumed near 
the time of contact at any place, an exact value of the time may be com- 
puted by the following formulas: 


gy = the latitude of the place, positive when north, 

w = its longitude from Washington, positive when west, 
loge = 8.9122, log(l—e)=9.99709, siny=esing, 

h=secycosg, k=(1—€’) secy sing, 

a=A—A|sin(u—v), 

6= B— Ek + Gh cos(u—e), 

c= — C+ Pk— Hh cos(vp—»), 

m = ¥ be, (usually with the same sign as @). 


re 
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If m =a, the time J is correctly chosen. If m differs from a, a cor- 
rection of the assumed time may be obtained in seconds, by the formulas, 


log v' = 9.8617, 
tan $9 =< = aan 


a’ = A’ — wh cos (u—v), 
oo = B’— Gh sin (u—v), 


rill 10000 (m — a) 
— @ +8 cot Q ’ 


and the actual Washington time of contact will be 
T, +t, 


and the local mean time of the phenomenon will be 
T,+t—wo. 


@ must be taken of the same sign with a, and is a sufficiently near 
approximation to the angular distance of the point of contact, reckoned from 
the north point of the sun’s limb toward the east. 

To find V, the angular distance of the point of contact from the vertex 
of the sun’s limb, positive toward the deft, we have the formulas, 

psin P=sin ¢g, 

p cos P = cos ¢ cos(u—»), 

esin C =cos FP tan (vu — a), 

e cos C=sin (P—0), 
V=0-¢, 


in which 0 is the sun’s declination. 

The following is an example of the computation of the time of interior 
contact, at ingress, at Honolulu, Sandwich Islands. The longitude and lati- 
tude of the place are derived from the Connatssance des Temps for 1868: 


g = + 21° 18712” w = 80° 51’ 45” 
(1) log e = 8.91220 
(2) log sin g = 9.56027 (1) + (2) log sin y = 8.47247 
(3) log (1—e*) = 9.99709 
(4) log sec y = 0.00019 (2) + (8) + (4) log & = 9.55755 
(5) log cos ¢ = 9.96926 (4) + (6) log h = 9.96945 


From chart No. 2 the Washington mean time of contact is found to be 
nearly 8" 58™ 24°, which will be taken as the value of %. 
19 ; 
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@) 
(2) 
(3) 


(4) 
(5) 
(6) 
(7) 
(8) 


(4) 


(20) 
(21) 
(22) 
(22) 


(29) 
(30) 


(31) 
(32) 
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Computation of t, the 


pu = 136° 32'.8 
4 —o = 55°41 


log sin (uv — w) = 9.91695 
log h = 9.96945 
log cos (u —) = 9.75110 


=(1)+(Q) loghsin(u — v) = 9.88640 
log vw’ = 9.8617 
log G = 9.59629” 
= (2) + (3) log hcos (u—w) = 9.72055 
log H = 9.58312n 
(6) + (7) log Gh cos (v — w) = 9.316840 
(7) + (8) log Hh cos(u—w) = 9.80367 


(5) + (7%) log uh cos(u — w) = 9.5822 
+ (5) + (6) log uv’ Ghsin(u — wv) = 9.34440 


log b= 1.8162035 
log ¢ = 1.0596051 


= $[(20) + (21)] log m = 1.4379043 


— (20) log tan ¢ Q = 9.6217108 
Angle from north point, @Q = 45°25'10" 
log cot Y = 9.9936 
log b’ = 0.8686 


(29) + (30) log d’ cot 2 = 0.8622 


log (m—a@) + 4=1.6532n 
log (a’ + 0’ cot Q) = 1.3050” 
(31) — (82) log ¢ = 0.3482 


Assumed time, ; 
Correction of the assumed time, 
Washington time of the contact, . 
Honolulu time of the contact, 


We have also C = 55° 1'.2, 


V=— 9° 36.0. 


correction of T, . 


(9) log H = 9.96323 
(10) log k= 9.55755 
Cit) log P= 9.96558 

(9) + (10) log Hk = 9.52078 

(10) + (11) log Fk = 9.52313 
(12) A = + 28.1840 
(13) —Asin(u—o) =— 0.7698 
(14) B= + 66.0334 

(15) — Hk=— 0.3317 
(16) Gh cos (u—ow) =— 0.2074 
(17) — C= + 10.9364 
(18) Fk= + 0,3335 
(19) — Ahoos(u—wv)=+ 0.2012 

(12) + (138) a= + 27.4142 
(14) + (15) + (16) b= + 65.4943 
(17) ++ 48) + (9) ¢=+ 11.4711 
m= + 27,4097 
m—a=— (0.0045 
(23) A’ =— 27.08 
(24) —whcoos(u—w)=— 0.38 
(25) BS se 19 
(26) —p'Ghsin(u—w)=+ 0.22 
(25) + (26) v= + 7.39 
(27) = (23) + (24) a’ = — 27.46 
(28) b' cot V= + 7.28 
(27) + (28) a + 9’ cot 9 = — 20.18 
hm 8 
T, = 8 58 24.0 
t= + 2.2 
8 58 26.2 
3 34 59.2 


and the angle from the _ vertea, 


LS ——— 
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The corrections which should be applied to the times of the four con- 
tacts for determinate changes in the elements, exclusive of the effect of a 
change in the constant of solar parallax, are given by the following formulas. 
In these 


6© =the correction of the sun’s longitude, 
6L=the correction of the orbit longitude of Venus, 
663=the correction of the longitude of the node of Venus, 
dB=the correction of the sun’s latitude, 
ds=the correction of the semi-diameter of Venus at the mean distance, 
ds’=the correction of the semi-diameter of the sun at the mean distance. 


All these quantities being expressed in seconds of arc, the corrections 
of the times of the four contacts, in their order, are 
8 Ss 8 s 
dT, = + 48.4 (8© — dL) + 3.00 (OL — 883+ 16.90B) — 97.4 ds — 26.1 ds", 
dT, = + 50.9 (8 — dL) + 3.94 (SL — 6 + 16.90B) + 116.3 ds — 31.2 os, 
OT, = + 30.2 (6© — 6L)— 4.68 (OL — 082 + 16.996) — 116.3 os + 31.2 os’, 
3T, = + 30.1 (8 — dL) —3.%5 (3L — 824 16.99B) + 97.4 ds + 26.1 ds’. 


These expressions have been computed for the center of the earth, but 
they may be taken as approximately exact for any point on the surface. 

An approximate value of the co-efficient of the correction of the con- 
stant of solar parallax, for any place, may be found by subtracting from the 
ascertained Washington mean time of contact at the place, the Washington 
mean time of the same contact occurring in the zenith, given on page 128, 
Thus in the example for Honolulu, given above, one finds that 


6T,= (8° 58" 26°.2— 9" 9.520) “e, 


= — 665*.0 os, 


0 


where 7, denotes the constant of solar parallax. It must be understood, 
however, that this method gives quite rude approximations. 


POSITION OF THE PLANET ON THE SUN’S DISC. 


All that precedes relates to the contacts; but it may be desired to find 
the position of the planet, when on the sun’s disc, relative to the center of 
this body. For this purpose the following tables of data are appended. 
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Wash.M.T.  @ ini minate: y Bee C a 
8 30 432.7995 —0.16251 126.3257  +10.04309 129°29.7 —22°52.5 
40 31.1744 16252 26.7565 4306 181 59.4 52.6 
50 ©=—-29.5492 16252 27.1870 4304 184 29.0 52.7 
9 0 27.9239 16258  —-27.6173 4301 186 58.7 52.8 
10.26.2985 16254 . 28.0473 4298 139 28.4 52.9 
20 «24.6730 16255 28.4770 4296 = 141 58.1 53.0 
30 23.0474 16256 28.9065 4293 = 144 27.8 53.1 
40 21.4217 16257  —-29.3857 4291 146 57.5 53.2 
50 —- 19.7960 16258 29.7647 4288 149 27.1 53.3 
10 0 18.1702 16259 30.1934 4286 151 56.8 53.4 
10 16.5443 16260 30.6219 4283 154 26.5 53.5 
20 =: 14.9188 16260 31.0501 4281 156 56.2 53.7 
30 =—-:18.2922 16261 31.4780 4278 159 25.9 53.8 
40 11.6660 16262 31.9057 4275 161 55.6 53.9 
50 ~—- 10.0897 16263 32.8331 4273 164 25.8 54.0 
11 0 8.4134 16264 32.7602 4270 166 55.0 54.1 
10 6.7870 16265 33.1871 4267 169 24.7 54.2 
20 5.1605 16266 38.6187 4265 171 64.3 54.3 
30 3.5338 16267 34.0401 4262 174 24.0 54.4 
40 1.9071 16268 34.4662 4259 176 53.7 54.5 
50 + 0.2803 16268 34.8920 4257 179 23.4 54.6 
12 0 — 1.8465 16269 35.8176 4254-181 53.1 54.7 
10 2.9734 16270 35.7429 4252 184 22.8 54.8 
20 4.6004 16271 36.1680 4249 186 52.5 54.9 
30 6.2276 16272 36.5928 4247 189 22.2 55.0 
40 7.8549 16273, 37.0173 4244 191 51.9 55.1 
50 9.4822 16274 37.4416 4242 194 21.6 55.2 
13 0 11.1096 16275 37.8656 4239 196 51.3 55.3 
16> !a2r7aay 16276 38.2894 4236 199 21.0 55.4 
20 14.8647 16276 38.7129 4234 201 50.6 55.5 


13 30 —15.9924 —0.16277 139.1861 +0.04231 204 20.3 —22 55.6 


The distance D in seconds of arc of the center of Venus from the center 
of the sun, and the angle of position @ of this distance, counted from the 
north point toward the east, are obtained by the formulas, 

S=pu—o, 
AsinQ=x—pcos¢' sin’, 
4cosQ = y—psin ¢’ cosd + pcosy’ sind cos, 
log D = 1.388945 + log 4. 


At the time of minimum distance of centers we have the equation, 
(e'— &) sin Q + (y'— 7') cosQ=0. 


If & = 0and y =0, the solution of this equation gives the circumstances of 
this phenomenon as it would be seen from the center of the earth. 
With the foregoing data the Washington mean time is found to be 


10" 58™ 558, and 
Q = 14° 42/43"... 
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Since the time of minimum distance for any point on the surface of the 
earth cannot differ more than 6 or 7 minutes from the time of the same 
phenomenon for the center of the earth, we may assume that a’, y’, and d 
are constant in this problem, and have the same values as in the case of the 
center of the earth. Introducing, then, a small auxiliary angle Z, deter- 
mined by the equation 


[8.0703 ]o cos ¢’ sin (% — 34° i’) 


pall — 7c (eAO10 pos ¢! Gos (82-8 60)" 


where the brackets indicate the common logarithm of a factor, the equation 
expressing the condition of minimum distance of centers, takes the form 


Q — H= 14° 42’ 43'".3. 


In applying these equations to the solution of the problem, we proceed 
by successive approximations; if no nearer value is at hand, we may take 
the time of the occurrence of the phenomenon at the center of the earth as 
a first approximation. We then compute @ and # for the assumed time and 
the given place. If then the equation 


Q— E = 14° 42/ 43”.3 


is satisfied, the assumed time is correct; but if not, the error should be 
divided by an approximate value of the rate at which the function Q— £ is 
increasing, which may be taken equal to the rate of increase of @ for the 
center of the earth. This is— 1025” per minute. The assumed time being 
corrected by the addition of the quotient, the computation may be repeated. 
This process may be continued until a sufficiently exact time is obtained, 
with which may be found the exact values of D and Q. 

Take, as an example, the finding of the time of least distance of centers 


at Madras; for which 
g= + 18° 4.2, w= 202° 42’.6, 


whence for this place 
Asin Q = x— [9.9886] sin 2, 
4 cos Y = y — 0.2070 — [9.5787] cos +, 
__ [8.0589] sin (8 — 34° 1’) 
tan # = 7-578.3896] cos (5° 50)" 


Assume 11 4™.6 as an approximate value of the time; for which 


ee SL ESe 8U8t = — 34° 38'.8, v= + 7.6652, 
y = + 82.9566, dsin 9 = + 8.2190, 4cos Q= + 82.4378, 
Qa 14S 1a b/6, H= — 36'0".6, Q—H= 14°49’ 6.2. 
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The error is, then, — 6’ 22".9, and the correction to the assumed time, 


— 382''.9 


If the computation be repeated for the time 11” 4™.9734, the error of 
the value of @ — E will be found to be only 13”. ‘Regarding this result as 
sufficiently accurate, we compute, for this time, Y and D, and find 

Q = 14° 632", Di 8197 42110" 39.42. 


These distances and angles of position are, it must be remembered, 
actual,not apparent. To obtain the last, the effect of refraction would have 
to be considered. 


LOCALITIES FAVORABLE FOR THE DETERMINATION OF PARALLAX. 


A list of localities favorably situated for observations of the contacts, 
with a view to the determination of the parallax, may be given in a few 
words. 

For the ingress accelerated by parallax, we have, in the first place, the 
Hawaiian Islands; next, the most southerly and westerly of the Aleutian 
Islands, the southern part of Kamchatka, and Japan, especially the northern 
islands; also the Marquesas Islands, and, if more stations are desired, per- 
haps in the long series of islands stretching west-northwest from the Ha- 
waiian Islands some might be found available. We may mention the small 
islands lying between the Hawaiian and Marquesas Islands. 

For the ingress retarded by parallax, we have the islands of Saint Paul, 
New Amsterdam, Kerguelen, Bourbon, Mauritius, Diego Rodriguez, Crozet, 
Prince Edward, and Madagascar, where, however, only the interior contact 
will be visible, and on the eastern coast at an altitude from 5° to 6°. 

For the egress accelerated by parallax, we have New Zealand and the 
small islands to the southward and eastward. With respect to the latter, 
we may note that on some maps may be found a group of small islands, 
called the Nimrod Islands, and placed in longitude 80° west from Washing- 
ton and in latitude 57° south. Here the interior contact occurs at an alti- 
tude of 9°, and if these islands are of a sufficient size for the establishment 
of an observing station on them, it would be a tolerably good one, as far as 
geographical position is concerned. To these we may add Norfolk Island, 
New Caledonia, the Fiji Islands, Van Diemen’s Land, and the southeastern 
part of Australia. } 

For the egress retarded by parallax, Southwestern Siberia, the region 
immediately east of the Caspian Sea, Persia, the Caucasus, Asia Minor, 
Syria, Arabia, and Egypt contain the best stations. 


CARNEGIE INSTITUTION OF WASHINGTON CHART No. |. 


TRANSIT OF VENUS, DEC. 8,1874- 


LEGEND 
CHART NO... INGRESS, EXTERIOR CONTACT The broken lines in blue are for synchronism of contact. 
Busleltanaiiiides The broken lines in red are for contact at the same point 
Ay. Ran eee of the solar disk. 
1 at re ees re wee os rel si 


, JULIUS BIEN & CO_LITH.N.Y 


CARNEGIE INSTITUTION OF WASHINGTON 


4 


CHART No, 2. 


TRANSIT OF VENUS, DEC. 8, 1874 


CHART NO. 2.INGRESS,INTE RIOR CONTACT 
Scale for altitudes 


= fot 5° TOS Sy 205 25% St 
eewe saree Weewe seed seewe Weren 


ie. 


JULIUS RIEN&CO LITH NY 


LEGEND 


The broken lines in blue are for synchronism of contact. 
The broken lines in red are for contact al the same point 
of the solar disk, - 


CARNEGIE INSTITUTION OF WASHINGTON GEART No: SG 


se 
SX Auchddnd 
aan, 
N 


TRANSIT OF VENUS, DEC. 8.1874 eee 
CHART NO. 3. EGRESS, INTERIOR CONTACT The broken lines in blue are for synchronism of contact, 


> . 5 The broken lines in ved are for contact at the same point 
Seale for altitudes ; as & : 

o° 5° 10° 15° 20° 25° 30° of the solar disk. 

L 4. at sea ewwee eeaee 1 


CARNEGIE INSTITUTION OF WASHINGTON CHART No. 4. 


/ 


TRANSIT OF VENUS, DEC. 8, 1874 


LEGEND 
c T NO.4. EGRESS, EXTERIOR CONTACT The broken lines in blue are for synchronism of contact. 
Seale for altitudes The broken lines in red are for contact at the same point 
o° Bey S10r Be 20" 25° 30° of the solar disk. 
Pee Pes ere 


JULIUS BIEN & CO.LITH. N.Y. 


A METHOD OF COMPUTING ABSOLUTE PERTURBATIONS 151 


MEMOIR No. 14. 


A Method of Computing Absolute Perturbations. 


(Astronomische Nachrichten, Vol. 88, pp. 209-224, 1874.) 


The object of this article is to call the attention of astronomers to the 
notable abbreviations which are produced in some parts of the formulas for 
perturbations by the introduction of the true anomaly as the variable 
according to which the integrations are to be executed. Prof. Hansen, in 
his later disquisitions, has substituted the eccentric anomaly as the indepen- 
dent variable in place of the mean anomaly, or what is the same thing, the 
time; and he regards this step as constituting a remarkable amelioration of 
the method. The method here explained will, as far as coordinates are con- 
cerned, be the same as that of Laplace, but the same use will be made of 
the true anomaly in the elliptic orbit, as independent variable, as that which 
Hansen has made of the eccentric anomaly. 

The following notation and equations are so familiar that they seem to 
need no explanation: 


R=m' (5— meer )+ mn" (5— om) + a | 


A 4, rie 
a? R 
pt st= Se | (1) 
ay — oF 
dt? Pt = By? 
d’z w, — Of 
ae Bio ton 


Let us now suppose that each coordinate of the disturbed planet is sep- 
arated into two parts, such that 


L=%+0e, y=y,+ oy, z=2, + 62, 


the first of which, x, Yo, % satisfy the differential equations 


dn @ a 
Tet m=O Gt RM= 0 Get BHO, 


where rj = aj + yj +23, and the second, dx, dy, dz are of the order of the 
disturbing forces. 
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It is evident that this separation is, to a certain extent, arbitrary, as 
certain functions of ¢ might be added to %, yo, % without their ceasing to 
satisfy the differential equations determining them, and then dz, dy, dz 
would necessarily be diminished by the same functions. This indetermina- 
tion is eliminated in different ways according to the circumstances attending 
the computation of the perturbations. 

If a, Yo, % are derived from the elements osculating for a certain epoch, 
it is plain that da, dy, dz ought to vanish at this epoch, as also their first dif- 
ferentials with respect to the time. This will be accomplished by taking 
all the integrations, which dx, dy, dz involve, between the limits ¢=0 and 
t=t. Ifthe perturbations are computed from so called mean elements, the 
six arbitrary constants which dw, dy, dz involve, must be determined in 
accordance with the suppositions upon which the mean elements have been 
derived. 

We will now write 


Phy oP Ps 
of ok ok 
ah = oa ON epee on 
pork ok Oh , oR 


dF is then the differential of R when the coordinates of the disturbed planet 
alone vary. The last equation is evidently correct, when, in the first mem- 
ber, we suppose & to be expressed in terms of 7 and two other coordinates 


which make =) 4 ; =. independent of r. 


By multiplying the equations which determine «, y, z, severe by 
2dx, 2dy, 2dz, adding the products and integrating, 


da? + a + dz? — Shy p Se gp ee (2) 


where . is the constant added to complete the integral, and we suppose 


that it is such that the equation 
dag + dyj+ dz 2 pial ahaa 


at ya any 


is satisfied; if there is any residual constant part, it must be supposed con- 


tained in the term 2 a dk. By multiplying the differential equations deter- 
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mining x, y,2z, severally by these quantities and adding the products to 
equation (2), we get 

fait (ee oR 


By using the a r= 7) + dr, this can be readily transformed into 


a? BP (rr) £33 OR _ pe Cry, (ory? 
cay | ea 7, Toor = 2 far+rS TB rr 


In like manner equations (1) can be transformed into 
Pox 


be wrod 1 ~<) ; 
Gf thie = Set (Ss g | Ue, 
Poy OR att a 


be — __ 
a ro dy = Oy as (as ») eg 


doz OR 1 a 
TE oe og oe + (aa) 


For the sake of brevity put 
Q,=2 if dR+r oe oy ge 


dt’ rr 
R 3 ere 
Q:= ce st & zs) Me 
0,= 2%, (1_1) oe 
= 3 + (ae) 
omni hot 
=a. lace) 
Then our differential equations take the form 
2 
a a ms ror a Ox: 
a6 
4) 
a ( 
mr 13 z oy ae Q%> 
a’s 
F + = OZ => Os; 


The problem of elliptic motion being supposed completely solved, -& 
is a known function of ¢, and x 


aq S 
de a= = q ae 0 es] (5) 
is a linear differential equation. According to the theory of this class of 
differential equations, the value of g has the form 
q= 4g + Ky, 
20 
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K, and K, being the arbitrary constants and g, and q, any particular solu- 
tions independent of each other. Then there must necessarily exist the two 


equations 
ee 
"9 


&q, 
de 


aq, 


er 


n=0, 9+ Sa=0. (6) 


By the elimination of [ from these is obtained 
0 


WE — 49, _ 9 
dv ‘ 


This is an exact differential and integrating 


Litt — 9100s = a constant. (7) 


This constant is arbitrary and may be taken at will; for the sake of sim- 
plicity, we assume it equal to unity. 
Taking now the more general equation 


I a ee 
dt pai=@> 


let us eliminate a from this and equations (6). We get 
0 


ag — qd’ 
% ivf G% — Q4, 4 


Gly — GAG, _ 
Fo = Oh 


and, taking the integrals, 
nid — 900s Medien g + [nod 


aa iT dq; 
ned Aes — — K+ f dat. 


Whence is obtained, regard being had to equation (7), 


q=K4,+ Kg.+% J 10d —q, iff q.Qdt. 


The constants K, and A, may be regarded as contained in the integrals 


f g, Qdt and yi qi Qdt. Applying these results to equations (4), there a 


result 


A METHOD OF COMPUTING ABSOLUTE PERTURBATIONS 155 


y ny 
ror = Q, J nQ.dt — 4, iP q,0,dt, 


dz = 4g, if, 9,Q.dt — 9, tp q,Q.Mt 


f (8) 
ey = 4, ue 1 Q,dt — he 9,4 , 
oz = af nQ.di—q, f° 1,0at ei 
These equations must satisfy the relation 
ror = u,0x + ydy + 2,02 + $ [da? + dy? + d27— dr’). (9) 


It is, however, necessary to employ all of equations (8), since, in pro- 
ceeding by successive approximations, as we are obliged to, we cannot get 
the values of Q,, Q,, Q,, until dr is known. These equations contain, in 
the general case, nine arbitrary constants, viz., the one added to the term 


2 if dF in Q,, and the eight introduced by the eight integrals of equations 
(8). But the last will be reduced to six, independent of each other, by the 
condition (9), and the constant annexed to ft dR will be determined in 
function of these six, by the condition 


Gas ae + aa + ater = f B+ Gr) + Gt) +) 

In the case, mentioned above, of osculating elements, all the constants 
are determined by making each integral expression vanish with ¢. 

There is a remarkable procedure for reducing the right members of 
equations (8) to contain a single integral expression, which is due to Prof. 
Hansen. The factors g,, q,, outside the signs of integration, may evidently 
be removed within, if it is agreed to regard the ¢ they contain, as constant 
in the integration. As it is necessary to keep this ¢ distinct from the ¢ of 
the quantities already under the sign of integration, we may write ¢ for it, 
and, to denote that any quantity, which is a function of ¢, has its ¢ changed 
into 7, we will write (~) above it. Thus making: 


N= Go — LQ ’ (10) 


we have the very simple expressions 


ror = J NO ans 16S f NOQ.dt, sy = fh NQ,dt, = vk MOMs oP od) 
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After the integration is finished, t will be replaced by ¢. Since 7 is 
regarded as constant, an arbitrary function of r must be added to each of 
these expressions, which, after ¢ is changed into ¢, becomes an arbitrary 
function of ¢. These must, in each case, be so determined that the expres- 
sions (11) may coincide with (8). Any consideration of these arbitrary 
functions will be rendered unnecessary, by agreeing to take the integra- 
tions between limits, the upper of which is ¢ itself, and the lower may be 
any constant. In the general case, then, an arbitrary expression of the form 
Kiq, + Kyq, must be added to each equation. In the case of osculating 
elements, mentioned above, if the lower limit is taken at zero, this arbitrary 
expression vanishes. 

Equations (11) may be exhibited in the form of definite integrals, thus 


nor=— [" NQde, t=— f° NQdr, y= — f° NOs, ce NQ.de. 


N may be regarded as an integrating factor whose value is virtually zero, 
but a part of the time, involved in its expression, is regarded as constant in 
the integration. 

The values of g, and g, must now be determined. If 


n= 4/4, mat+co=f=uU—esinu, 


where ¢ and e are constants, and ¢ and w respectively the mean and eccen- 
tric anomalies in the elliptic orbit of the disturbed planet, then 

“1 —=1—ecosu, d¢=du. 

a a 


Equation (5) becomes then 


If u is made the independent variable, it becomes 


a spre Gt 
(1—ecos v) 5G —esin wo! + g=0. (12) 


. 
| 


Differentiating this and removing the useless factor 1 — e cos u, we get 


dq g — 
73 + a 0, 


g= K,cosu+ K,sinu + K,. 
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Determining K; so that equation (12) may be satisfied, K,; = — Kye. 
Hence the complete integral of (12) is 


gq = K, (cosu — e) + K,sinw. 


It is evident now that we may take 


g,=k(cosu—e), g,=Asinw. 


If these values are substituted in equation (7), it is found that * = ey 


r] 
thus 
I a 
% =,/%" (cos uw —e) =4/r,co8v, 


a” sin w = 7, sin v , 
n=)/o =H ats oye 


if v is the true anomaly of the disturbed planet in its elliptic orbit. Thus 


3 


3, 
N="* [sin (i —u) —esin a + esin u] 


an = + 
= Teh Sil (U0) 6 
uN 1—e oo ( ) 


We now change the independent variable ¢ for the variable v. We 
have 


i el 3 TaD 
“anvil —¢’ 
whence 
Nat = wasnt sin (0 — v) dv. 


Thus the expressions for the perturbations become 


r= aw f Orisin @ — 0) do, 
Tee eae 
ty= a = erp Q,r3 sin (0 — v) dv, 
a= — ate, 97 sin (5 — v) dv. 


(18) 


It will be perceived that, by this transformation, we have been enabled 
to get rid of the factor ry before d7, with a simplification of the right mem- 
ber of the equation. 
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These equations, although very symmetrical, present the inconvenience 
of being one too many. Hence, for the second and third, we substitute a 
single one. From the differential equations of motion, 


ois say te — ne fT BB y SA | a, 


where A is such a constant that 
LY — Yohxy oth 
dt : 


and ¢ denoting the inclination of the plane of the elhipue orbit to the plane 
of xy, 


h= V na (1 —e) cost. 
Manns by 4 the longitude measured in the plane ay, so that 


tan A = = and putting 


=F _ Ok _ ok 


we shall have 


(P— 24 qh f Onde. 


Supposing A = a, + 6A, where tan A, = s *, the following equation is 


obtained for the determination of 6”: 


a= fl ft a.a— V1 # cop i C4) Et) Oe) ond 


Ts —% Ze 


Or, if v is made the independent variable, and for brevity we put 
p =a(1—e’), the expressions for the perturbations are 


=a f arisin (6—2) dv, 
de = a f ee sin (0 —v) dv, (14) 
a= fl fe Qudv— coast") Sroke aad yd 


1 — % —# 


These formulas are absolutely rigorous, since no terms have been 
neglected, and also perfectly general, as no restriction has been put upon 
the position of the plane of xy from which the coordinate zis measured. By 
adopting the plane of the elliptic orbit of the disturbed planet as the plane 


i 
t 
; 
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of xy, the last equation is somewhat simplified. For then: = 0, andz,=0, 
and z = dz; thus 


Se r _(r+7) r—oe | riedv 
n= fl f Bede ms |e (15) 


Perturbations of the first order with respect to the disturbing forces. 


Since, in this case, elliptic values are to be substituted for the coordi- 
nates in the functions Q,, Q., Q,, there is no need any further of making a 
distinction between 7, and 7; hence the (9) will be omitted from the former. 
If we put 


i Ole Pee 
T=" 9=7 [2 fanerS , 222, Ya=ae, 
and 6@ is the latitude of the disturbed planet measured from the plane of its 
elliptic orbit, and $4 the perturbation of the longitude measured in this 
plane, our formulas, in this case, reduce to 


r= T sin (0 —v) dv, w= f Z sin (U—v) dv, aa fl f vav—2F | dv. 
= | 


Put now 


OR 
2 ert 


al 


then it will easily be found that 
ahr | Se r+ ¥] 
vp ~P 


Thus the shape, in which we shall employ our equations, is 
r= f [xt ar f° race ae LD Ce ¥) dv | sin (v —v) dv, 
a= ff Ydv —2 or |e, 


a= f [Zein (v—v)] dv. 


The chief thing now to be done is to expand X, Y and Z in periodic 
series as functions of y. The elliptic values of the coordinates of the dis- 
turbed planet are readily expressed in terms of this variable, but the coor- 
dinates of the disturbing bodies will naturally be expressed in terms of 
their mean anomalies Z’, (”, etc. These last variables must be eliminated 
by means of the identities 
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Let us then put 
so that 


Then Z’, 2", etc., will be replaced by the following values: 


Hh war nv rll git n" t 
SoS TA Tees lh ee ea ire he 


In the development of X, Yand Zin periodic series from particular 
values of these quantities, it will be better to make the differences of 3S’, S”, 
etc., from v, the variables to be employed. Thus we shall put w!/ =  —»v, 
w'! = 3 — », ete. 

The formulas, to be written now, will be confined to the case of the 
action of one planet. The expressions for X, Y and Z are 

ee [= _ oa |" cos 6 cos (x — 2) — ME, 
roe [= ares a] cos #’ sin (4’—2) , 
ir [=- =| r’ sin f’, 


where h? = wa (1 — ee’), and 
4=7r + r*— arr’ cos’ cos (A’ — 2). 


If the inclinations of the orbits of the two planets to some fixed plane, 
as the ecliptic, are denoted by 7, 7’, and the longitudes of their ascending 
nodes by &, &/, and the longitudes of their perihelia by 1, 7’, we compute 
I, ©, ©, II and M1’ from 


cos = cosicos?’ + sin 7 sin?’ cos (Q’ — Q), 
sin J cos (@ — Q) = — sin? cos 2’ + cos 7 sin?’ cos (Q’ — 82), 
sin Jain (@ —Q2)= sin 2’ sin ($2’ — &2) 
sin J cos (0’— 9')= _ _— cos? sin 2’ — sin7 cos?’ cos (Q’ — Q), 
sin J sin (6’ — Q') = sin 7 sin ((2’ — §), 


Tar —6,- =z —6. 


The circumference being divided into & ae parts with reference tov, 


nN, Dee 2(k—1) 7 the 


compute for each of the & values of v, 0, — = i i 


following quantities : 
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Brey v 
Peay RN 


€=u—esinu, 


u 
tang = 


V=v——-(v—8), 


wv P 
"=T+ecosv’ 
E cos (Il’—A) = cos(v+ il), &’ cos(i'—A’')=cosT cos(v + I), 
# sin '—A)=cosJsin(jv+l/), &’' sin(I’—A’) = sin(v + 7), 


/ , {i / 
@=2Kr, G=aerK, G= at ON =a K', GI asin I’. 


Several of these quantities, as uw, ¢, V, 7, will need to be computed only 

k 

2 
same case. 

The circumference being divided into # equal parts with reference to 

the variable w’, compute for each of the £k! values of v and w’ the following 

fla 
quantities, w' taking in succession the values 0 , . n, os caer AEE 


?=Viw, w—eésinw =¢, 


times, if & is a multiple of 2; and K, K’, A, A’ only ae times in the 


: wu gS ATT GATOR A : 


V7" cos =Va'(1—eé) Cosa; Vr sin =a’ (1 + é) sin. 


If we have tables of the disturbing planet giving the true anomaly or 
the equation of the center and the radius vector or its logarithm with the 
argument mean anomaly, we can derive log 7” and v’ by means of their aid, 
and thus dispense with computing the last three equations. We now com- 
pute kk! times 

A= 7+ r?— Gr’ cos(v'+ A), 


U 1 1 / Ud ey 
XG. | ae — pe |r cos (v Ha) es a3 
(et il E — <x | r’ sin(v'+ A’), 
w= Gt | | r’ sin (v' + I’). 


From these kk’ special values of each of the quantities X, Yand Z, 
we deduce their developments in periodic series of the form 


Xu [KY cos (ww —7'w') + Kf) sin (tv — i'w’). 
21 ; 
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This process is so well known that we need not here insert the formulas 
required for it; they will be found in Hansen’s Auseinandersetzung, Part I, 
p. 159. A double application of these formulas will be necessary, the first 
relative to v, the second relative to w’. After these series are obtained, w’ 
can be replaced by XY — v. 


The series X is now to be multiplied by >on v, which, for every 
periodic term in X, will give two periodic terms, which will be added to Y. 
This result is next to be multiplied by 


2 1,2 
(Lt sco) 1AM, Moy, 


COS 2v. 


@ 
Pp Pp fp 


There is now an integration to be effected. A table of logarithms of 
the integrating factors 


will now be made for all combinations of 7 and 7? which occur in the periodic 
series. Ifthe last result contains a term 


COS ;- “1 of 
E ain (ot ee 
the corresponding term of the integrated result will be 
+ [i, °)K 9 (iv — v8"), 


A multiplication by 27? is now to be made. We have 


3 


r 
eG = 1h—F, cosv + #, cos 2v — H; cos3u+..., 


where the rigorous value of the coefficients is given by the equation 


H=VI=@ [2 + e+ Biv #4 PA—e)\( a). 


This multiplication accomplished, the product is to be added to X. If 
this result has a term 


COS ;; ol 
= Gach (ty — 12'S") , 
then dr has its corresponding term 


—[i—1, 7] +1, 7] Oe (iv—1'8') , 


A METHOD OF COMPUTING ABSOLUTE PERTURBATIONS 163 


except in the case where 1 = 1, 7’! = 0, when we have, instead of this, 


sin , 
4 Kv 
£ cos ” 


Having thus obtained 67, we multiply it by 


SN A cone 
irc ageae : 


The result, which is the perturbation of the natural logarithm of 7, 
must be doubled and then subtracted from f Ydv. Another integration 


being executed on this result, we have 64 the perturbation of the longitude | 
measured in the plane of the fixed elliptic orbit. 


Finally, 0G will be obtained by treating Z to the same kind of integra- 
tion as that last used in obtaining dr; that is, in general, each coefficient of 
Z will be multiplied by the proper value of — [¢—1, ?’][7 + 1, 7] which 
corresponds to it. 


Perturbations of the second order with respect to the disturbing forces. 


Calling the parts of the perturbations of 7, 8, %, which are of two 
dimensions with respect to the planetary masses, 6*r, 6°8, 6°A, so that we 
have, with errors of the third order, 


r=7t+or+or, B=OR+08, Az=A+OA4 OR, 


where 67, 68, dA are the perturbations which have just been determined, 
we shall have 


or = foe OQ, sin (v — v) dv, 
v= fe 0Q, sin (0 — 0) dv—" op, 


o, =1) ee 6Qndv—2 2 _ (7) + oe 9 ue “a | a, 


where, as before, there is no need of any distinction between 7, and7v. The 
following are the expressions for dQ, and 6Q,, 


i rte ira: easing waned (ON) oer i 
re 72 alr care) pf WR — 5, dv +5 AI Uy sy p (ér)’, 


oe S02 Wr 7 (SE) +S arap. 
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Bearing in mind that X, Y, Z are homogeneous functions of r and 7’, 
it will be easy to deduce the following equations: 


$0) (BF on) 5f—an) 8 
+ oe (0 — a1") + rr o2 _ 32) o8 + ae 


ro 10Xer (10x or Kna7, 
TO a Sith) et ORM) + 78+ Sa 98, 


(Qh =(BF-s2) {BAT Heo Bootie 


AY Bh iss xe d . op a 
) ff ora fr E As ie AG +5tin oy. aC ran 77 2Q |ao, 
or 
where the differential coefficients De CESS are complete with 


Gonaiae © etd 
respect to the independent variable v. 
U 
In computing the values of these functions, o , oA and 6@’ must be 


expressed as functions of v. Hence, if they are at first expressed in terms 
of ¢, it must be eliminated by means of the equation 


nt+c=u—F, sinv + $F, sin 2v— 4, sin3v+..., 


where the rigorous value of £; is 


E,=2[1 + iVlj—#] (i) 


We may have given only the perturbation of the orbit longitude and 
the latitude above the elliptic orbit of the disturbing planet; in this case, 
calling the latter dy’, the values of 6a’ and 99’ will be given by the equations 


cosl _, sinJcos(v’+ II’) 


ae cole: ! 
oa = cos? od J) cos? igi On ? 

Hag Sc Lo sin J cos (v’ + I’), 
Ae cos f°” ont cos f’ 


We see that, in order to obtain the perturbations of the second order 
it will be necessary to have, expressed in periodic series in terms of v, the 
following nine quantities: 


ox OZ OZ 4 iO AU ROL OLE OA Oe hn”, 
"Or? "Or? Op’ (apy QA? GAY op”? OB” Of’ 
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For six of these whose expressions are 


OX _ m’ r® m' (r? jae r)? yl? pases Oh AL 
Oop tA 7 ae + 8B ( 7 ge ee +74) 

7, 3 m/ UP eee 1 : 
re 37450 a(t ez) sin /’, 

OZ) ae OO (are sinks 8 1 

ae ina a —); 

xX Ot ded 1 : 

a= Hae +3get ae)” sin #’ cos (4’—2), 

/ 2 12 5 
ore — "3 a(t +- ae 2 — at) 4! sin f’ sin (’—A), 


OZ nm’ il 1 arr”? sin? 6’ cos (2’ —A 
on’ hk | (fs—ge) cos f’ —- ob ( ae 


the same method must be used as that which has been given for X, Y, Z. 
The remaining three, X, Y and Z being considered as functions of the two 
variables v and 3’, can be obtained from the equations 


Ot Ok) Ln! PM OX ed ue xe 
on ov oi n ()—s7is) ov p sinv.? or”? 
yeOl vOOr il a oe OY ie oVv 
aE on + (lay ov — p BY. TA > 
62.82 an Pr \az VA 
y Sa fT Fe (1— sys) op — pane. S 
The factor 
7 


1 ; = #, cosu— F, cos2v + FH, cos3u—..., 


agi —e 
where 

. oa e ; 
E,=2{1 +I f a): 


Moreover, we have the relation 


n= oe ary. 


The factor 7 is given by the equation 
7 =}8,—F, cosv + #, cos 2v — #; cos3v+..., 
where 


epee é é 
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The values of A/— A and @’, necessary for the computation of the first 
six quantities, can be obtained from the equations 


cos f' cos (A’ —A) = K cos(v' + A), 
cos f’ sin (A’—2)= K’ sin (v' +. A’), 
sin f” =sin J sin(v'+ JJ’). 


The terms to be integrated in the second approximation have the gen- 
eral form 


(C+ Orv) oo, v— i's" —t"'9"). 


If these terms are integrated with respect to v, we have 
+ Li, #, CC + Cv) 5" (iv — v8" — 19") + [i, 7, "FOG an 5g (iv — tH! — 09"), 


where 


If they are integrated after having been multiplied by the factor 
sin (v —v), the result is 


—[i—1, 0,0” +1, 7, "10 + O'v) 0, Gu — 9! —0"8") 


2fi—1, 7, 0’/P 1172 ; ; 
+ [a ad. aan ifs t', a ] Ge re 1 (iv — #18" — a8"), 


except in the case where 7 = 1, 7’ = 0, ?/ =0, when we shall have 


£ (4 O' $00 —4 OW) Pv + £(C + 00) Sv. 


The labor of computing perturbations of the second order is, in some 
sort, measured by the number of multiplications to be made of two periodic 
series, each involving double arguments. In this method, in the case of one 
disturbing planet, there are 22, or 25 if one thinks that the multiplications 
involving 6a! ought to be considered as distinct from those involving 6a. If 
all the terms involving sin Jas a factor be neglected, the number of these 
multiplications is diminished by 12. 

It is my intention to illustrate this method by applying it to the com- 
putation of the perturbations of the first order of Ceres by Jupiter. 
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MEMOIR No. 15. 


On a Long Period Inequality in the Motion of Hestia Arising from the 
Action of the Earth. 


(Astronomische Nachrichten, Vol. LXXXIV, pp. 41-44, 1874.) 


While the attention of all is directed to the more exact determination 
of the constant of solar parallax from the approaching transit of Venus, it 
may be of interest to notice another source from which, at least in the 
future, can be obtained the value of this constant. 

Several of the asteroids have periods of revolution approximating quite 


closely to four years; hence, in their longitudes are long period equations 
of the form 
k sin[4g—g’+K], 


g and g’ being the mean anomalies of the asteroid and the earth. Should 
k be quite large, after the inequality has run through a considerable portion 
of its period, we can, from this source, determine a pretty exact value of 
the earth’s mass, and thence, by the known formula, the corresponding value 
of the constant of solar parallax. 

In order to see what may be expected in this direction, I have com- 
puted this inequality, as far as the first power of the disturbing force is con- 
cerned, for Hestia. This asteroid has been selected on account of its large 
eccentricity and the near approach of its period to four years. The ele- 
ments employed (as many as we have need of), from the Berliner Jahrbuch 
for 1875, and from Leverrier’s Annales del Observatoire, Tome IV, are as 
follows: 


H2&stTIa. THE HARTH. 
Osculating, 1865, July 26. Mean Elements for the same epoch. 
nm = 354° 14’ 18.” | n’ = 100° 41’ 25”.0 
=n 2685D.9 eH PO Byeeeal 
Q —181 30353 ¢ M. EB. 1870.0 H! = B548".19286 
i= 2 17 300 m’ = ssHe00 
py = 883/.56391 


log a = 0.4025124 


These elements give wu’ —4u = 13".93722, whence the period of the in- 
equality, in this case, is 254.6 years. 
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By a quite rigorous process, similar to that employed in Hansen’s Aus- 
emandersetzung, the terms of x depending on the argument 4g — g/ have 


been found to be 
— 0.00174923 cos (4g —g’) + 0.01104188 sin (4g — g’). 


And, in like manner, the second part of the disturbing function — “F cos p 


contains the terms 
+ 0.00257586 cos (49 — g’) — 0.00872291 sin (49 —9’). 


_ Thus aR contains the terms 
+ 0.00082663 cos (47 —g') + 0.00231897 sin (49 —g') . 


Multiplying these by the factor 
oe aay x 2062648, 


we have the inequality sought, 
ip nat — '75'.869 sin (4g —g’ + 109° 37’ 10”). 


The effect of this inequality on the geocentric position of Hestia at 
opposition is got, somewhat roughly, by multiplying the preceding expres- 
sion by pe , and hence, at a maximum, may amount to about 125”. 

It must be confessed that the determination of the earth’s mass from 
this source is attended with the inconvenience of having to compute very 
accurately the perturbations of Hestia by Jupiter; and among these is a 
very large inequality having the argument g — 3g", whose period is nearly 
the same as that of the inequality just determined. Hence it will be neces- 
sary to proceed with a very accurate value of Jupiter’s mass obtained from 
other sources. 

It will be noticed from the expressions given above that the portions 
of the inequality, contained in the two parts of the disturbing function, have 
a strong tendency to cancel each other. This is always the case where 
either one of the mean anomalies is involved in the argument only to the 
simple multiple. This tendency does not occur in the inequalities having 
arguments of the form 7g — 2g’, and perhaps quite large coefficients might 
be obtained for these in some of the asteroids whose periods approach 34 
years, especially if their eccentricities are large. Melpomene would seem to 
afford the best chance, and the period of the inequality would have the 
recommendation of being much shorter than that of the one here computed, 


namely about 80 years. 


wi 
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MEMOIR No. 16. 


Solution of a Problem in the Theory of Numbers. 


(The Analyst, Vol. I, pp. 27-28, 1874.) 


The following problem appeared in the Mathematical Monthly, Vol. I, 
p. 29, and no solution was published in that periodical : 

‘Show that the product of six entire consecutive numbers cannot be 
the square of a commensurable number.” 

Since the square root of every integer, not an exact square, is a surd, it 
will be sufficient to show that the product cannot be the square of an inte- 
ger. Let the six numbers be denoted, m being an odd integer, by 


n—d n—3 n—I1 n+l n+ 3 n+5 
Oe? IER? Ee Qu Qin pire 


Qu a PA 
Then it is required to prove the impossibility of ” z al a i 7 t=o. 


; ane 
Let us put ” a : =w, where x is integral since it is the product of two 


integers. Then it will suffice to prove the impossibility of «(w+ 2)(a—4)=D. 

Let us suppose « = h’y, where &’ is the largest square factor contained 
in #, and thus y will be divisible by no square other than unity. Then we 
have to prove the impossibility of y(k’y + 2)(k°y— 4)=. Butsince y con- 
tains no square factor, both members of this equation must be divisible by 
y’; this demands that 2 x 4= 8 be divisible by y. Hence, having regard to 
the restriction on the form of y, if the equation is possible, it can be so only 
for the values y= 1, or y=2. The first gives (4?—1)’—O=9, which is 
satisfied only by # —1—= 5, or k= 4/6, a surd; therefore y cannot be unity. 
For y = 2 we have 2(k?+ 1)(?+ 2)=. But every square is of the form 
3n or 8n+ 1; if these are substituted in succession for #?in the left member 
of the last equation, it will be seen that the resulting quantities are of the 
form 3n+ 2, and thus cannot be squares. Therefore y cannot be 2, and 
the impossibility is completely demonstrated. 

Evidently the proposition might be enunciated in the much more general 


manner: 
The product of any number of consecutive integers cannot be an exact power 


of any degree. 
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MEMOIR No. 1%. 
A Second Solution of the Problem of No. 8. 


(The Analyst, Vol. I, pp. 43-46, 1874.) 


Let A denote the distance of the planet from the earth. By the theory 
of the transformation of rectangular coordinates from the center of the sun 


as origin to the center of the earth, we shall have generally the two equa- 
tions 

4cosh=rcosy + ReosL, 

4sink=rsiny+ ksin LZ, 


from which may be derived the two 
4cos(A— P) =r cos (y— P) + Roos (L— P), 
4sin(Aa—P)=rsin(y—P) + Rsin(L—P), 
where P is any arbitrary angle. If we apply our equations to each of the 
three observations, we shall have the six equations, 


4_, cosa_, =r cos(y.—7) + R_, cos L_,, 
4_,sini4_,=r sin (y,— 7) + #_, sin £_,, 


4, cost, =P COBY + R, cos LJ, , 
Asm A, 7) 9-81 9, + f, sin J, , 
4, cos 2, =r cos(y,+ 7) + &, cosL,, 
4,sin4, =rsin(y,+7) + &, sin LZ,. 


These equations contain the six unknowns A_,, Ay, 4;,7, v7, 7. Ifwe 
eliminate A_,, A), 4; from them, we shall have the three equations of the 
first solution. But by retaining A) as the unknown, we shall arrive at an 
elegant solution. Let us first eliminate A_, and A,; this we do by putting 
P=2_, for the first two equations, and P =A, for the last two. The equa- 
tions for determining the four remaining unknowns, are 

O0=rsin (y—7—A_,) + #1 sin(L_1—4_,), 
Ay COS 2p = 7 COB Yo + Rf, cos Ly, 
A, sin A, = 7 Sin 7p + FR, sin L, , 
O=rsin(yt+t7—A) + &, sin(L,—A). 


If, in the second and third of these equations we put successively 
P=y7+A_,and P= —y7+A, we get 
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Ay sin (A> — 9 — A_1) =r sin (y,—7 —A_1) + R, sin(L,—7—2_,), 
4,8in(4at+y—A) =rsin(yt+7—A) +R, sin(L, + y7—A). 


If, from these equations we subtract the first and last of the preceding 
four, we get 


A, sin (Aj — 7 —A_,) = R, sin (ZL, —y—A_,) + R_, sin(L_,—2_)), 
4, sin (Ao + 7—A/A) ais sin (Ly) + 7 —A1) — fh, sin (ZL, — 2). 


Two equations with two unknowns are thus arrived at without complicating 
the form of the original equations. 
It is very easy to eliminate A, from these, and we get 
[A, sin (ZL, — 7 —2_,) — R_, sin(Z_,—2_,)] sin (A, + 7 —A,) 
= [f, sin (LZ, + 7 ~ 4) — RB, sin (LZ, —/,)] sin Ay — 7 —2_1)- 


But we prefer to keep A, as our final unknown. Let us put for the 
sake of brevity 
oe, Peetu AN (eed fan Sar 
g.4=Ll_4,—) » A= L,—,. 


All these are known quantities with the exception of o, which will take the 
place of y as an unknown. Our two equations can now be written 

4 sin(é — o) = R, sin(s’ —c) + F_, sin¢_,, 

4,sin(é + o)= #, sin(o’ +o) + Ff, sing. 


Or, by taking in succession half the sum and half the difference 


4, sin} coso = #, sind’ cose + $(R, sing, + R_, sin¢_,), 
4, cosé sine = Rf, cos 6’ sine + 4(R#, sin %, — R_, sing_,). 
Whence 
Sk Sa ae 
R, sing, — R_, sin ¢_, 
4, cos6 — R, cos 0 


) 


j ne 
sno=-yz 


By putting (these are all known quantities) 


emmys Hsing; 5 Pisin Aes sind, p 


Re 2 sin 0 3 2 cos 6 8 


sin 6’ — R008 o 
. > pa 0 > 
1n 6 cos 0 


we shall obtain the very elegant form for our final equation determin- 


ing A), : : 
an acret sae 
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This is, as we see, of the fourth degree in A,; but in the case where 
the three right lines mentioned in the statement of the problem have a com- 
mon point, this equation will have a root A) 0, that is, the absolute term 
of the equation will be 0; in this case, therefore, the equation reduces to 
the third degree. \ 

By the introduction of the new unknown ay 


t= 4,—$(e+ ad), 
and putting h=4(e—d), the equation takes the somewhat simpler form 
as Babs 
Galt: 


or ; 
(?@—VYP =e («—hy+ Ba + hy’. 
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MEMOIR No. 18. 


Remarks on the Stability of Planetary Systems. 


(The Analyst, Vol. I, pp. 53-60, 1874.) 


As, in some quarters, quite erroneous views seem to be entertained 
regarding the conditions necessary for the stability of the solar system, it 
may be of service to note here, in brief, what is known on this subject. 

It is remarkable that, although the meaning of stability in statics is 
well known, no one, so far as I know, has ever given a rigorous definition of 
this term as used in dynamics. As applied to the solar system, the sense 
attributed to it in general seems to involve the idea that the mean distances, 
eccentricities and mutual inclinations of the planets should always be com- 
prised within narrow limits. But if this be the proper meaning of the word, 
one is tempted to ask—how narrow? It is plain, when we consider the 
matter more closely, that the distinction between stability and instability is 
one of kind and not of degree. There must be a sharp line separating stable 
systems from unstable. 

In the first place we must discriminate between two possible significa- 
tions of the term; a system may be stable or unstable with reference to the 
action of foreign forces, or with reference to the mutual action of its parts. 
A slight disturbance from without may cause in a moving system only 
trifling deviations from the previous paths of motion, or the effect may be a 
greater and still greater departure from them. This is quite analogous to 
the stability and instability of statics. But the stability of a planetary sys- 
tem, with reference to its own action, must be defined in a way quite 
peculiar. 

A planetary system is stable when finite superior and inferior limits can 
be assigned to all the distances of the bodies composing it, and that, no mat- 
ter how long the motion may be prolonged; but, if to some or all the dis- 
tances, no superior limit other than infinity, or no inferior limit other than 
zero can be assigned, the system is unstable. 

Hence, in a stable system, there can be no collision and no indefinite 
separation of the bodies composing it. With this definition of stability we 
see that, in the problem of two bodies, motion in an ellipse is stable, but 
motion in a right line, or parabola, or hyperbola, is unstable. 


174 COLLECTED MATHEMATICAL WORKS OF G. W. HILL 


With regard to stable systems, we may enunciate the following propo- 
sition: The coordinates of all the bodies in a stable system, or any function 
-of them, which remain always finite and continuous, can be developed in 


infinite converging series of periodic terms, each of the form ae (At+) : K, 


k and @ being absolutely constant ; and the argument dt + ( is always com- 
posed, as a linear function with positive or negative integral coefficients, of 
other arguments, whose number never exceeds 8n — 3, n being the number 
of bodies in the system.* 

With regard to the convergence of these series, it must be understood 
that it is asserted only when K and & are taken as wholes; if these quanti- 
ties are expressed in infinite series involving the powers and products of 
certain parameters, these series may cease to be convergent long before the 
system passes from stability to instability. But the convergence of these is 
altogether another question. 

If mathematicians had succeeded in completely integrating in finite 
terms the differential equations of motion of a system of material points 
acting on each other in accordance with the law of gravitation, the condi- 
tions under which the motion is stable or unstable could be immediately 
assigned. But there is scarcely any reason to expect that this will ever 
be accomplished, and perhaps it is in the power of analysis, at present even, 
to demonstrate its impossibility. For, just as, from the fact that the equa- 
tion, sina=0, has an infinite number of roots, it may be confidently 
asserted that sin x cannot-be represented in finite terms by algebraic func- 
tions ; or that, because an elliptic function possesses the property of double 
periodicity, it cannot be equivalent to any finite expression involving circu- 
lar or logarithmic functions ; so it is probable that the functions, defined by 
the differential equations of planetary motion, have properties that cannot 
belong to any finite expression involving quadratures. If this should be the 
case, all attempts to arrive at a complete solution, in finite terms, of the 
famous problem of three bodies, must prove as abortive as those made 
to square the circle, or to express elliptic integrals in circular and loga- 
rithmic functions. 

The solution of the general problem, given the initial positions and 
velocities of a system of material points, to determine whether the ensuing 
motion is stable or unstable, in the sense we have attributed to these words, 
does not seem to have engaged the attention of geometers. It does not, 
however, demand the complete integration of the differential equations of 


* The researches of M. Poincaré have since shown the inexactitude of this. 
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motion. Thus, where the system contains two material points only, two 
integrals are needed, that of the conservation of living forces, and that of 
the conservation of areas; it depends on the values of the constants annexed 
to complete these integrals; to insure stability the first must be negative 
and the second must not vanish. 

The question of stability is intimately connected with the values of the 
coefficients & in the periodic terms of the series into which the coordinates 
can be developed in the case of stable motion. If we substitute for the 
coordinates in the differential equations indeterminate series of this form, we 
shall arrive at a number of equations exactly sufficient to determine all the 
coefficients A and the 3n —3 independent k’s in terms of 3n — 3 arbitrary 
constants which must be given by the initial state of the system. EHlimi- 
nating all the coefficients K, we shall have left 3n— 8 equations determin- 
ing the same number of independent k's. It can be readily shown that in 
these equations & appears only in even powers. Then, if the initial posi- 
tions and velocities are such that they make these equations afford positive 
and finite values for all the quantities h’, and if it be granted that these are 
the proper roots to take, the motion of the system is undoubtedly stable. 
But if these equations afford negative values for some or all of these quanti- 
ties, and it be granted that these are the proper roots to take, the system is 
necessarily unstable. In the case where some of the quantities %’ vanish, 
the question of stability must be determined from other considerations. 
Whether in any case it is proper to take the imaginary roots of these equa- 
tions for the quantities %°, or whether, like some analogous equations in the 
theory of heat, they have no roots of this kind, is a point which is not yet 
clear. In all this, as the equations determining the k’s can be obtained only 
in the form of infinite series, it must be shown beforehand that the constants, 
defining the initial positions and velocities of the bodies of the system, enter 
into these equations in such a way that they render the series convergent ; 
else any conclusions, as to the values of k’s, deduced from them are not 
legitimately established. 

The number of conditions, necessary to insure stability, of course 
increases with the number of bodies composing the system. In all cases, the 
constant annexed to the integral of living forces in relative motion must be 
negative. It is needless to say that in the solar system this condition is 
fulfilled. Certain popular writers have got it that incommensurability of 
mean motions is a sine gua non of stability; but I am not aware that this has 
been asserted by any geometer or astronomer of note. 

This mistake doubtless arose from noticing that the near approach of 
mean motions to commensurability produces inequalities having large 
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coefficients through the division by the small mean motion of the argument. 
But it will not do to assume that these coefficients increase beyond every 
limit when the mean motion of the argument diminishes without limit, or 
that when this vanishes, there are terms in the planetary elements pro- 
portional to the time. 

Let us illustrate this point more at length. If @ is the mean distance 
of one of the planets, and 6 an argument whose mean motion nearly or alto- 
gether vanishes; then, so far as this argument is concerned, we may have 
the equation 

a, =A sind. 
dt 


If the mean motion of @ is supposed to vanish, the integral of this equa- 
tion is often written a=a,+ Asin@.t, a being the value of a at the 
origin of time. But, although this treatment is allowable when we wish to 
find the value of a for small values of ¢, it will not answer when the object 
is to discover whether a is a periodic function of ¢ or not. For it has been 
assumed that A is constant, whereas it isa function, not only of a, but of all 
the other varying elements which define the dimensions of the orbits; also 
6 is not constant, although its mean motion vanishes, for its periodic in- 
equalities may have some effect here. If the approximation were carried 
further, it would be found that there were terms in a multiplied by ?, #, 
etc., and that thus it would be more exact to write 


@=4+-Asind.¢ + BUY Cl... 


What if the right member of this equation should turn out to be the 
development of a periodic function of ¢? This, in fact, is the result in a 
large class of cases. Thus it is plain that the equation . 


A sin dé, 


must be treated as a differential equation; that is, its right member must 
be regarded as an unknown function of ¢ as well as its left. 

But several instances in the solar system of commensurability of mean 
motions, without resultant instability, ought to have prevented this mistake. 
The three inner satellites of Jupiter have mean motions generally granted 
to be exactly commensurable, yet the system is not supposed to be unstable. 
Again, what prevents our regarding the moon as a planet revolving around 
the sun, and our attributing its being sometimes in advance, sometimes 
behind the earth, its having a radius vector, sometimes greater, sometimes 
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less than that of the earth, to the perturbing influence of the latter? In 
this view the period of revolution of the moon about the sun is precisely 
equal to that of the earth; yet there is no instability here. If the planet 
Venus were moved outward from the sun, until its mean distance from this 
body became nearly equal to that of the earth, and, if at the same time their 
eccentricities and longitudes of perihelia were so nearly equal as to permit 
their being for some time in the vicinity of each other, the effect of their 
mutual action would be to make the mean values of these elements rigo- 
rously equal, and each planet would become a satellite to the other. Insta- 
bility would not result from this disposition. 

There are, moreover, two remarkable particular solutions of the problem 
of three bodies, in both of which the periods of revolution of the two 
planets are exactly equal, without instability ensuing. These solutions 
have been developed by Laplace (Mécanique Céleste, Book X, Chap. VI). 

The first, in its stable form, may be stated thus: Two planets may move 
in the same direction about the sun in two equal ellipses, lying in the 
same plane, having their foci at the center of the sun, and their greater axes 
inclined at an angle of 60°, provided they are at the same time in corre- 
sponding points of their orbits, so that they, together with the sun, are 
always at the vertices of an equilateral triangle. The laws of motion are 
the same as in the case of two bodies, but the common mean motion is given 
by formula, 


Ee 2 +m +m" 
i Sea a, 
a 


where m, m’, m' are the three masses, and a the common mean distance. 

The second is stated thus: Two planets may revolve in the same direc- 
tion about the sun, in similar ellipses, having their foci at the center of this 
body, and their greater axes coincident in direction, provided that the ratio 
of the axes is determined by a root of a certain equation of the fifth degree 
involving in its coefficients the ratios of the three masses. The planets must 
be at corresponding points in their orbits at the same time, so that they and 
the sun always lie in aright line. The laws of motion are the same as for 
two bodies, but the common mean motion is given by a complex expression 
involving the root of the equation just mentioned. 

It may be noticed that Liouville has shown that the latter of these 
solutions is unstable in the sense we first attributed to this word, that is 
with reference to slight disturbances from without.* It is probable that the 


* See Connaissance des Temps for 1845, or Liouville’s Journal, First Series, Vol. VII, p. 110. 
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first solution is in the same case, but I do not know that it has ever been 
discussed in this respect.* 

Let us now establish in a clearer light the fact that commensurability 
of mean motions does not necessarily produce instability. The solution of 
the problem of three bodies can be reduced to the integration of a system of 
eight differential equations of the first order; and by a suitable selection of 
variables, these may be made to take the canonical shape; that is, the dif- 
ferential coefficient of each varying element, with respect to the time, will 
be equal to the positive or the negative of the partial differential coefficient, 
with respect to the conjugate element, of a function &, analogous to, but 
not identical with the disturbing function in perturbations. Thus the eight 
elements are divided into two classes; four, being functions of the mean dis- 
tances and eccentricities, relate to the dimensions of the two orbits; while 
the other four, their conjugates, are simply the elementary arguments of the 
periodic terms contained by R in its developed form. The selection of these 
last may be made arbitrarily. If we take one of them, as 6, to coincide 
with an argument of &, whose mean motion nearly or exactly vanishes, 


and call the element conjugate to this, @, we shall have the two differential 
equations 

d@ @R do aR 

GE OF 2 GE Oo a 


Let us now suppose that # is reduced to its terms which have only 6 in 
their arguments; then 


kR=— B—A cosd— A’ cos20 — A” cos30—..., 


where B, A, etc., are functions of © and the three other elements of its 
class. As R& thus limited does not contain the three elements which are 
in the class of 6, its partial differential coefficients, with respect to these 
quantities, vanish. Then the three elements accompanying © in its class 
are constant, and R, as we have limited it, contains no other variables than 
© and¢@. Thus, if the differential equations determining © and @ are multi- 
plied, the first by d0, and the second by —dO, and the results added, we 
have an exact differential, which being integrated, gives R= a constant, 
or, as it may be written, 


C—B+ Acosd+.A’ cos 20+ A” cos30+... 


In order to obtain the values of © and 6 in terms of ¢, we should have 
to make another integration, but this integral suffices to show whether the 


* Since this was written, the discussion has been made, and stability depends on whether the masses 
of the three bodies fulfil a certain condition. 
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element ©, on which depend the dimensions of the orbits, is confined 
between finite limits. The value of the constant C is readily obtained by 
substituting in the right member of the equation the values of 6, © and the 
three other elements of its class, which have place at a determinate time, 
as, for instance, the epoch from which ¢ is counted. Then this equation 
may be regarded as the polar equation of a curve, upon which the values of 
© and @ are always found together. Let us suppose that, © being taken as 
the radius and @ as the angle, the equation is represented by a curve having 
one or more of such branches as 

those in the figure. FP is the pole 

from which © is measured, and Hee 
PQ the line from which 6 is mea- 

sured. Now if the values of © Wey) 
and 6, at a determinate time, are 

found on the closed branch which 

envelops the pole P, it is plain © 

will always be comprised between certain finite limits. And, in this case, 
the mean motion of the argument cannot vanish, as 9 moves through the 
entire circumference. Here it is always possible to develop © and @ in con- 
verging infinite series consisting of periodic terms, such as 

6 = 6,+ 9, cos[4,(¢ + ¢)] + 9 cos2[A,(¢+ec)] +..-, 
6=0,¢+c¢) +0, sin[o(¢+¢)] +4 sin2[a,¢é+e)]+..., 


where ©,, 9,, ©,, ---- , %, 0, 0, ..-. and c are constants. These are the 
series of which Delaunay has made such constant use in his Theory of the 
Motion of the Moon. 

But if the values of © and 6, at a determinate time, are found, upon the 
closed branch holding the middle place in the figure, © will always be con- 
tained within finite limits, while 6, its mean motion vanishing, will make 
oscillations forth and back between definite limits. Hence, although the 
mean motions are here exactly commensurable, no instability results. This 
case obtains in the three inner satellites of Jupiter, and it also has place in 
the system of the sun, earth and moon, when the last, as well as the earth, 
is regarded as a planet circulating about the sun. 

[In the third place, the curve, upon which are found the values of © 
and 6, may have infinite branches, such as those of the curve at the right 
side of the figure. Here ©, coming from infinity, would tend to the same, 
and thus, dependent however on the signification of ©, instability may be 
indicated. |* 


* This paragraph was inadvertently omitted in the original memoir. 
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In all this we must remember that the values of © and the three other 
elements of its class, both at the origin of time and ever before and after, 
must be such that they allow the development of R# in periodic series to be 
convergent ; else any conclusions derived from We series are not legiti- 
mately established. 

From this we see that commensurability or GON ENRAF ELEY of mean 
motions has no marked connection with stability. This last may be said 
to depend rather on whether the elements, such as the mean distances 
and eccentricities, which determine the dimensions of the orbits, have, 
at a given time, such values as make the latter depart but little from the 
circular form, and permit to them the vibrations caused by the action of the 
members of the system, without interference, or, in other words, inter- 
sections. There can hardly be a doubt that our solar system as composed of 
the sun and eight principal planets, fulfils these conditions. 
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MEMOIR No. 19. 


Useful Formulas in the Calculus of Finite Differences. 


(The Analyst, Vol. I, pp. 141-145, 1874; Vol. II, pp. 8-9, 1875.) 


The finding of the values of the differential coefficients of a function of 
a single variable, and of the single and double integrals with respect to the 
independent variable, from special values of the functions computed at 
equidistant intervals, is an operation very frequent in planetary astronomy. 
The following seems a simpler exposition of the matter than has hitherto 


been given: 
Let y be a function of x computed for the series of values of a,....a—h, 
a,at+th,a+ 2h, ....; and let the differences and first and second summed 


values of y be denoted thus: 


a—h 


4-ty_s i Ay_»; PARI Oia trae 
A-*y_, ee 3 y-1 HM ] Ay_, os 2 
a 4-%y, Y- Yo y- ay, Y-% 
ath sy, Ay, Yr Ay, ay, Ay, 


a+ 2h sy, Ay; Ya Ay3 Ay, Ay, 


With regard to the differences of odd orders, let us adopt the general 


notation, 
4m tty, ee 1 (4e+%y,_ 3 Bes iB My, 44) ‘ 


n and 2 being integers. In this way the symbol A does not follow the law 
of indices as in the ordinary method of differences; that is, we do not have 
in general A*A” = A"+*’, Nevertheless it is evident the following relations 
hold: 


2 ah 2 ? 2: To Aab oe 2 i 1 
Hyd fied enya as ant eta AMC aad. 


that is, the exponents are to be added except when both are odd. 


For brevity, writing D for a and e denoting the base of hyperbolic 


logarithms, the symbolical expression for Taylor’s Theorem gives 


Yr OY, A=%Ar R=ey. 
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Whence it is easy to see that 


=4[e?— e*), Ae ee 2. 


The last may be written 


hD 
f= (0-6 *) 


Thus it is evident that we have, in general, 


nD _hD yan hD _hD\2n+1 kD a) 
an —(e? —¢ ae antiu(et—¢ 7} ese ee 


Also, 


Whence 
pam ciN da \ 
wD =de (s+ 4TH I4)=(f yy) 


the integral being taken so as to vanish with A. The operation denoted 


S is evidently a function of A’, and we have 


hD 
A if RRB ORB GOR cr Wick iil dee rere f a4 Pe 
w=? Riv ) ap = SS = ata Vda 4 oP 


Whence 


by the symbolical expression 


i= 


il 
rea Wi +44" 


It is plain, then, that we have, in general, the value of an even differ- 
ential coefficient from the formula 


dA 2n 
2n i. JF — an ee eee SY 
anh fe) : 


and the value of an odd one from 
pa totais —1 al faa aes) 
VW¥1+42 V1+ia4 oF 1A” j 


Differentiating the first of these with respect to A, we obtain 
d.D™ 2nh_™ Hage a1 Weel 
a = serra a) SS lon: Dee 


Thus the value of an even differential coefficient can be obtained from 
that of the preceding differential coefficient by the very simple formula 


os ant {D»—a4, 
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If we employed the preceding formula for D for expanding its value 
in powers of A, we should find it difficult to discover the law of the numer- 
ical coefficients, but by differentiating the value of D+! with respect to A, 
we shall find that it satisfies the differential equation 


an +1 A 
[1 ae ig eae = ge DY 1 (2n a 1) hi De 
which, when n = 0, becomes 


’ aD 4 it 
If, in this, we suppose 


D=hS. A,A", 


we shall find that the coefficients satisfy in general the relation 


(n a 2) A, iat nt? A,=0, 


whence 
n+1 


tte ED) 


Ass 


As we know that A,= 1, this suffices for obtaining all the coefficients 
in succession. In the general case, if we put 


D*=h-*2d, A) At, D=ti—A-*-1Z, An Ae 
the differential equation above gives the following relation between the 
coefficients : 


a7+1 ey 2m + 
fee 


by which all the coefficients in succession may be derived. 


2 T) aa 
Af) = — 


a+ ») 14pm, 


We have 
by Be Po bee ah bead! 
Dai'(4— oy +53 3609 + 
¥ Fe aL Re RY Ns es OE 
Cet toe ae sera t ) 


where the law of the coefficients is readily seen. In the higher differential 
coefficients, the fractions are more complex; we therefore content ourselves 
with writing the values thus : 

Dah (®— Fa + shy — tte M+ es), 

1D ey ee ees Ay aU SEY, ee 5 7, a 

Ds h-§ (4 — 4 47+ BB, a? — 

fy Se ee, ae a an 
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_The expressions given for D” and D**1 are equally applicable when n 
is negative ; they then give the formulas to be used in mechanical quadra- 
tures, thus: 


—1 


pall i a 
ALF EAS VL 43 47 
da -\>? 
j—- 2 2 
se Ci TF) ; 
If these expressions are expanded in powers of A, we obtain 
it 11 ON 2497 14797 


D- ot) eee, + #99 4° — goa80 4° + 3628800 4'— 958003202 
92427157 
pret a SMES eee cc © 
3615348736000 
2 Pots 1 31 289 317 
eae i (4 "+ 79 4° — 349 4" + Go480 “3628800 “+ 22809600 4°: 


These are the expressions to be used in computing the values of the inte- 


grals J ydx and da*. It must be noticed that A7! virtually contains 
y y Af 


an arbitrary constant C, and A~® an arbitrary expression Cx+C’. In 
fact, the quantities in the columns to the left of that of the function y can- 
not be written until we know one quantity in each column. These constants 


C and C’ are usually determined from the given values of ak yde and 
S Syee forcx=a. Ifwedenote them by D,1 and D,’, and if, in gene- 


ral, the subscript (,) denote values which obtain when «=a, it will be seen 


that 

iD etes eoei 11 

sO ap era oe eee 
ibyeeie ab 1 

A= — 75 4B + ggg 4a +e 


Having thus the sum and difference of the quantities A 1y_, and A~*y,, it 
will be easy to get the quantities themselves. 

The preceding formulas give the values of the integrals for the series 
of values of «,..a—h, a, a+th,.. It is generally preferable to 
compute them for the values,....a—th,a+4h,a+#h,.... Formu- 
las for this purpose can be obtained by the simple consideration, that in 
the scheme, given at the beginning of this article, it is allowable to treat 
the odd orders of differences as if they were even, and the even as if they 
were odd. 
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In this way all the quantities obtained will correspond to the middle of 
the intervals of the former supposition. Thus, calling D~! and D-? in this 
case D;’ and Dy; ’, it is evident we must have 


aA =i 
1 ee 
a Hd yaa ea) Z 
eee) 
ewig ta) vis ea 


or, expanded in powers of A, 
1 17 367 27859 
A ee a 
peta (4 "+ 944 — 560“ + ge7680 “ — te4a86400 4+ - - ; 


1 367 27859 


Piel (4 — 34” + 7920 4 — 193536“ + 66355200 4 — 

The differences of the first formula, although they are of odd orders, 
are to be taken as equivalent to the simple numbers standing in the original 
scheme, while the differences of the second, although of even orders, are all 
the averages of two adjacent numbers of the same scheme. 


It is plain we have 
ae Deas 


da 


Dy? =—h 


In using the method of mechanical quadratures, it is usual to multiply 
the values of y by hf, if the single integral only is wanted, but by h? if the 
double is also to be obtained; in the last case then it is necessary to divide 
the results obtained by A in order to have the single integral. 

These formulas appear to have been first obtained by Gauss ( Werke, 
Vol. III, p. 328). Encke has given them in the Berlin Jahrbuch for 1838. 
For use they are much superior to the formula given by paplace (Mécanique 
Céleste, Vol. IV, p. 207). 
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MEMOIR No. 20. 


Elementary Treatment of the Problem of Two Bodies. 


(The Analyst, Vol. I, pp. 165-170, 1874.) 


The deduction of the motion of the planets, in accordance with the laws 
of Kepler, from the principle of universal gravitation, is important, not only 
on account of the extensive réle this theory plays in Astronomy, but also 
for its interest, in a historical point of view, as Newton’s principal discovery. 
Hence it is desirable that the demonstration should be made as elementary 
and as brief as possible, in order that it may be brought within the compre- 
hension of the largest number of persons. 

The polar equation of the conic section, referred to a focus as pole 
a(1—e’) 

"=1+ecos(a—w)’ 
is well known ; a denotes half the greater axis, e the eccentricity and w the 
angle made by the axis with the line from which 4 is measured. It will 
be advantageous to replace a(1 —’) by p, p being the semi-parameter, also 


to put 
a=ecosw, f#&=esinw. 


Thus the equation becomes 


r+arcosi+ frsni=p. 


Hence it is plain that the equation, in terms of rectangular coordinates, the 
origin being at a focus, but the axes of coordinates having any direction we 
please, is 

V+ y+ ax + By =p. (1) 


We take for granted the following theorems, since they are demon- 
strated in the most elementary treatises on mechanics: 

In determining the relative motion of one body about another, it suf- 
fices to regard the latter as fixed, and to attribute to it a mass equal to the 
sum of the masses, and then to suppose the moving body without mass. 

When a body describes a plane curve, and the radius vector, drawn 
from a fixed point in the plane of the curve, passes over equal areas in 
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equal times (which we shall express by saying that the areolar velocity 
about the fixed point is constant), the force acts always in the direction 
of the radius; and the converse. 

Now let a body describe a conic section about another occupying a focus, 
the areolar velocity about this focus being constant ; it is required to deter- 
mine the force acting. 

In the figure, let PP’ Y be an arc of the y 
conic section so described, S being the focus. 

Let P and P" be any two points on the curve 

at an indeterminate but small distance from 

each other. Draw SP, and PP’ a tangent at 

P, P'P' parallel to, and P’A and P’B per- 
pendicular to SP. Let SP be taken as the 

axis of x, and SY perpendicular to it, as the BA 

axis of y. The coordinates of P are then 

c= SP=7,, y=0; substituting these in the equation of the curve, we get 


(l+a4)r,=p. (2) 


Since the ordinate y can here be supposed always very small, the term 
V/ a + y? in (1) can be expanded, by the binomial theorem, in a series of 
ascending powers of y. Neglecting y* and higher powers, we get 
ye 


+a + out by=?p, 


or, as # differs from 7 only by a quantity of the order of y, by neglecting 7° 


y Pa 
OES ae oy Rae Rs Ah Rak GR 
Or, by (2), ‘ 
"a y 
ft 7d — bs 


This is the value of x from (1) expanded in a series of ascending powers of 
y, the cube and higher powers being omitted. The equation 


belongs to a right line, which can be nothing else than the tangent PP’. 
Hence it is plain, from the figure, that taking P’B= P\'A=y, 
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Pay beste 
tan PP'A = 75? (3) 
B 
Se Neal ar 
y 
PP’ =AB=4"5° (4) 


the last equation being only approximate, but more and more nearly true 
as P'B or y becomes smaller. 

Let F denote the force acting on the moving body, and ¢ the small inter- 
val of time in which the latter passes from P to P’. Then we have 


a aie 7 ae es 


If we denote double the areolar velocity by h, since PB=y is very small, 


we have 
SEP = Fetes 


Eliminating ¢ from these equations, we get 


i? 
er 


Since there is no limit to the supposed smallness of y and ¢, this equa- 
tion is rigorously exact, The force is then inversely as the square of the 
radius-vector, and its intensity at the unit of distance is found simply by 
dividing the square of double the areolar velocity by the semi-parameter. 
It is evidently attractive except when, the motion being in a hyperbola, the 
focus, about which the areolar velocity is constant, is the exterior, in which 
case it is repulsive. 

Taking up the inverse problem, let a body start from P towards P' with 
a velocity v, which would carry it to the latter point in the time ¢, and let 
it be subjected to the action of a force varying inversely as the square of its 
distance from a second body supposed fixed at S: it is required to find the 
curve described. 

Let the masses of the bodies, measured by the velocities they are able 
to communicate by their action, in the unit of time and at the unit of dis- 
tance, be denoted severally by m and M. The force acting at P is then 


M+m M+m 
SP? Seas r , 


and, if at the end of the time ¢, the body is at P” instead of P’, we must 

have 

M+m 
7? 


v. 


Pp’ Pp" = 4 


_= a 
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But, as before, the constancy of the areolar velocity gives rz=/At. Whence 


M+m, 


P'P"= Ty y. 


This equation coincides with (4) if we suppose 


P>=M+m' (5) 


Let now a conic section, having this value for its semi-parameter, be 
described with S as focus and touching PP’ at P. That this is possible is 
evident from the general equation (1); here are only two unknowns, a and 
@, to be determined, and they are given by equations (2) and (3), whence 
we see the solution is always unique. A body, moving upon this conic sec- 
tion, would have, at the point P, the same velocity, and the same direction 
of motion, and be subjected to the action of an equal force having the same 
law of variation, as the moving body in the problem. Hence, if the path of 
the latter is thoroughly determinate, and it would be absurd to suppose 
otherwise, the conic section just described must be the curve sought. 

We can easily find the elements of this conic section. Thus, let the 
angle P’ PS be denoted by ~, then evidently, 


h=rv sing, 
which, substituted in (5), gives the value of p=a(1—e’); next a and @, 


which we recall stand for e cosw and esinw, are given by (2) and (3). 
That is, 


ry sin? 
— 7) — 
Oa) NE an 
; ere, sin? 
é COSw = Mem 
: rv’ sind cos 
Astin earn ’ gx ae ene 
whence we derive 
ry sin?y  r’v* sin? d aI 2 v 


M+m * (+m) ayer M+m 


e=—1—2 


Consequently the greater axis, and the species of conic section described, 
are independent of ~. We have an ellipse, a parabola, or a hyperbola, 
M+ m™ 


ie 


according as v’ is less, equal to, or greater than 2 


From the last equation 
2 il 
Se (M+ m)( = — =) : (6) 


a 
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which may evidently be taken as a general expression for the square of the 
velocity, if r denote the general radius vector. 


Also from (5), 
b= VOU mp. 


Thus, in different orbits, the areolar velocities are as the.square roots of the 
parameters, and as the square roots of the sums of the masses. In an ellip- 
tic orbit, if 7’ denote the time of revolution, the double of the area of the 
whole ellipse 
AT = 2x’ V1 —e’ = 2xaip. 
Whence 

2Q7raz 


a V¥M+m- 


Thus the theorem that, provided the sum of the masses remains the same, 
the squares of the periods in different orbits are as the cubes of the 
greater axes. 

The mean angular velocity is usually denoted by n; thus 


It is customary with astronomers to assume the earth’s mean distance 
from the sun as the linear unit. If Mand m are the masses severally of the 
sun and earth, and m’, a! and 7! belonging to another planet are introduced, 
the mean distance of the last is given by the equation 


To complete the subject, it is necessary to notice a particular case of 
the problem, viz., when ~=0. Here the motion is in a right line, and 
from (6) it appears the velocity is infinite when the body arrives at S. As 
the existence of another body here ought not to be considered, at least in a 
mathematical sense, as an obstacle to its further motion, it is plain the body 
will pass beyond and move in the same right line until its velocity is 
reduced to zero, when it will return on its path, which will thus be a por- 
tion of a right line of which S is the middle point. This cannot be consid- 
ered as a degenerate form of a conic section of which S is the focus. For 
when an ellipse is varied by augmenting the eccentricity but maintaining 
the greater axis constant, at the point the first has attained the limit unity, 
the ellipse has degenerated into two equal portions of right lines overlapping 
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each other and having their extremities on one side in the point S. Hence 
this case must be regarded as a singular solution. However, most of the 
properties of motion can be deduced from those of elliptic motion. Thus, if 


the length of the whole path denoted by 4a, the duration of an oscillation 
will be 


270i 
VM +m 


Whence we gather that the time, in which a planet, at rest at its mean dis- 
tance, would fall to the sun, is found by dividing its periodic time by 4/2. 
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MEMOIR No. 21. 


The Differential Equations of Dynamics. 


(The Analyst, Vol. I, pp. 200-203, 1874.) 


The general formula of dynamics is 
=| (m oe —X) be +(m FEY) oy + (m a2) | =0. 


In the usual treatment of this equation, we have been asked to attribute 
to the symbols dx, dy, dz, .... the signification they have in the calculus of 
variations. This, however, is unnecessary, except when we wish to deduce 
from it the principle of least action; and the student unacquainted with 
this calculus may regard these symbols as multipliers, which, when all the 
points of the system are free, have any finite values we please; but when 
the coordinates are restricted to satisfy an equation U= 0, are subject to 


the condition 


oU oU oU 
Oi ay or =:07 


an equation which, for brevity, we shall write SU=0. 

We shall confine our attention to those cases in which the equations of 
condition and the accelerating forces are functions of the coordinates and 
the time only, and in which the latter are equivalent to the partial differen- 
tial coefficients of a single function Q taken with respect to the coordinates 
whose acceleration they express. 

Whenever a function as U involves, in addition to 2, y,z, ..-. their 
differential coefficients with respect to the time, quantities which we shall 
denote by a’, y/, 2/,...., we shall suppose that 6U involves, besides the terms 
written above, the following 


OU oU 00 
Bal Oe + By7 Y + a7 eu te. 


Moreover, as we shall have to differentiate such functions as dU with 


respect to ¢, we shall meet with such quantities as ae and shall suppose 


that the order of the symbols d and 6 may be inverted, that is, we shall 
have equations such as 


ie 


ae i 
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The reader will see in this only a notational assumption, without quantita- 
tive significance, serving merely as machinery of demonstration. It will be 
noted that ¢ is a variable not subject to the operation 0. 


We have 
2 (Xx + Voy + Zz) = 62, 


and for convenience may put 


42m e dy? de) ae 


GP aE days 


Then it will readily be perceived that the general formula can be written 
thus 


a : 2m (Sioa + Shay + ai") —o(74+2)=0. 
t 
The coordinates x, y, z,...-, can be expressed as functions of the time and 
certain variables g;, independent of each other and whose number is equal 
to that of the variables x, y, z,...., diminished by the number of equa- 
tions of condition. Substituting for a, y, z,...., their values in terms of 
the new variables q;, it is plain that the last equation will take the follow- 
ing form: 
ad Be 

“dt . 2,p04i— OCT + 2) =0. 

We can find the value of p, without actually making the substitution, 
from this consideration; since the original equation contains only the varia- 
da 5 dy 5 dz 


tions da, dy, dz,...-, without the variations 6 aod? om” it fol- 
lows that, in its transformed state, it should contain only the variations dq; 
without the variations 3 os : | 


Then writing g/ for eg the coefficient of Sg/ should vanish in the 


equation 


2, (Pr aq.+ pag’) —9(L +2) =0. 


That is, since O does not contain gq}, 


oT 
One. 
Thus the general formula becomes 
d o7 ie 
Fee 2; (53,4) —O(7+2)=0. 


23 
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Because in this equation the variables gq; are independent, we may © 
equate the coefficient of each dg; to zero. Thus 


\ 
This is Lagrange’s canonical form of the differential equations of motion. 
A simpler form may be obtained by substituting the variables p, for q/. 
By adding to and subtracting from the general formula, the term 0.>;(p;, qi), 
and writing 
H=%,(pqi) -— T—2, 


it becomes’ 


dp; dq; ) meee 
2, Pe 89, — ft op.) + 0H = 0. 


Equating the coefficients of each variation dg; and dp, to zero gives the 
equations 


which are known as Hamilton’s canonical form. 

The expression for H can take a simpler shape. From the value of 7, 
it is evident that a certain part of it is independent of the variables gi, 
which may be denoted by 7%, another part 7, involves the first powers, 
and a third Z, involves the squares and products of the same; then 
T=%+7,4+ T,. By the theory of homogeneous functions 


T 
2, (pq) = 2 ($7 a’) = 7T,+ 2T7,. 


Hence, if we write 
Q=Q+ {ie 


we shall have 
H= T),— iQ). 
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MEMOIR No. 22. 


On the Solution of Cubic and Biquadratic Equations. 


(The Analyst, Vol. II, pp. 4-8, 1875.) 


In nearly all treatises on algebra, the solution of these equations is pre- 
sented as accomplished by the aid of analytical artifices, which one seems, 
by some happy chance, to have stumbled upon. No doubt the processes 
were found in this manner by the original discoverers, Tartaglia, Cardan 
and Ferrari. But, for many reasons, it would be better to treat the sub- 
ject as one demanding invention rather than artifice. The equations can, 
as it were, be interrogated and compelled to yield up their secrets, if they 
have any. 

To say that an equation is solvable algebraically, is to say that an alge- 
braic expression can be found equivalent to the general root, that is, one 
involving a finite number of the operations of addition, subtraction, multi- 
plication, division and the extraction of roots of prime degree. If the 
expression does not involve the last mentioned operation, it is called 
rational, and if free from the two last, integral. 

However complex an algebraic expression involving radicals may be, 
it is evident that there must be at least one radical which is involved 


1 
in it rationally. Supposing this to be denoted by &”, n being a prime inte- 


ger, it is not difficult to convince one’s self that, by the proper ‘reductions, 
the expression can be exhibited thus: 


v1 


De RPO et Pea tek 5 


1 
where ~, ~;, ---- , do not involve the radical R”. With no loss of gene- 
rality, we can suppose p,—1; for if p, is not zero, we can multiply the 


1 
quantity under the radical sign by p{, and then take (pj) as the radical ; 
and in the contrary case, if p, is one of the quantities p which is not zero; 
the simplification can be accomplished by putting Rk’ = pik". Then 


L 2 n= 
Dot R't+ phot... + prik * 


may be regarded as the most general form of an algebraic expression. 
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Here may be enunciated a general proposition, which, although I am 
not aware that it has ever been proved, is doubtless true and may be used 
for purposes of discovery. If an algebraic expression exists, equivalent to 
the general root of the equation 


a age 4 bat tI 05\ 
it can be exhibited in the form given above, nm being one of the prime fac- 


tors of m. Thus the algebraic expression of the root of the general equation 
of the 5" degree, if it existed, could be presented in the form 


P+ Ri + p, Ri + ph? + phe, 


and that of the 6" degree in either of the two forms 
Dt ht+p hi, pt Rh. 


Solution of Cubic Equations. 


According to the foregoing proposition, the root of the general cubic 


equation 
e+ av+ba+c=—0, 


if it has an algebraic expression, must be presented in the form 


z=p+ Rt p'R. 


But, since we suppose that this is an irreducible expression involving radi- 
cals, it follows that it must satisfy the given equation, whichever of its three 
values is attributed to the radical &. Thus, calling either of the imagi- 
nary cube roots of unity a, the three roots of the cubic equation must be 

R=p+ K+ ph, 

%=pt+ ahi + a’y' Ri, 

t= p+ @Rt+ atp' Ri. 


The first method that suggests itself for obtaining equations which shall 
give the values of p, p’ and £, is to substitute these expressions in the sym- 
metric functions which are equivalent to the several coefficients a, b, c, viz., 


+ ®+ w= —a, BX + Ug + Tiel O. UY Xy%3 = — Ce 


But a simpler proceeding is to employ the three symmetric functions >. a, 
>.a and >.a*. Since any cube root, as 4/ Ff is a root of 2—R=0, in 
which the coefficients denoted above by a and 6 are each zero, it follows 
that the sum of the three cube roots of any quantity, as well as the sum of 
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their squares, is zero. Now, it is plain that if the value of x is raised to 
the n“ power, 
— A+ BRi+ ORI, 
where A, B and C are free from the radical 4/R, and are consequently the 
same whichever of the three roots x denotes. Thus, since >../WR=0, 
>./ Rh? = 0, we have 
ni Ars 


Thus, for computing the value of }.a", we need only the part A which 
is free from the radical »/R. In this way we obtain and equate to their 
known values in terms of the coefficients a, 0, c, 


2.% =3p =—4, 
3.2 =3 (p+ 2p'R) = a'—2, 
2,0=3(p'+ B+ 6pp'R + p?R’) = —a’+ 8ab — 3c. 


These equations afford the values of p, p’ and #; from the first two 


a a’ — 3b 
ets) SUF Pi lvies 9 ? 


and by substitution of these values in the last, 


2a°— Yab + 2% a@— 3b\ 


RR? + 


a quadratic equation in #; thus the general cubic admits solution by 
radicals. 


For the sake of brevity, putting 


__ @&@— 3b Ros 2a°— 9ab + 2%c 
ie eS Some 54 ; 


we have 

R=BtyVB_—A;, 
and, as we may take at our option either of the two roots, we have choice of 
the two expressions for a, 


—ta+[B+V B— Alt+ AB+VBR— & Als; 
a= —1a+[B—vVB— A ]t+ ALB— VB A\-4, 


The three values of x are obtained by attributing in succession to the 
single cube root appearing in either of these expressions its three values. 

I do not know why almost all algebraists prefer to put the root in the 
form 


e=—ta+VIB+/B— A) 4 ¥ (By BA). 
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It is certainly easier in practice to make a division than an extraction of a 
cube root; moreover, we are troubled, in the latter form, with the selection 
of the proper three values out of the nine of which it is susceptible, a diffi- 
culty which does not occur in the two former expressions. 


Solution of Biquadratic Equations. 


An algebraic expression for the root of the general equation of the 


fourth degree 
e+ avt+ b+ cat+ad=0, 


if it exists, can be presented in the form P+./Q. And if this denotes one 
of the roots, another will be P—»/Q; but since a has four values, it is 
plain that P and Q must receive each two values. This condition will be 
fulfilled if we suppose that these quantities, in their turn, similarly to x, are 
rational functions of a second radical ,»/R. Thus we put 


P=pt+VR, Q=q+ vk. 
Then we have 
a=pt+V¥R+Vq+7Vk. 
The four values of x are obtained by giving in succession to the radicals 
/ Q and / £ all the values they are, in combination, susceptible of. Thus 


m=ptVvR+V¥q+ VR, 
m=p—-V¥R+V9—-gVk, 
%=pt+N¥R—-Vqg+YVh, 
w%=p—V¥R-Vq-—_VR. 


By substituting these in the four symmetric functions >.a, >.2’, >.2° 
and >.a*, equations will be found determining p,q, q’ and &. Here again, 
in computing >.«”, the radicals all disappear; for, whenever a radical is 
present with one sign in any root, there is always another root in which it is 
present with the opposite sign ; thus these expressions in pairs cancel each 
other. Then, in deriving >.2", it is necessary to preserve only the terms 
which are free from radicals. In this way we get 


2.2 =4p ; =—-a4, ; ‘ 


Lia =4[p't 9+ R] = @—2b, 
2.@=4[p + 3p(q + R) + 39h] =— a+ 3ab — 3c, 


Ze =4[(p?+ 94+ B+ (4p'+ 12pq'+ 7?) R+4q(p?+ h)J= a— 40° + 4ac+20'— 4d. 
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From which we derive 


a 3a’? — 8b a— 4ab + 8c 
Y aie ee a THe q+ k= st ae qk=— SoA Wa 
3 3a’°— 8b 3a‘— 1607b + 16ac + 160’— 64d 3a°— 4ab + 8c\’ __ 
Pe ie et 256 R—( Gieas =) =U; 


The last is a cubic in F&, which, by the foregoing, is solvable by radi- 
cals; hence the general equation of the fourth degree is so solvable. In 
forming the value of x, we may attribute to & as its value any one of the 
three roots of this equation. When a=0, the case usually treated, the 
equations are simpler, viz., 


p=0, g+th=—}o, Yk=—te, 


Ro+ OR? + ae 


If we should attempt to treat the general equation of the fifth degree in 
the preceding manner, we would be led to equations of higher degrees than 
the fifth, which must be regarded as a strong argument for the non-existence 
of an algebraic expression equivalent to the root of the general equation of 
this degree. 
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MEMOIR No. 23. 


On the Equilibrium of a Bar Fixed at One End Half Way between 
Two Centers of Force. 


(The Analyst, Vol. II, pp. 57-59, 1875.) 


‘‘A very small bar of matter is movable about one extremity which is 
fixed half way between two centers of force attracting inversely as the 
square of the distance; if 7 be the length of the bar, and 2a the distance 
between the centers of force, prove that there will be two positions of equi- 
librium for the bar, or four, according as the ratio of the absolute intensity 
of the more powerful force to that of the less powerful is or is not greater 
than (a + 2/)+ (a — 21): and distinguish between the stable and unstable 
positions.”* 


Solution. 


Assume the fixed extremity of the bar as the origin of coordinates and 
the direction of the line joining the two centers of force as that of the axis 
ofa. Then x and y being the coordinates of a material point of the bar, 
and X and Y the forces acting on it, we have from the well-known equa- 
tions for the motion of a rigid body 

g Yam = S(aY¥—yX). 
If Mand M’ denote the intensities of the forces at the unit of distance, we 


have 

M(a—a)dm _ M’(a+x)dm 
[(a—ay+y [ata yp’ 
Bes Mydm <P M'ydm 

7  [@—2yftY7R {@teyty 


Aes 


418 


Introduce polar coordinates, and put 


Z=rcod, y=rsind, 


and since the mass of the bar may be supposed evenly distributed along its 
length, put dm = dr, and take the integration with respect to r between the 


*Cambridge Problems for 1845. 
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limits 0 and7. These substitutions made in the equations of motion, we get 
PB d’e A ih Mrdr M'rdr i|- 
B ae = 25m ~ fa’— 2ar cosd + 7} + fe + 2ar cos 0 + 7° ]2 


Or, the integration performed , 
Piao M sin 0 
3 dt ~~ [a—Tcosé + ¥ (@— 2al cos +P) \(@ — 2al cos 0 + 7’) 
M’ sin @ 
r [a +1 cosé +¥ (a+ 2al cos 0 + 1’)]¥ (a+ 2al cos 6 + 1)° 


This differential equation determines 6 and thus the position of the bar 
at any moment. For equilibrium the right member must vanish; thus 
6= 0, 0= mare two positions of equilibrium. If there are any others, the 


equation 
[a—l cosé + V (@— 2al cosd + P)]V¥ (@— 2al cos9 +P) _ 
[a +l cosd + ¥ (a+ 2al cosé + P)]¥ (a+ 2al cos 0 + 7) ip 


must be satisfied. But the numerator of the left member of this equation 
evidently has its minimum value when 9 = 0, and constantly increases from 
this point until 6 =72 when the maximum value is attained. On the other 
hand, the denominator has its maximum value when 6=0, and constantly 
diminishes from this point until 9=2, when the minimum is attained. 


From this it is plain that the minimum value of the left member is ( Seay 


a+l 
a+]? 


the maximum value é a and that the member continually augments in 


going from first to second. Hence if a lie between (= =) an and ea 
there will be two additional positions of equilibrium, one between 6 = 0 
and § = 17, and the other between 0= 7 and 0= 27; in the contrary case 
there will be none. 

When we have nearly 6=0, the differential equation reduces sen- 


sibly to 


Pd’ ‘ , : 
3 ge=l- M(a—l)-*+ M'(a+)-") sine, 


and when nearly = 17, to 


1h 20 
3 ae =[(—MU(a+)-*+ M (a—/)-*] sine. 


Thus the position of equilibrium when 9 = 0 is stable or unstable according 
2 
as M ; is greater or less than (<=) ,and when 6=7, the equilibrium is 


M'! 
: a+l\? 
stable or unstable according as is less or greater than (- ay 


UM. 
mw 
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The two remaining positions of equilibrium, when they exist, are always 
unstable, as will be plain from considering the mode of increase of the func- 


tion of 6 which is equivalent to = : 


\. 
\ 


NOTE. \ 


x 


The foregoing solution agrees with the statement of the problem, if we 
suppose that 7 is so small that its square may be neglected. It may be 
2 


added that the preceding expression for 7a is complex only because it is 


necessary to make sin @ appear as a factor. If Wand »/ denote the angles | 
at the base of the triangle formed by the two centers of force and the ex- 
tremity of the bar, the differential equation can be written thus 


3 , 
5 ae = —2Msin' £ + om’ sin’ S. 
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MEMOIR No. 24. 


The Deflection Produced in the Direction of Gravity at the Foot of a 
Conical Mountain of Homogeneous Density. 


(The Analyst, Vol. II, pp. 119-120, 1875.) 


Assume the station as the origin of coordinates, the axis of « being 
directed toward the center of the base of the mountain, and that of z vertical. 
Let a be the radius of the base and c the altitude of the mountain. The 
equation of the mountain’s surface is then 


a (c—2)'=C[a—a)'+ y']. 
The equation in terms of polar coordinates is obtained by putting 


Z=P7cosdcosw, Y=7cos@sinw, z=rsine, 
and thus is 
€ COS 0 COSw — a Sin 0 


7 = 2ac : — 
c cos’ 6 — a? gin’ 0 


The element of volume of the mountain may be regarded as a rectan- 
gular solid whose sides are dr, r cos 6 dw, rd0, and p being its density, the 
element of mass is p 7’ cos 0drd6da. Its attraction on the unit of mass at 
the station is p cos0drd@do. From the symmetry of the cone it is plain 
that the component of the mountain’s attraction in the direction of the 
axis of y is zero; and the vertical component which diminishes the intensity 
of gravity at the station may be neglected. The component /in the direc- 


tion of the axis of x is 
Kae ff fcos'¢ coswdrdedu. 


Integrating with respect to 7, the limits are r= 0 and r= the value 
given by the equation of the surface. Thus 


¢ COS 8 cosw —a sind 
x= 2acp ff” cose ahainte cos’ cos w dd dw. 


Next we integrate with respect to o. As 7 must be always positive, the 
limiting values of @ are the two roots of the equation ¢ cosw —a tan 0. 
Hence 
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| cos’ 6 cos—? ee tan 0 : 
X= 200 fe ¢ Cc sin 0 cos 6 in 
Pea ccos’d— asin? ~— Vc cos?6 — a’ sin’ 0 ; 


The limits of integration are now from 6=0 to @= the value given by the 
equation a tan@é=c. The second term within the brackets is integrable, 


and between the limits is — To simplify the first term, revert to 


abd 
a’ +c" 
the variable a, that is, puta tan?=ccosw. Then 


- wdw a 
X= Rep} J, Teas 


C 
sin w | 1+ ai cos? w 


The expression within the brackets is a function of = , calling it 
Ff (=) , we have 
a 
XG== 12 (2) Cp. 


Now 9’ being the mean density and # the radius of the earth, the force 
of gravity is 


The definite integral 


v 


Pe wodw 
eC Eye 
° sin w | 1+ at: cos o | 


it appears, must be computed by mechanical quadratures. 


As an example in illustration, suppose a=5 miles, c= 2 miles, 
R = 3956 miles, p = 2.75 and p' = 5.67. For evaluating the definite inte- 


gral, divide the interval between 0 and 5 into 9 equal parts; then h = 10° 
= 0.1745241. Compute the value of the function to be integrated mul- 
tiplied by A for the middle of each of these parts, that is, for 


@ = 5°, 15°.... 115°. The three values beyond 90° are for the sake of 
the differences. We get 
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o, Ao: ®. Ao. wo. Ao: 
5° 0.1400956 45° 0.1727216 85° 0.2594408 
15 0.1432880 55 0.1893800 95 0.2899632 
25 0.1497300 65 0.2094292 105 0.3258781 
35 0.1595134 75 0.2327701 115 0.3705285 


As the function integrated remains the same when the sign of is changed, 
all the odd orders of differences vanish for the argument o=0. Then 
making A~1=0, for the argument o = 0, by summing and differencing, we 


get for the argument w = 90°, 
4-* = 1.6563687, 4'= + 0.0305224, 4*= + 0.0015408, 4°= + 0.0007833. 
Thus the value of the definite integral is 


1.6563687 + 2, (0.0305224) — =47, (00015408) + y2:87,5 (0.0007833) = 1.6576363. 


Consequently #’(0.4) = 0.7955673, and the deflection 


6 = 1921174. 
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MEMOIR No. 25. 
On the Development of the Perturbative Function in Periodic Series. 


(The Analyst, Vol. II, pp. 161-180. 1875.) 


1. There are two modes of developing this function. In one, the numer- 
ical values of the elements involved are employed from the outset, and the 
results obtained belong only to the special case treated. This mode has 
been, almost exclusively, followed by Hansen, and is, perhaps, to be recom- 
mended when numerical results are chiefly desired. In the other, all the 
elements are left indeterminate, and thus is obtained a literal development 
possessing as much generality as possible. Certain investigations, arising 
from Jacobi’s treatment of dynamical equations and Delaunay’s method in 
the lunar theory, have invested the latter mode of development with addi- 
tional interest, and with it we shall be exclusively engaged in this article. 

In Liouville’s Journal for 1860, M. Puiseux has given us two memoirs 
on this subject, in which appears the general term of this function, but his 
formulas seem susceptible of modifications which would render them much 
simpler. More recently, in the volume of the same journal for 1873, M. 
Bourget has presented the development in a more concise form by employ- 
ing the Besselian functions, but as he discards the use of the functions }®, 
his formulas on this account are more complex. It is hoped, that, even if 
the expressions, given hereafter, are deemed too cumbrous for practical use, 
they may still possess some interest from a theoretical point of view. 


2. It is known that if we have a function S of a variable ¢, which is 
never infinite, and such that the relation 
function (€ + 2iz) = function (¢) 
is satisfied for all integral values of 7 both positive and negative, it can be 
developed in a series of the form 
2,. (KS) cos te + Ki sin 70) , 


in which 7 denotes a positive integer; and that, in the cases where this 
series is infinite, it is convergent. 
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In general, the handling of periodic series is easier if we introduce 
imaginary exponentials in the place of the circular functions. Thus, ¢ denot- 
ing the base of natural logarithms, we shall put z = e*”—1, whence 

2cos€¢=2+ 277}, 2 cost = 2+ 2 *, 
27 (—1) sin€=2z—2', 2V(—1) sinit~=v—-z%, 
2=cos€¢+H7(—1)sin¢é, z—=cosié+A7(—1) sini. 


The above theorem then comes to the same thing as to say that S is 
developable in a series of the form 
eC, 


where the summation is extended to negative as well as positive values of ¢. 
The coefficients K are given in terms of the coefficients C by the equations 


K) ee C;+ Ose KE — (C;—C_.,) ios 1 a 


except the case where 1 =0, when K{ =C,. It will be seen that when 
S is real, C, is a complex number a+6./—1, and C_,;, its conjugate 
a — bs/—1, which renders the coefficients K real, as they should be. 


The integral 
fea = f (os 16 +4 (—1) sin7é) dé, 


taken between the limits 0 and 2m, vanishes in all cases except when 1 = 0, 
when its value is 27. Hence any function, capable of expansion in a series 
of positive and negative integral powers of z, integrated with respect to ¢ 
between these limits, gives, as the result, 27 times the coefficient of 2 in its 
expansion. And as the coefficient of 2° in the function Sz~* is evidently C,, 


we have 
622 f" sea 
uae rue ‘ a 


This equation holds for all values of 7, negative as well as positive, zero 
included. 


3. Let us now suppose that ¢ denotes the mean anomaly of a planet, 
and let u be the eccentric anomaly, connected with the former by the equa- 
tion, e being the eccentricity, 


u—esinu=. 


In like manner as for f, we introduce the imaginary exponential s = e"”—*. 
Then the last equation can be written 


e(u—e sinu)y—1 — e¥—1, 
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and, by the introduction of the variables s and z, this becomes 
ee 25 
which is the transcendental equation connecting s andz. We have 


dé = (1 —e cosu)du= [1-$(s+>)] du. 


Substituting these values in the equation giving the value of C,, and 
noticing that, as ¢ and w both take the values 0 and 27 together, the limits 
of integration, when uw is the independent variable, are the same as for @, 


we get 
mIDLY pe sare bare i 
=a f iSSuen 1-4 (s+ =)| du. 


But, from what precedes, we conclude that the coefficient of s‘ in the expan- 
sion of any function W, according to positive and negative powers of s, is 


1 Qar 
oF if: Ws- ‘du. 
T Jo 


Thus, from the foregoing expression for C,, we derive the following propo- 
sition : . 

i being a positwe or negative integer or zero, the coefficient of 2‘, in the 
development of S, according to the powers of z, is equal to that of s‘ in the devel- 


opment of 
SEY 1 
g2? )[1-$(s+=) |, 
according to the powers of s. 


As most of the functions 8S, which are presented by astronomy for 
development in powers of z, are quite readily expanded in powers of s, this 
theorem is of much use. Another form can be given toit. For we have, 
integrating by parts 

fsra =—V(— 1) f sre+nas 
Vv — EN erage Tea ee 
Taking the integrals between the limits € = 0 and ¢ = 2a, we get 


—1 ras 
=e fae 
Lf d8,46-4) 


ED Lee — Vg 
= a Ss U. 
RiEiehy OS 


Whence we conclude this proposition : 
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The coefficient of 2 in the development of S according to the powers of z is 
equal to that of s'~1 in the development of 
Lads F¢-4) 
a, de® 
according to the powers of s. 


This theorem however is not applicable when 1 = 0. 


4, We shall often have occasion for the expansion of the function 
ae a) 


in powers of s; let us, for simplicity, put A= > , and 
e* (x3) =ehs, a Soper ss 


We have 


whence we conclude that 


FC Races 1 os jt 
oi eeTen (AR ae ae ae nse ca 


This series is not applicable when 7 is negative; but if, in the function 


eax 2 : 
6 16", we substitute — for s, and change the sign of A, the function 


remains unchanged, hence 
2. SOs = ETS, 


and, consequently, 
| IP = IQ, =(—-Y, 


by which the values of these functions for negative values of 2 can be derived 
from those in which 7 is positive. These functions are known as the Bes- 
selian. By putting 
z i 
OSE ACES NCE CCE) ee 


one will have no difficulty in deducing the equation 


2 


dF a L—TG+T Ty415 


24 
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5. We come now to the more complex function S of two variables ¢ 
and ¢’; it is known that when this is never infinite and is such that 


function (¢ + 2iz, ¢’+ 2i’x) = function (€, ¢’) 


it can be developed in a series of the form 
2, [K{), cos (t6 + 0'¢’) + K'), sin (1€ +77C’)], 
where to one of the quantities 7 and 7/, we need assign only positive integral 


values, but to the other both positive and negative values. If we adopt 
another imaginary exponential 2! = ¢*’—', this is the same as saying that 


S= fin Opets”, 
where the summation is extended to all integral values positive and negative 
for 7 and 7. Since we have 
zz” = (cost€ + ¥ (—1) sin 7f)(cos7’¢’ + ¥ (—1) sin7’¢’) 
= cos (16 + 0’) + W (—1) sin (1 + 70’), 
the relations, which connect the coefficients & with the coefficients C, are 
Zl eC. AEC ees 


KY, = (C,i0— —t,—7! ) ¥—1 ’ 
unless 7 and 7 are both zero, when 
GSS ==2 Oy,0° 


A course of reasoning, similar to that in the case of one variable, established 


that 
1 Qa 20 See ; 
Coa) ub Sx-d-"de de, 


which holds for all integral values of ¢ and 7, positive, negative and zero. 


6. Supposing that ¢’ denotes the mean anomaly of a second planet, 
whose eccentricity and eccentric anomaly are respectively e' and u/, we have 
uw’ —e’ sinw’ = C’, 
and by the adoption of the imaginary exponential s! = e“”’—}, this is trans- 

formed into 


, 


Siem = lr-7) Sh 


It is not difficult to see that we have the following theorem : 


The coefficient of z'z'" in the development of S, according to the powers of z 
and 2!, ts equal to that of s‘s'" in the development of 


AOL $ (oe) S$ a)) 


according to the powers of s and s'. 
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7. After these preliminaries relative to the general development of func- 
tions in periodic series, we come to the matter more immediately engaging 
our attention. ‘The perturbative function for the action of a planet, whose 
mass is m/, on another, whose mass is m, is usually written 


Ram [5 — Tos? y) 
4 . 


and that for the action of m on m’ 


it r’ cos 
i =m|Z— r 


where A denotes their mutual distance, J their angular distance as seen from 
the sun, and r and 7 their radii vectors. The problem proposed is then 
to develop these two functions in series whose general term is of the form 
C,, ,22'". To this end it seems better to discuss the two portions of the gene- 


r cos p 


ral perturbative function, x and — ET separately, and not, as most 


investigators, attempt, by a ee notation, to combine, in a whole, 
these two parts. Thus, in developing a , we shall have the term common 


to both functions, and may suppose that 7’ denotes the radius vector which 
belongs to the planet more distant from the sun. But, in treating the sec- 
ond part, we shall suppose that 2’ belongs to the disturbing planet. The 
following equations are well known: 


a= r?—2rr’ cosy + 7’, 
cos ¢ = cos (v + II) cos (v' + Il’) + cos J sin (v + Z/) sin (v’+ I’), 
= cos (v—v'+ I — Il’) —2 sin’ 4 sin (v + I) sin (v' + II’), 


where v and v’ are the true anomalies, and II and II’ are the angular dis- 
tances of the perihelia from either point of intersection of the planes of the 
orbits, and J is their mutual inclination. 


8. Attending then, in the first place, to the development of x , we have 


to notice what are the conditions under which this quantity can be devel- 
oped in powers of z and z’. In the case of two elliptic orbits, the only one 


we shall consider here, it is plain that * is always finite and continuous, 


provided the orbits have no point in common. Here we must make two 
cases according as the value of sin J is not or is zero. In the first case it is 
evident that the orbits can meet only on the line of intersection of their 
planes. Hence, p and p’ denoting their semi-parameters, there will be 
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two, one or no points in common, according as two, one or none of the 


equations, 
p ite cos rae =p(1+ecosl)~’, 
p' (1—eé' cos I’)-* =p (1 —e cos)’, 


are satisfied. In the second case, where the orbits lie in the same plane, 
there will be two intersections or none, according as the equation 
p [1+ e cos(A—o’)]}-' = pf + e cosQA—e)}’, 

A being the unknown quantity and @ and o! the longitudes of the perihelia, 
admits real or imaginary roots. If we put . 

pe’ cos w' —p’e cosw =A cosa, 

pe’ sin w' —p’e sinw =A sina, 
this equation takes the form 


A cos(A—a) = p'’—p. 


The roots of this are imaginary when 


(p'—p) > pe? — 2pp'ee! cos (w — a") + pre’. 


9. If we put 
P=r?—2rr’ cos (v—v'+ T—T') +7”, 
Q=4 sin’ hl.rsin(v + 1).7' sin (o'+ LI’) 
we have 
#=P+Q, 
1 , 
ae [P+ Or? 


yw eee 
Som ice iy ae Q. 


10. In order that this development of x in a series of ascending pow- 
ers of Q, or, if one likes, of sin? 3 J, may be legitimate, it is necessary that 


the elements of the orbits should be such that the numerical value of me 


should be always less than unity. P is the square of the distance of the 
two planets after the plane of the orbit of one has heen brought into 
coincidence with the plane of the other by revolving it about the line of 
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intersection of the two planes. Taking then a system of rectangular axes 
passing through the center of the sun, and directing the axis of x along the 
line of intersection, it is plain the equations of the orbits may be written 


V(@ + yf) +o + by =p, 
¥ (a+ y!) + ala! + By! =p’, 


a, 8, a’, OB’ being constants. And the variables 2, y, a’, y! satisfying these 
equations, the question depends on the finding of the values of them which 
render the expression 


U 


= nt 2 
(@—-a)+ (y—y’) 


a@ maximum ora minimum. According to the known theory of maxima and 
minima, the equations, which, in combination with the equations of the 
orbits, give these values, are 


—2D(a@—2') +p lyerpte] 10) 
2D (x—w’) +e [venga t] ==.0, 
y —2D(y—y') + 4 lene mans +8 | =0, 


y+ 2Dy—y) +0" | agtzyn te |=o, 


where uw and w’ are the multipliers of the partial derivatives of the two equa- 
tions of condition. A complete investigation of this question would be con- 
ducted in the following manner. Eliminate from the seven equations last 
given the six quantities x, y, a’, y', uw, w’; the result will be an algebraical 
equation determining the unknown D. Having derived the Sturmian 
functions of this, one will ascertain by the substitution of the values 


eee He : ner net eae 
D —._,_., D= + », and again of D= eater co, whether 


i A sin’ 4.7’ 
any roots lie between these limits ; if none, = can be expanded in a series 


of ascending powers of sin’ 4 J, in the contrary case not. In this way we 
shall arrive at the condition or conditions necessary and sufficient for the 
legitimacy of this expansion. 


11. This procedure would doubtless lead to very complicated formulas, 
hence we are obliged to pass over it. However, equations can be readily 
got, which, by a tentative process, afford the maximum and minimum values 
of D. Multiply the four equations last given respectively by 2, a/, y, y! 
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and add the resulting equations, having regard to the equations of the orbits 
and the value of D; we thus arrive at the simple relation 


pe + p'n' =0 
Putting, for simplicity, « =r cos, x! =7' cos 6’, the addition of the first 
and second of the same group of four equations gives. 


p(cos@ + a) + p' (cosé’+ a’) =0. 


By combining this with the preceding is obtained 


cos 6’ + a’ cos 0 + a 
DO eee 


Again the addition of the same equations, multiplied pies by a, 
—a, y, —y’, gives the equation 


“ 2D (r? — 1) = p'p! — pp. 


Dividing the left member of this by 2D (a! — x), and the terms of the right 
member by its equivalents derived from the first and second equations, we 
get 


7 p! s 
za’ —a ~~ cosd'+ a’ 


Et ek | 
cosé +a?’ 


or 
r’ cosé'—rcosd?  cosd+a 
pe = 2p 2 


This and the equation 
cos é'+ a’ cosd+a 
EAT Paste) 


determine the values of the variables @ and 6’ which render D a maximum 
or minimum. When the orbits are nearly circular these values are in the _ 
neighborhood of $a or $2. When both orbits are circles the solution is 
very simple, and we find, in order that the development may be legitimate, 


we must have 
fi a’ —a 
in <2 (aa)? 


a and a! being the mean distances of the planets from the sun. 


12. Assuming that this development is legitimate, we have to develop 


1 . 
2 Q* in terms of s and s’. We have 


THE PERTURBATIVE FUNCTION 915 


r cosy = a(cosu—e) =-9-(s+-——2e), 


rsinv=ay (1—e’) sinw= tai V (1—e’) (s——} ; 
whence 


i ee, to (ie) 4 =a. 


reosy + rsinv.y—L= rev" =a 3 


and by putting 
Lew G— &) e ay 
D) fs as Tg ey Coed, 
we get 


2 
revv—1 = ans (1 — +) . 


And the value of re~’”—1 is evidently obtained by substituting in this + for 
s, hence 


fe Vt Oy = (1 —os)’. 
From these two equations may be derived 


r=an(t—os(1—2), 
Ss—w 


v—1 — ° 
or 1—wos 


Writing y for Il — II’, we have 


_ mt} r pe et 

CRSP We ae [1-2% cos (v — v’+ 7) + a | as 
The right member of this is developable in a series of integral powers of the 
exponential e®~”+””—? when a is always less than unity. This con- 


dition is fulfilled when we have a(i+e)<a/(1—ée). Writing g for 
e’—1 let 


j=+o 
f—2 _%t1 (J) : ; 
(oP) a » Bx+165@—v'+ y)V-1 
j=—a@ < 
j=+O0 
() s—w \i/ 3’—o! \-5 
=} Say or tar (Reema Ree oD ep 
4 2t\T os) \i— o's!) 9 
j=—@ 


; : e Vis ; A a 
vd 41 1s the same function of — that Laplace’s Bees is of ro: The 
ae +1 = 2k +1 
2 2 


: Us : : r : 
approximate value of —- being a, any function of —- can be expanded in a 
r r 


series of ascending powers of kis —a by Taylor’s Theorem. And as we 
r 


have 


216 COLLECTED MATHEMATICAL WORKS OF G. W. HILL 


consequently, 


Busi= m1? 
n=0 ee a —w's(1-F) 


oR Piles wee ACh os)(1— +) 


n being an integer, and m! denoting the product of all integers up to n inclu- 
sive, it being understood that 0!=1. Expanding the last factor of this 
expression by the binomial theorem, and employing the notation [2,7] for 
the coefficient of 2’ in the expansion of (1+ x)’, we have, p being an inte- 


ger, 
7) 


series Pend Bere bae os(1--2) 
(3) ou [n, Pl n 2 g 
Bie >) DC Ue ae a 
n=0 p=0 7! (1—o's)(1-4) 


13. In the next place the development of Q in terms of s and s’ must 
be formed. We have 


rsin(v+ I) = "= [ret Y-1 — remo + Y-1], 


7 sini’ + T')= TEA Nats este oe aL 8) fo 1], 


sa 


HEN aS Os, [== ro os, 


and putting 


we find 
Q = — aa'yy!' sin’ > ; Ee — =) su a- ot gh | 


1\2 
x E (1 A a) Se = (ies o's'¥g | é 


Raising this expression to the 4™ power, and Wecaer by 


mtn — [ay A —o's)(1- 4% = (+1) 
A =| ay — o's’(1 ; 


we find that the part of 2/— °*+) @Q* which has h*” as a factor is 
nl=k—ae 


: a On (+1) sin 4 yy (— DG, n' Lk, bk—i"'— n') 


n'=0 
200 e+ Qn! 2k — il" *— ont yt Sesto 
xs (1 — ws) i rs 


ow! 


—2n'—1 
x gin! (1 oe OR hehe: (1 ree e +) ; eos an’ pi me 
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14. We are now in the possession of all the developments necessary for 


exhibiting the function + in terms of s ands’. In order to obtain the part 


of this function which has g”h’” for a factor, we must put, in the formulas 
of §12, 
y Let gg k—2n’, 


and the chief operation here is the addition of the exponents of the quan- 


tities s, 1 — os, 1 — = , and the similar functions of s’ which are found 


2k +1 
in the three formulas for (7’"-*P)  ? 


we will write 


\) 
, Bet and r+". For brevity 


Seis Or 1) 
We a a aay eas 


Then the part of 2 , which has g*’h*” for a factor, is 


Ca Lao et? [AILA, n'J[k, k —v'"—n'J[n, ?] 
n! 


(et Lid n'=0 n=0 p=0 
(Ca ont 
A" ba. +4 us aM yi o ktp+irta 
k-+n 2 £2 yk +p otha k+p—t—ir cia 
X a ae sin a**?s (1 — ws) + (1 a ) 
ENE eae eT ERET: 
« (EES ie ns (i C7 a nasal srs 7 ) : eh gue, 


We observe that in this expression the summation with respect to n' 
affects only the integral coefficients [%, n’], [k, & — i!’ —n'] and the upper 
index of the quantity 6, hence if a new function of a is assumed, which is a 
linear function of the 0’s, and such that 


nl=k—i? 


AR ie i U NAA ti rh gtth +k — on! 
Bata = > [k, n'][k, k—1 a Ra i 
n'=0 2 


it will take the following simpler form: 


Be Ss yer a OE gael 
oo, Ce ee ate 4 _sin® > 


x gtegi ey ie ws)tt? ire (1 the a en 


fesys Lol— arr eae roy 19 GOP oh od a) ee A 
bi Aa ete eral bo aU nee 
>< Nn Bisa g + qa —w Sh) Bie Di hts s * 1 — —7> 


Nae POA 
CW. 


15. In order to get the coefficient of zz’ in the expansion of — 
according to the foregoing investigation, we must multiply the preceding 
expression by 
Pie Cos Ce) 
aa “ . 
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Hence if for brevity we adopt the functional notation 


ee ae ay =), 
an ic os =) 


int o ee. we 4 
the coefficient of zz” g"hi" in ia will be equal to the coefficient of s‘s/ in 
k=~o n=O =n 
x wing [ile 2] pi 
—1)- +n—p 
eK att) p+ 1) 
x okt er or sin® + Ss (as ay S’ (4 rn i") 


If then the coefficient of s‘ in the expansion of S is denoted by E fol- 
lowed by the same indices, and the coefficient of s’” in the expansion of S’ 
by E’ in like manner, E will be a function of e only, and E’ a function of e! 
only; and, it being understood that each argument is taken but once, that 
is, the negative of the argument is not considered, the coefficient of 

cos (16 + 6" + ty + a0) 
in the expansion of x is sea thus 


k=@ 


5 > DG Lent 4c (212 P) 


egg" —(k+p+1) 
xe okt a sin” 5 oI (at oe E’ Ee a — 4") 
q' 


As in this formula, & ought to be a positive integer, it will prevent 
embarrassment, if the arguments are so taken that 7!’ may not be negative. 
In the case where 7, 7, ¢ and 7’ are all zero, the expression must be divided 
by 2. 


16. Thus we have arrived at an expression for the general coefficient 
involving only three signs of summation; and it may be remarked that all 
the coefficients are exhibited in precisely similar forms. Thus, to pass from 
one argument to another, we have only to make the suitable changes in the 
two lower indices of the functions E and E’ and in the upper indices of B, 
and commence the summation with reference to & with the new value of 7 
instead of the old. Hence, from this expression, we can write out a scheme 
or blank form, which, when the indices proper to the argument are filled 


in, will be the coefficient of the cosine of it in the expansion of x . Such 
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a blank form is written below; the indices 7’ and @” are omitted from B, 
and the two lower indices from E and E’, and the upper indices of these 
quantities, for the sake of facility in writing, are placed to the right and at 


the foot. The factor + , common to the whole expression, is also omitted, 


so that the formula gives the coefficient in the expansion of x . In making 


use of it, one must commence at the portion which has sin®” 3 J for a factor, 
all the preceding parts being supposed to be suppressed. It is hoped that a 
sufficient number of terms have been written to render the law evident, so 
that they may be continued as far as desired. 

by : 5B 


1 
~F it [EB — EE’. 
i Pb, / y 
+754 — ETE E’_,— 2E,E’_,+ E,E’_.] 
i 


7) at SE, E’_,— 3E,E’_.4+ 3E, E’_,— E,E’_,] 


Cais aan cay 6 ea ot. 6 
+yeints] | BEE, 


2 /aB; 
eG We ee i) E’_,— EB AT 
fee, iat Ei eR ERE Ee] 
aay 1 s B} a et lager Bi oe eee Bese se Be] 
+ \ 
+yysint5 | BEE’. 
a Pare, Ef EE’ 3] 
+ py eH LESE’_1—2EE!_ a+ EE!) 
1 ,d°Bs 


753 Of yee LEsE’_o— 3E.E’_.+ 3E,E’_,— E,E’=.] 


ee is aa 
1 


5 } Q% & Ped (E,E’_.— 2E,E’_.+ E sE’_.] 
i335" Be oe z ¢ [EsE’_,— 3E,E'_,+ 3& E'_.— E,E’_:] 
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For illustration, let it be desired to obtain the coefficient of 
cos (26 — 56’ + 2y), 
from which arises the larger part of the great inequality of Jupiter and 


Saturn; we have only to imagine that the lower indices ( 9 ) are everywhere 
2 


applied to E, and the indices (-: ) to E’, the indices (2, 0) to B; and as 
—5 
we have 7// = 0, we suppress nothing. 


17. The quantities B are very simply expressed in terms of the 0’s. 
The following are all that are needed when terms of the eighth order with 
respect to the inclination of the orbits are neglected. 


0 4 

Bi ) = bi, 

BY )) — oy) ae by, 
1) — 7 

BS ) = by '; 


BY? = 1 4 4504 BE, 
BEY = 2669 4 29, 

Brae 

Bio) — byt?) 9oy) + Bae aaa 
BY? = 30 4909 4 300, 

Bes — Boe) + lees 

BY — BY. 


na i) Ls 


s 


18. In computing the factors of the preceding formula which depend 
on E and e’, the following abbreviation can be used. JM, denoting the fac- 
tor which multiplies 


and A being the symbol of finite differences with respect to n, it is plain 


that 
A" M, = (— 1)"E x4 nF apn yny- 


Hence, if the products E,,, £’_@4n41 are computed for the various values 
of n, and are taken alternately with the positive and negative sign, and are 
written as if they’ were the successive differences of a function, we shall get 
the values of the factors UM, by filling out the scheme of differences. This 
abbreviation is applicable equally whether we are making a numerical 


_ 


t 
r 
‘ 
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computation of the coefficient or a literal one. In the latter case the 
abbreviation can be applied separately to each term of the form Cee!” in 
the products E,E’_«@ +1; 


19. We proceed now to discuss the functions E. From their definition 
we have 


k=+o 


(Bjer='Se(D)- 


k=—@ 


(sje [eC +e(-PJme 
(Joni S Le) 


whence 


From which we gather that Me functions £ can be computed by definite 


integrals, thus 
E(j aL f(z Joos (ju — ke) de. 


Let us now suppose that the coefficient of s*, in the expansion of 


Ove Cog SET eine aly 
‘si (1 — 8) (1 ~ ) 


t 
in powers of s, is denoted by # (z) , then evidently 
k 


Pn eee At et 
(= SaG ye 
f D>) k aa: 1 pat 
By writing in the expression 1s for s and changing the sign of J, it 
remains unaltered ; hence the relation 


a a 
Boe) (4) 
By developing the factors of the expression 
ro —osy-(1— 2)" 
by the binomial theorem, we get 
#({)=C Ife —j, &— J] ator 


he pe Di... 
L(4—Jj +1) 1.2.(4—j + 1)(k—7 + 2) ee 
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This equation, as written, is correct only when 4—y is not negative, but by 
the relation given above we can reduce the case of k—y negative to that 
where it is positive. The factor in the brackets is a case of the series 


a.f a(a+1)8@@+1), 
Port ay Uks up a 


treated by Gauss in a memoir entitled ‘‘ Disquisitiones generales circa seriem 
infinitam, cdc.” (See Gauss’ Werke, Vol. III, p. 123, and especially the 
‘‘Nachlass,”’ p. 207.) According to Gauss’ notation 


i 
u(4) = (—1)~[i—j, bj] tut! F(—i—j, bi, kj +1, &). 


Whenever, of «+ 7 and «—J, one is not negative, this series terminates 
after a certain number of terms, thus affording a finite expression for the 
function. But when these integers are both negative, the series is infinite. 
However, it can be easily transformed into another which like the former is 
finite. From Gauss’ investigation of these series (see the volume just 
quoted, p. 209, equation [82]), we have 


F(a, BY, 2) a= (Liat eR gee, V=PsT> &) 


Applying this to our expression, we get 

a 
#(4) = (—1)'—[i—j, kJ] fo! $A — "4 PG 4 b+ 1,i—j +1,k—j 41, 0%). 
This expression is evidently finite when 1—y and 7+ are negative. 


20. The developments of the functions E in powers of ¢ as far as e’ have 
been tabulated by Prof. Cayley in the Memoirs of the Royal Astronomical 


Society, Vol. XXVII. It would conduce to the ready employment of the 
d 


preceding formulas if we had the function E ( J ) explicitly expanded in 
k 

ascending powers of e, but the attempts I have made to write such a series 
lead to extremely complex forms of the coefficients. Hence I shall give here 
only the coefficients of the lowest power of e in this function, which suffices 
for obtaining all the terms of the lowest order in any coefficient of the expan- 
sion of 1+ A. We have, when j —k& is positive, 

Lae See t REE ict een a Omer ke 
E i )= [ers i—M 4 ti j—e—E + 45,7 —k— 2] Be 


Lenges +4, |(— x)” 
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and when k —7 is positive 
‘ —1 
jE [ti—s, z RN JE eld eg k—j—14 +fi-j,k-j— 4 
x ee Gast |(- 5). 
wane 25,0) (k—J)! ; 


21. Thus in the example alluded to above, of the coefficient of 
cos (2¢ — 5¢’ + 2y), we find that the terms of the lowest order in E and £’ 
(omitting here, as in the scheme, the two lower indices), are 


E.=—,=—,=6&,=1, fe 
E_4=— [ t- 2 [3,214 + 1-2 Mag ~T— 2 ha 


( 
E,=—|[- 3, 3] —[— 3 ai al _ 3, Ol r35 (+) = 59,0 6, 
eee tino h 4c 5 ($)= 


e.=—[[- ae EN alae a les |(+)= 1190 ¢, 


Bringing into use our method of abbreviation, we multiply each of the 
preceding numerical coefficients by 48 in order to avoid fractions, and then 
write them alternately with the positive and negative signs in a diagonal 
line, and from these, as successive orders of differences, derive the numbers 
standing in the vertical columns, thus: 

+ 389 

— 590 
— 201 + 845 

+ 255 — 1160 
+ 54 — 315 

—— 1 60 + 381 


and dividing the numbers of the first column respectively by 1, —1, 1.2 
— 1.2.3, we get the following as the terms of the lowest order in the coeffi- 
cient of cos (2¢ — 5¢'+ 2y) ina’ +A, 


(2) 27, (2) 3 @) 
ae Ea 201 ee - Qa ae + a nee le 


. 


which agrees with that found in the books. The following additional terms 
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of the same coefficient can be written from the second, third, &c., columns, 
viz., those which are multiplied by e? and the various powers of sin? 4 J, 


(2, 0) 2 FD (2, 0) 3 [D (2, 0) 
1A s00e ap 2550286" 4 sou TBE” 4, PEE] ogi t 


(2, 0) 2, [ (2, 0) 3 @, 0) 
F776) 8450 BP + 3154 ja + 33a* we ita a |e sine 


— &e. 


22. When we wish to obtain only the terms independent of ¢ and @’, 
that is, those on which the secular perturbations depend, i=0 and /=0, 
and the Besselian function J disappears from the expressions giving the 
values of E and £’, and the coefficient of cos (ty + 76) in the expansion of 


can be written 


SUN eee (Alle 2) 
a S Ec aby ois P ” Pp 
regs it) 


—(& 
abe ae pee 2(s4 i" *).z (Cs hoe ”) ). 


23. In leaving the subject of the development of 1+ A, it may be well 
to note that two other forms can be given to the expression of the general 
coefficient, by employing, instead of the expression given above, either of 


the following : ; 
eis a) 
3 


Aah 
A 
1 

a 


But as they do not possess as much symmetry and brevity as the form given 
above, we will pass over them. 


24. The second part of the Perturbative Function, omitting the factor 
m’', is 
— Ty 08 y =— se [ cost Cos x: uty) + sin’ cos(v + v'+ 0) | 
=—hor cosy EPH k ei cee eA 


Ae 
—4 i sin’ [he +°Y—9 +h? Sey fogs Gore 
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According to the first theorem of §3, the coefficient of 2° in — ¢°Y-1 is 
a 
equal to that of s° in 
7’s (1 — v9(1 ae =); 


or it is equal to 
— 37?w (1 +. w”) = — ge. 


And, according to the second theorem, the coefficient of z' in the same func- 
tion is equal to that of s‘ in 


a Aff OV) gh6-) 2 (p_) $0 
a ds (1-2) ] ss Th Ae be : 


Hence we have 


t=+o0 


r ne. ; ; 
AE SS > ale Jg-»— w J +1) | gf, 
a : Delany z 


And by simply writing 1+ for z, 


t=+ 0 


DP vy-1 — yl wJe-V— JED | gt, 
a v 2 z 


t= — 


The well-known differential equations of elliptic motion 


ae @ 
gee os! 
d’ a’ 
det y= 
supposing the axis of x to be directed towards the perihelion, give us the 
equation 
tae 
a tee ) 
a ie a 


i=+o 
a 


ee a te » an [ oss feet | Zh 
7 r Tr 


By substituting these values in the expression given above for — F cos W, 
it is not difficult to see that, in it, the coefficient of 
cos (1¢ + 7’€’+ 7) 
is 
a To @=—1 27G+D an 12. T(t!) (41) 
— —r cos’ =. [i — w Ji | 7) E J Ser — JSS | ) 
Bor Wy Lure r os me a 


25 


eye fs he H ope 
‘ ; i Res ; 
4 ie coat Cy 
/ a “ mK : 2 
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and the coefficient of © 


: cos (i + U6' + 0) 


. 


is , 

—<y et ee [ e-— we” | ty! [ itr? ods? | i 
In the special case of i = 0 the middle factors of these expressions take the 
indeterminate form 0+ 0, but then, in accordance with what has been shown 
above we should read — $e. Thus, by means of the Besselian functions, 
these coefficients take finite forms. 
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MEMOIR No. 26 


Demonstration of the Differential Equations Employed by Delaunay 
in the Lunar Theory. 


(The Analyst, Vol. III, pp. 65-70, 1876.) 


The method of treating the lunar theory adopted by Delaunay is so 
elegant that it cannot fail to become in the future the classic method of 
treating all the problems of celestial mechanics. The canonical system of 
equations employed by Delaunay is not demonstrated by him in his work, 
but he refers to a memoir of Binet inserted in the Journal de U Ecole Poly- 
technique, Cahier XXVIII. Among the innumerable sets of canonical ele- 
ments it does not appear that a better can be selected. These equations can 
be established in a very elegant manner by using the properties of Lagrange’s 
and Poisson’s quantities (a, 6) and [a, 6]. But a demonstration founded 
on more direct and elementary considerations, is, on some accounts, to be 
preferred. 

Let a denote the mean distance, e the eccentricity, 7 the inclination of 
the orbit to a fixed plane, / the mean anomaly, g the angular distance of the 
lower apsis from the ascending node, hf the longitude of the ascending 
node measured from a fixed line in the fixed plane, uw the sum of the masses 
of the bodies whose relative motion is considered, and # the ordinary per- 


2 ——— 
turbative function augmented by the term a . Then if we put L=V ua, 


G=/V [ua(1—&)], H=v [ua(1 — e)] cost, Delaunay’s equations are 
Gb OR GG i AOR a "OR 


Cie ee Ole Ale OP a pe Oh: 
CMe Nah dg MOR dh kc OR 
Me ASOL), dt OG Ot SOR” 
In terms of rectangular coordinates 
Pes we ve m’ mt (azo! + yy + za!) 
wee Ney Sythe 2) ee 


In this expression, for z, y, z, ought to be substituted their values deduced 
from the formulas of elliptic motion, and expressed in terms of L, G, H, 


2 
1, g, A. It should be noted that the term aA = of the zero order 
20 2a 


with respect to the disturbing force, has been added to R only to preserve 
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in the equations the canonical form: it is only by amplifying the significa- 


tion of the word that 7 can be called an element, as it is not constant in ellip- 
2 


tic motion, but augments proportionally to the time and S =2= i : 


It is chosen as a variable in preference to the element attached to it by addi- 
tion simply to prevent ¢ from appearing in derivatives of # outside of the 
functional signs sine and cosine. 

The equations 


aa Pe ae OR ay vY va ok dz 14 ok 
dete On’ dPtr- ay’ d&t > oz’ 


2 
are well known; here, however, R does not contain the term i 


OTF By 

multiplying them severally by dw, dy, dz, adding and integrating, is 

obtained 
dv+dy+d? 4", p ok oR oR 


When the elements are made variable, this gives 
d (¥ )= — ($2 e+ oy eG) 


dt \ 2a Ox dé ' dy dt * Oz dé 
But we have 
de ax dy dy dz dz 
aE a an ah 2 aes aT a 


and hence 
alts) = oo ee |= oR 
di\2a) > “\@n Ol * Oyiol* Of Ol) 2 Oly 
Dividing both members of this equation by —n = —V/ ua-*, the left 
member is seen to be the differential of /yua = LZ. Consequently, 
dL OR : 
dt aon 


Denoting the true anomaly by v, the orthogonal projection of the 
radius vector on the line of nodes is r cos(v +g), and on a line perpendicular 
to it and in the plane of the orbit r sin(v+g). And the latter projected 
on the plane of reference is r sin(v + g) cosi, and on a line perpendicular 
to this plane r sin(v + g) sini. Ifthe two projections lying in the plane of 
reference are again each projected on the axis of x, their sum will be the value 
of the coordinate x, and the sum of their projections on the axis of y, the 
value of the coordinate y. Hence: 

Z=r cos(v +g) cosh—rsin(v + g) cosi sinh, 
y=reos(v+ 9) sink + rsin(v + g) cost cosh, 
=r sin (v +g) sint, 
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or, substituting for 7 its value in terms of G and H, 


=r cos(v+ g) cosh — 2» sin(v+g) sinh, 


G 
y =r cos(v + g) sinh + Er sin(v +9) cosh, 
pa VOT sin tg). 


As r and v are functions of Z, G and / only, the preceding equations show 
the manner in which H, g and A are involved in R. 
H denotes double the areal velocity projected on the plane zy, or 
__ ady — yda 
H= Dip foawat ° 


Consequently 
aH ok Ok 
dt "Oy ~4 Ou" 


But the foregoing values of x, y, z show that we have 


and thus 


dH _ ORO, @Ray , BRdz_ OR 
at © oz oh * dy oh * Oz Oh Oh” 
G denotes double the areal velocity, and evidently, if for the moment 
we suppose « and y to be drawn in the plane of the orbit, the axis of a 
towards the lower apsis, 
dG @R OR aR 
at “oy 4 oz — dv’ 
where, in the last R, for x, y, z must be substituted their values given above 
in terms of 7, v, G, H,g,h. Now, as the only way in which g is involved 
in these values, is by addition to v, it follows that 
aR _ ok, 
Ov Og’ 
and this equation is not affected when, for vr and vin R#, are substituted their 
values in terms of Z, Gand/. Consequently 
a¢ _ OR 
dt ~ 09° 


In the elliptic theory 


eee H? cosh, 
ydz — zdy _ 


ai = + @— H' sinh. 
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Whence we deduce 
aly @— 7 H? cosh] _ Pach ioe oR 
dt 


Mare Ox’ 
d( Vv @— #? H’ sinh) oR ,oFk 
ENB e aE Gh Ol oR One Cam 


Eliminating d/ G? — H? from these equations, we obtain 


ee zsinh OR zcosh OR __vsinh—y cosh OR 
~ V@— 1 0x” V¥@— H dy Vv G@’— H* Oz 


Comparing the coefficients of the three derivatives of in the right member 
of this equation with the values of x, y and z in terms of 7, v, G, H, g,h, 
we recognize that they are severally equivalent to the negatives of the partial 
derivatives of these quantities with respect to H. So that 


ch ___ (OR O« , OR dy , aR ot) = — OR 
ao \de oH oy goo ae on One 


It is a well-known principle in the theory of varying elements, that if 
we differentiate any function, which is a function of the coordinates and ¢ 
only, but expressed in terms of ¢ and the elements, with respect to ¢ only inas- 
much as it is explicitly involved, we obtain the correct value. Hence, if the 
differentiation is performed on the supposition that the elements are alone 
variable, the result should be zero. Applying this to the function r we get 

SiG + 30 a * Gila —*) => 
or 


orok orok  or/di- 
or again 


or/oR or adv er oR Or/dl 
aS + Oy ai) + og apt oiar "=o: 


Whence we derive 


Ge or OR ay Or ov , or |ok 
= "SL or — (91 OLol * OG] av- 


From the expression for r we can eliminate 7 and introduce v in its place by 
means of the expression for v in ae of ZL, G and /; the result is the well- 
known equation 

eA od, 8 Beds 


I +ecosv 2_ Ge i 
a ro] DP-@ =F] 
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And we have 


ar _ ar av 
ol dv ol’ 


“\5L) T OvdL’ 


$i -(8) BE 


the parentheses denoting the derivative with respect to L only insomuch as it 
enters the preceding equation for 7. By making these substitutions, the co- 


efficient of & in the expression for 7 becomes 


ov (dr\*[/or\ov | or 
$1 - (3) | (Sz) a + oa" 

From the preceding equation for 7, we derive 
s) men eet: COS U 
(7 Tj ae AY Vi 
also the following is a well-known equation in the elliptic theory 

Oe 

Ol” ar 


Or 


F taining t f 
or obtaining the value o 5G 


, u being the eccentric anomaly, we have 
the equations 


r=a(l—ecosu), l=u—esinw. 


Their differentials give 


= —acosu + aesinuS, 
O0O= (1—ecosuw)du—sinu.de. 
Whence 
or >. cosSu—e 
Qo mint Ue etn a 
And 
V D?— @ Oe G 
Gey Lg POPES, (eo Speen FP 


or Or de  Gcosv 
OG oc 0G we. 


By substituting the values, it is found that 


In consequence 


a" Orel? gol.” eL’ 


or 
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As & is a function of the coordinates and the time only, we can treat it 
as we have donev. Then . 


ORAL or 3) ok dG eee ern OR dH  Ohdh 


aL ait al\ dt OG.di t\Og di ton abtwek dhe 


On substituting in this the values of the differentials of the elements which 
have already been determined, it is seen that all the terms but two, mutually 


cancel each other. And, on dividing the result by 3g , we get 


dg__ oh 
aly oa 
By adding to & the term ; 2 = = , Its periial derivative with respect 
to Z is augmented by the term — a = —n, but all the other derivatives 


are unchanged. In consequence of this addition, the value of the differential 
of J becomes 


a oreee 
a PSOE 
An objection may be made against the preceding method of obtaining 
the differentials of J and g, that the quantities - and oe which both 


periodically vanish, have been employed as divisors. But this objection has 

force only when it is admitted that the differentials of 7 and g, or the corre- 

sponding derivatives of R, may be discontinuous. For, having proved the 

truth of the equation for all times, except when the divisors, just mentioned, 

vanish, it follows, that if both members are continuous, the equations must 
Or _. oR | 


still hold even for the moments of time when ai = = 0 or aa == 105 
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MEMOIR No. 27. 


Solution of a Problem in the Motion of Rolling Spheres. 


(The Analyst, Vol. III, pp. 92-93, 1876.) 


A sphere, of radius 7, rolls down the surface of another sphere, of the 
same material, of radius &, placed on ahorizontal plane. The surfaces of 
both spheres and plane are rough enough to secure perfect rolling. It is pro- 
posed to determine the motion of the sphere, the point of separation, and 
the equation of the curve described by the centre of the upper sphere. 

Let x and 0 be the coordinates of the center of the lower sphere, 
a’ and y’ those of the center of the upper, 0 and 6’ the amounts of rotation, 
and @ the angle the line joining their centers makes with the horizon, and 
for brevity puth= R+r. 

The expression for the living force is 


m [ ax? de? m! fda? dy? do” 
ae) ee aie 7B | +3 | ae taetér ae | 


and the potential is Q = — m'qy/. 
According to the frictional conditions, the variables «x, a’, y',@ and 6 
satisfy the following equations : 


Ro — «2 = 0 
02 | 


t —1 
ro'+a+htan eee 


V[2'— a+ y%]—-h = 


With Lagrange’s method of multipliers, if we denote these equations 
respectively by Z=0, M=0, N=0, and the multipliers of their differen- 
tials by”, w,v, and take & to represent any one of the five variables x, a’, 
y', 6, 6’, the general equation of the problem is 


aor OF a2. OL OM aN 
Gide oto ae hoe "oR 
di 


* These equations subsist only as long as the spheres are in contact. 
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Applying this in succession to each of the five variables, and writing for 


| 
simplicity @ for tan— Ee , we get 


ada : 
m WE =—) +n(1 + sin g) —» cos¢, 
Pa! . 
Mm! a= — sing +» COS¢, 
dy! i 
m' Ga = —m'g +n cose +ysing, (2) 
ao 


2m? sz = AR, 


a0 
amir? oe = nT 


— 


Adding the first and second of (2), 


a? (ma + m’a! 
MEE 


The two first of (1) and the two last of (2) give 


a0 din 
ee 3m Ta 


Heer Ries —_ = — im E +455 |- 


Substituting these values for % and w in the last ee 


(ma +m a!) _ 


Integrating once and eliminating a’, 
d: ; d 
L(m+ m!) +mh(z— sing) = 0, 


where the constant is zero because the spheres are supposed to set out 


together from a state of rest. As ae in general, is negative ($ can always 


be supposed in the first quadrant), it is evident from this equation, that if 
sin p> #, the lower sphere will move horizontally towards the side on which 
the upper sphere is; but if sin oH, 1 in the opposite direction. 

intep toes (3) twice 


(m + 2m’) a + 5m'a!' + Ao =a constant. 


Eliminating « and @ from this by substituting their values in terms of a/ and 
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y', we get as the equation of the path of the center of the upper sphere 
Ul 
V(m + m’)[a— VV— yy?) +m’ E sin-? _ + 57h — ¥* | =a constant. 


As v denotes the pressure of the upper on the lower sphere, the spheres 
will separate when »=0. Now if we eliminate u between the second and 
third of (2), we see that » = 0 is equivalent to 


anh ay! F 
ap C8? + (aE +9) sing=0. 


And if we eliminate «' and y’ from this by means of their values in terms of 
x and , we get 
da dg’ 


Wp 08 ¢ +gsing —hoag =i Ne 
‘By eliminating second derivatives this becomes 
tom] 7 oa — sing | + 10m’ (1 + sin ¢)? ae = 1] 10 
which, by substituting the value of ay becomes (@ is the initial value of $) 


70 (m + m’)[49m + 10m’ + 20m’ sin g + 10m’ sin? g][sin @ — sin ¢] 
— [10m’ + (49m + 20m’) sin g + 10m’ sin? g][49m + 45m! + 20m’ sin g — 25m’ sin’? g]=0. 
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MEMOIR No. 28. 


Reduction of the Problem of Three Bodies. 


(The Analyst, Vol. III, pp. 179-185, 1876.) 


The object of this article is to find the three differential equations which 
virtually determine the sides of the triangle formed by the three bodies, 
bringing to our aid all the known finite integrals of the problem. 

Lagrange was the first to treat this question in his Essai sur le Probleme 
des Trois Corps (Oeuvres, Tome VI, p. 227); but the formulas lacking sym- 
metry, his editor, Serret, has, in a note, supplied this and pointed out an 
important error into which Otto Hesse, who had investigated this subject 
(Journal fiir die Mathematik, Band LX XIV) had fallen. 

By adopting an orthogonal substitution, at the outset, for reducing the 
number of coordinates from nine to six, we can prevent the masses from 
entering the equations except through the potential function or its deriva- 
tives. In this way symmetry, indeed, appears to be lost, but there is so 
great a gain in condensation of the formulas, that we can carry out some 
of the eliminations which previous writers have been content only to indi- 
cate. c 

Let &, 4,0; &,m', 0’; &", m", 0" be the rectangular coordinates of the 
masses m, m', m", the expression for the living force will be 


dé + ant + ae dé” + dy? + ac” i AD dél? +. dy! + ay 


ical LMR (Wael RGR Lk amie eT a dE ; 


and A, A’, A’ being given by the equations 
a= C—O Gat CY, 
4?-= (é"— Ey Als (n"”— ny as _ cy ; 
an—(E—-EY+ QQ — Alt C—O), 


the potential function 
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at the center of gravity, when the principle of the conservation of this cen- 
ter will furnish the equations 


mé + mé'+ mE’ = 0, 
mn + my! + my!’ = 0, 
me +m 4 mc" = 0, | 


(1) 


By means of these relations three of the variables can be eliminated and the 
number thus reduced fromnine to six. This transformation is most ele- 
gantly accomplished by putting 


& = az + Ba’, SOY) se by’, € = az +82’, 
fadat+ fa, w= ay + py, Cadet pz, 
EN alla + Bla’, Als aly + Bly’, Casale + p"d, 


where a, a/, a’, @, @', 6" are six constants which may be so taken that they 
satisfy the five equations 


ma + ma’ + mal’ ==), 
mp dls mp! + m!' Bp" — 0, 
map + map’ + m’'a''p" =0, (2) 
me+ ma? + mal” sel 3 
mp? + mB? + m’'B!”? =1, 


The first two are necessary in order that equations (1) may be satisfied; the 
third is adopted in order that nothing but squares of differential coefficients 
may occur in the transformed 7; and, evidently, the last two may be adopted 
without thereby diminishing the generality of the transformation. 

These equations may be solved elegantly in the following manner: Put 


¥m=ksiny cose, Ym =ksinysine, Ym’ =k cosy; 


and adopt the four quantities , 9’, , o’, such that 


Y¥ma =singcos(w+e), Ym =sing’ cos(w’+.«), 
Vm'a' =singsin(w+e), mf’ =sing’ sin(w’+ «), 
V¥ m''al’= cos¢, VW mB" = cos ¢’ 5 


it is plain that the last two of equations (2) will be satisfied, and the first 
three take the forms 


cosy cos ¢ + siny sing cosw =/0); 
cosy cos ¢’+ siny sing’ cos w’ Oe 
cos ¢ cos g’+ sing sing’ cos(w — ow’) =0. 
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Hence, if the quadrantal spherical triangle ABC Cc 
is-constructed, and the are AD=y, having any 

arbitrary orientation on the sphere, drawn, and OY 


BDand CD joined, we shall have ¢= BD, @/=CD, 

o = ADB, o! = ADC as the general solution of the 

system of equations (2). BS 
Then, after substitution 


pa tet dy + det ‘i dz + dy? + dz" 
2dt? 2dt? : 


and if we put 


f= oe as ae ya Er site a, Sa =a— a, 
g=8—8", g =8"—8, gf’ =8-8#, 
V=O+ Yt 2, v= e+ y+ Z?, yl = aa t+ yy! + az! 


we have the expressions 


a? = fy 4 Qf gu" + gv’, 
LA” = Fy ae af gu + gv’, 
A? = fry EY OF gt alae gv’. 


The equations of motion are now 


@z ~02 dy O28 dz 9a 
dO. HOE) dR Oy aL On nore 
Gaz O02 dy C2 dz g@2 
OE Oe OFS OF a ae Oe 


Or, regarding Q as a function of v, v’, v", 


dx OR Oe, =e See coe 
dB = %@ By t+ % By» df = °* ay + By"? 
dy e202 dy _, 02 aa 
dt =24 5, +9 By7» dt! =" ay) Vag 
Pa a2. ,a2 dv eae 30 


ae =" Oy + 2 oo? aE = By + % ar" 


From these by eliminating the partial derivatives of O, we obtain 


ad’y — yaa ae xe Py'— yea _ 


de di Me . 
2Pa—ude ede! + add 
"a jE Ol MEMES ok ae? 
yPu—ady | ¥'Pi—aey' _ 4 
Fp Tee Mea SoS Roa ke 
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The integrals of which are 


k, w and v being 
of living forces 


If we put 


_ da+ dy’+ d# 
knoe dt? ? aa dt? > 


it is evident that 


ady — ydx ve x dy’— y'da! 


dl dt = h cos, 

zd — xdz 2’ da! — a' dz : 

ht ena ——ap TS  & sin p cosy, 
ee Wi ON apr) 

aoe Ar ang + ek e =ksinypsiny, 
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the arbitrary constants. In addition there is the integral 


T=2+h. 


ne dz” + dy? + dz” 


igs dada’ + dydy' + dzdz’ 


, vv s __ xii + yd’y + 2d’ 


Paden o> at ‘ 

1 EV P a d?a! + yay! fe a dia! 

a gies t ae 

, Pv" ve ade + yd’y’ + 2d?! + ade + yay +2 Da 
ee me Sab 


We put moreover 


2at ? 
whence 
ada! + ydy'+ 2dz _ , dv" 
dt sdiee. © 
wda+ y'dy+z2dz_ , dv" 
SUE AL ot tre Oho ks 
We have 
dp — «ePx' —vda + yey’ —y'ay + 2d —7 a2 
i 2d : 
d'x : 
By the substitution of the values of qe we obtain 
2, Q 2 
3 ou = 20 ge i So, 
av! Q Q 
toe = 20’ ge + So 
dy" OLmane O2 
WHS alte "(ae + a7) +4@ +) Gyr? 


__ wide! —ada + ydy’ — y'dy + 2zdz? —2dz 


oe a2 a2 
Saud a = wv’ it — 3) + 40-1) So- 
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These equations take simpler forms when the variables are changed as 
follows :_ 


W=i4+7), W=he—v), wi=jo", 
y=e(Utw), Y= pzu-—w), Wu", 
Then they become 
Pew 28 pe ZS, 


If we add to the first of these the equation of living forceev ~Q +A, 


we get 


or =hath, aes, 


an equation involving only the variables w, w! and w”. 

If we square the members of the three equations which constitute the 
principle of conservation of areas, and take their sum, the result will evi- 
dently be an equation which is not changed by a cyclical permutation of the 
letters x, y, z. We have the identical equation 
(ady — yduy + (2dx—adz)? + (ydz — zdy)? 

S(?+y + 2)(dx + dy? + d#)— (adu + ydy + 2dz)’, 


with the similar equation which is obtained by affixing accents to a, y,z. 
In addition there is the identity 


(xdy — ydx)(a' dy' — y'da’) + (zda — adz) (dda —a'dz') + (ydz — zdy)(y'dz — a dy! ) 
= (aa + yy’ + 22')(dada! + dydy' + dzdz') — (ada! + ydy' + 2dz')(a'dz + y'dy + adz). 


From these equations it will be seen that the equation of the sum of 
the squares takes the form 


dv® + dv? + 2dv'” 


re + Opt = l, 


ou + v'ul + 204!’ — 
or, after transforming into terms of the new variables, and, for convenience, 
writing & for $h, 
dw? + dw” + dw’? 


p= 2h + TE 


—2 (wy + wy! + ws"), R (5) 


an equation which is symmetrical. 
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It is evident now that, since the values of v, 2’, »’ are known from the 
first three equations of (3), we shall have, as the equations determining 
w, w’ and w”, (4), (5) and the last of (3), provided we can find a relation 
connecting p with w, w’, w”, , »’, v” and the differentials of the first three. 

Such a relation can be found in the following manner: Assume the four 
indeterminates X, X', X", X'" so that the equations 


aX + aK" 4+ i 7X" 4 af ; X= 0, 
U ete d: B / 

yX + y' X'+ a oR: ay X"=0, 

K+ tk 4 yy SF ymeo, 


are satisfied ; and treat the last as if they were equations of condition in the 
method of least squares, that is, multiply the first by x, the second by y; 
and the third by z, and take the sum for a first equation; and soon. In 
this way the normal equations formed from them are 


vE $ v'X'4 42 24 (457 a p) X"=0, 
UNO MD AS (Gp —) £74457 ¥" =0, 


, 
+ X+ (45 one r) Xe uk + ul X"= 0, 


dv di’ 
(447 + r) K+ ys Kt wl! X"4 WX" = 0. 


As the number of these equations exceeds that of those from which 
they are derived, they are not independent, and the determinant, formed 
from the coefficients, vanishes ; which is the condition determining p. This 
equation is 


pau /12 2 
[ p+ SS | + (vo — vo!) (uu! — u!") 


/ MT ayt U t Jayl2 a7 I Tpbt 12 
be [ver v'dv 4 vade 2v"'dv' dv tod 


dt p 4de} 
v"'dv —vdv" vdu'"?— 2Qv''dvdv"’ + v' dv 
ae E vp + dt [Dear AdP |v 
J LS U U fe “A 7 112 
42 Ez udu = vdv ae (v'dv + vdv') dv (dvdv' + dv’) itso 


or, expressed in terms of the new variables, 


, 
[ ot + anal 4 (w?—w? — w')(.2 — v2 — y/!2) 
rte roa. w’ y (Sy ty - ine 
Wee wd Nad nee d ” waw’— w'dw 

ates w’ ae W bail ian = "|p 

oe dw?+dw'? dw d(w?+w'”) |, 
ee dP pads di 

gate dw"—dw'® dw'd = — ste, 

: atom Os ier ar: 
SNe dw’— dw? + dw'? _ ae d dow") — w”) 
dt 


26 
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If p’ is eliminated from this equation by means of its value from (5), 
we shall have an equation of the first degree in p, from which the value of 


this quantity can be derived. 
In resumé, we can present our results as follows: Let the five symbols 


Q, v, v', v" and p have the significations 
Q=([aw + a’w'+ aw" J-t + [bw + b’w’+ b’w’]-# 4+ [ow + c'w'+ c’w" yt, 


where a, b, c,...-, denote certain functions of the masses and of a single 
constant arbitrary quantity, 

i si —wW 90 w 28 _ 29, +40, 

y= So _w 2 _y 29, 

oe w" $2 _ wy £8, 

f a —2wy + | 


res (wy — w+ Cw''y Fis wy’) — (W's! — w'!’)?] 
dw’ wdw' — w'dw ve dw" wdw"'—w"dw | 

eo ae dt nae dt 

2 dw w'dw — wdw' a dw" w"'dw'— w'dw"” J 

ue Big at “dt Fae Pe 
dww'dw—wdw" dw’ wdw"— w'dw' 

_a[dnwidn Swan" | de! wdw"_ wide, 
dt dt dt dt 

p = “aaa ome? ord wil we na le 
a" dw — W Jiwoe ao Se Je: yr 


Then the differential equations, which determines w, w’ and w”, are 
a 
pF=tath, 


2 d 12 i 
ep? = Qh+ a —2(wy + w+ we"), 


d, ; rae) 
The first and second are of the second order, while the third is of the 
third order. It will be noticed that, although the expressions involved in 
them are not exactly symmetrical, yet they exhibit some approach to sym. 
metry ; and, perhaps, by a slight change in the notation, they may be made 
so. But I have not succeeded in discovering such a transformation. 
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MEMOIR No. 29. 


On the Part of the Motion of the Lunar Perigee which is a Function 
of the Mean Motions of the Sun and Moon. 


(Separately published, Cambridge, Mass., John Wilson & Son, pp. 28, 1877, Reprinted in Acta 
Mathematica, Vol. VIII, pp. 1-36, 1886.) 


For more than sixty years after the publication of the Principia, astron- 
omers were puzzled to account for the motion of the lunar perigee, simply 
because they could not conceive that terms of the second and higher orders, 
with respect to the disturbing force, produced more than half of it. For a 
similar reason, the great inequalities of Jupiter and Saturn remained a long 
time unexplained. 

The rate of motion of the lunar perigee is capable of being determined 
from observation with about a thirteenth of the precision of the rate of 
mean motion in longitude. Hence if we suppose that the mean motion of 
the moon, in the century and a quarter which has elapsed since Bradley 
began to observe, is known within 3”, it follows that the motion of the 
perigee can be got to within about 500,000th of the whole. None of the 
values hitherto computed from theory agrees as closely as this with the value 
derived from observation. The question then arises whether the discrepancy 
should be attributed to the fault of not having carried the approximation far 
enough, or is indicative of forces acting on the moon which have not yet 
been considered. 

This question cannot be decisively answered until some method of 
computing the quantity considered is employed, which enables us to say, 
with tolerable security, that the neglected terms do not exceed a certain 
limit. If other forces besides gravity have a part in determining the posi- 
tions of the heavenly bodies, the moon is unquestionably that one which will 
earliest exhibit traces of these actions; and the motion of the perigee is one 
of the things most likely to give us advice of them. Hence I propose, in 
this memoir, to compute the value of this quantity, so far as it depends on 
the mean motions of the sun and moon, with a degree of accuracy that shall 
leave nothing further to be desired. 
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Denoting the potential function by ©, the differential equations of 
the moon, in rectangular coordinates, are 


a dQ @y dg (1) 
dda’ de dy * 


When terms, involving the solar eccentricity, are neglected, as is done here, 
it is known that these equations admit an integral,* the Eulerian multipliers 
for which are, respectively, 


da 5 d ; 
P= + n'y, G=H ae, 


n’ being the mean angular motion of the sun. When the equations are 
multiplied by these factors and the products added, it is seen that, not only 
is the resulting first member an exact derivative with respect to ¢, but that 
the second is also the exact derivative of ©. Hence the integral is 


da + d dy — yd 
apt — 0 MG = 9+ 0. ©) 


Let us now suppose that the lunar inequalities independent of the 
eccentricity, that is, those having the argument of the variation, have already 
been obtained, and that it is desired to get those which are multiplied by 
the simple power of this quantity: poe the latter by dx and dy, and, 
for convenience, putting 


which will be all known functions of ¢, we shall have the linear differential 
equations 


a = Hox + Joy, Ott — Koy + Jon. (3) 


The Jacobian integral also, being subjected to the operation 5, furnishes 
another equation. Here we notice that when the arbitrary constant C is 
developed in ascending powers of e, only even powers present themselves, 
hence we have SC=0. In the equation, moreover, the partial derivatives 
of O may be replaced by their equivalents, the second differential quotients 
of the codrdinates. Then, it is evident, the resulting equation may be 
written , 


dda doy dP dG 


Eat Ce £o a - (4) 


* As Jacobi was the first to announce this integral (Comptes Rendus de ? Académie des Sciences de Paris, 
Tom. III., p. 59), we shall take the liberty of calling it the Jacobian integral. 
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This is plainly an integral of equations (8) with the special value 0 
attributed to the arbitrary constant. For taking the derivative of it with 
respect to ?, 


ox @oy EF GE 
Fae ae — a ap oy = 


Hence the Eulerian multipliers, for obtaining (4) from (3), are, for the 
first equation, F’, and for the second G. Making the multiplication and 
comparing the result with (5), we get the conditions 

Ce avg 


gea=HP+JG, g=kG+ JF. (6) 


On comparing these with (3), we gather at once that the system of equations 
Cpa ie y= G4, 


is a particular solution of equations (3) and it also satisfies (4). This solution, 
being composed of terms having the same argument as the variation, is 
foreign to the solution we seek, and, in consequence, the arbitrary constant, 
multiplying it in the complete integrals of (3), must, for our problem, be 
supposed to vanish. But advantage may be taken of it to depress the order 
of the final equations obtained by elimination. For this purpose we adopt 
new variables p and o, such that 


dz = Fp, oe GE. 


Relations (6) being considered, (3) and (4) then become 


@? df d, 

Pa t+ 237 Gp + JG (p— 0) =0,* 
he dG d 

G qt? apa +JF(o—p)=0, 
dp do 

Dea ar me: 


* Write this 
ad do 
and put 
dp do 


a= F*, a = 7 G74. 


If these values are substituted in the equation, after dividing by JWG and differentiating it, we get 
ad I= dh 1 ie 
at EF a % [= a) g |a=0. 
In order to obtain an equation, from which the first derivative of the unknown shall be absent, put 


A= JJIFGW. 


aw 
en le (Note of 1886.) 


Then 


246 COLLECTED MATHEMATICAL WORKS OF G. W. HILL 


If the value of o is derived from the first and substituted in the third of 
these equations, the result will be 


dp ap J(2?+ G4) JSG d ( 2 “) dp 


Wt a akeae apt FE tT PoE IG ae Ga @) 


Let us now assume a variable w, such that 


dp _ [JG 

a a Ne 
The second term of (7) is removed by this transformation, and the equation 
takes the form of the reduced linear equation of the second order, 

a + Ow =0, (8) 


in which, after some reductions, 


J(F?+ G) | @.log(JFG) _ [d.log JPG) (JPFG)) 
te Bes 


hg dB caer , 


It will be perceived that interchanging F and G produces no change 
in ©: hence had we eliminated 9 instead of o, the equation obtained would 
have been the same; and this is true in general,—we arrive always at the 
same value for ©, no matter what variables may have been used to express 
the original differential equations. From this we may conclude that © 
depends only on the relative position of the moon with reference to the sun, 
and that it can be developed in a periodic series of the form 


6,+ 8, cog2r + 6, cos4r +...., 


in which ¢ denotes the mean angular distance of the two bodies. _ 

It may be noted also that ©, as expressed above, does not involve the 
quantities Hand &. It is obvious that, by means of the original differential 
equations, all second and higher derivatives may be eliminated from this 
expression, and that the Jacobian integral suffices for eliminating the first 
derivative of one of the variables. But it is not possible to express © as a 
function of the codrdinates only without their derivatives. 


if; 


As the reduction of ©, in the form just given, presents some difficulties, 
we will derive another from differential equations in terms of codrdinates 
expressing the relative position of the moon to the sun. 
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Let the axes of rectangular codrdinates have a constant velocity of rota- 
tion, so that the axis of x constantly passes through the centre of the sun) 
and adopt the imaginary variables 


u=z“z2+yV¥7—l1, s=a2—yV-1, 


and put «’-!—2. In addition, let D denote the operation — ee / —1, 80 


that 
D (a€”) = vat», 


and m denote the ratio of the synodic month to the sidereal year, or 


and « being the sum of the masses of the earth and moon, 


Aah oP cane 
De Cea ey 


Lastly, putting 
Q= Faq t Em (w+ 9), (10) 


the differential equations of motion are 


Du + 2mDu +252 =0, 


Q (11) 


D's —2mDs + 22 == O- 


du 
Multiplying the first of these by Ds, the second by Du, adding the products 
and integrating the resulting equation, we have the Jacobian integral 

DuDs + 29 =2C. 
_ When the last three equations are subjected to the operation 6, the results are 


Diu + 2mDou +9229 oy 4 299 os =0, 
Dis — 2mDes + 2-22. os +252 u=0, (12) 


dQ dQ 
DuDos + DsDou + 2 ou + 2as U9 Ves 


If, in these equations, the symbol 6 is changed into D, they evidently 
still hold, since they then become the derivatives of the preceding equa- 
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tions. Hence the system of equations 
6u= Du, On == D8, 


forms a particular solution of them. For a like purpose as before, let us 
adopt new variables » and w, such that 


du = Du.v 6s= Ds.w. 


In terms of these, equations (12) become 


2 2 a9 a’Q fs 
Du. Dv + 2[Du + mDuj Dv + Diu + 2mDu + 27. Du V+2—% Ds.w=0, 


ds 
Ds. Dw + 2[D’s —mDs] Dw + | Dis —amD's + 2 8 PQ 2 Ds |w+ 258 Du. v a 
DuDs.D(v + w)+ [ DeDu +2 52 Du |v + pone Ds | w = 0); 


If the second and third derivatives of wu and s are eliminated from these 
equations by means of equations (11), we get 


Du. Dv — 2[2oe 2 + mDu | Dv — 252 Ds. (v —w) =. 
Ds. Dw —2[ 252—mDs | Dw— 2% Fen Du. (w — 2) 10%, (13) 


DuDs.D(v + w) —2 | G2 Ds— G2 Du+mDuds | (v—w)=0.. 


If the first of these equations is multiplied by Ds the second by Du, 
and the products added, the resulting equation will evidently be the deriva- 
tive of the third; but if the products are subtracted, the second from the 
first, we get 


DuDs . D? (v — w) —2DQ.D(v—w) — 2 [<2 Ds — $2 Du + mDuDs | D(v+w) 


—2 [9.2 Dut + (8 Ds | (v— w) =0. 
For brevity we will write 


Sy eT) 
4=—7s Ds yn DY + va hine 


and put 


eS a1 6=V—U, 


then the last two equations, which will be those employed for the solution 
of the problem, become 


DuDs. Dp —24.¢6 za 


D[DuDs. De]—24. De—2[ 58 Dw + Go Ds |a=0. fee 


dw 
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Hliminating Dp between these equations, a single equation involving 
only the unknown ¢, is obtained, 


_2f@%9 Be, BA es 
D[DuDs. De] 2/58 Dut + SE D# + oy, |o=0. (15) 


In order to remove the term involving Do, a last transformation will be 
made; we put 


= 


Ww 
V¥ DuDs* 


Then the differential equation, determining w, is 


D'w = 6w, 
in which 
Be POs PO ns 24 \?, D*(DuDs) _[D(DuDs)7 
~ DuDs dw Du + bi : Ds'| + (pm) + “3Dubs ~2DuDs- 
@9 i e Pel Oe Ta) O 
= pop wo ees oe SDs | = (sem) ~~ DuDs Babs | : 


But we have 
_ 4Q dQ 


D — "2 py +2292 Duds + 52 Ds + 2md —2m"DuDs — 4 oo a8 


~ du? dud. 

in which, from the latter equation, have been eliminated the second deriva- 
tives of wu and s, by means of their values obtained from equations (11). 
From these is obtained 


DQ + Loot = £2 Dw Ta, ro , Dubs a £2 Ds a ea Le —m’DuDs, 
on substitution of which in the value of ©, there results 
= pare 98 Be —2 #9 DuDs + 92 Ds | + 8( yy.) +m (16) 
The partial derivatives of Q, involved in this expression, have the values 
$2 =—-45 s+ imu +9), 
$2 =—p5u+gm'u+s), 
i= tee +m, 
pat hws 
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where, for us, has been written 7*, the square of the moon’s radius vector. 
After the substitution of these, it will be found that we can write 


nA 
—, [wDs —sDu} + m’? (Du — Ds)’ AN a 
muciars cyte ep ee ee (17) 


in which 


4= ae 4 $m? |[wDs—sDu] — $m" (uDu—sDs) + 2m(C0—Q). 

This expression for ©, from which all derivatives of w and s, higher 
than the first, have been eliminated whenever they presented themselves, is 
suitable for development in infinite series, when the method of special 
values is employed. The quadrant being divided into a certain number of 
equal parts with reference to 7, we compute the values of the four variables 
u, 8, Du, Ds, of which © is a function, for these special values of 7, and by 
substitution ascertain the corresponding values of ©. From the last, by the 
well-known process, are derived the several coefficients of the periodic terms 
of ©. A discussion of the lunar inequalities, which are independent of 
everything but the parameter m, shows that the values of wu and s have 
the form 


= 2. acts, Si mae 


where 7 receives all integral values from — to + , zero included, and 
the coefficients a, are constant, being equivalent each to the same constant 
multiplied by a function of m which is of the 2¢th order with respect to 
this parameter. 

By taking the derivatives 


Du = 5,.(Qi+1)ag*t!, Ds=—S,.(%+1)ae-*- 
It will be seen from these equations that, in the terms were 7 is large, we 
will be subjected to the inconvenience of having the errors, with which the 


coefficients a; are necessarily affected, multiplied by large numbers. This 
will be avoided by employing, in the computation of ©, the formula 


uDs — sDu = 2mr’ — $m’D~* (wv — 8’), 
where D~! denotes the inverse operation of D. This does not give the con- 
stant term of uDs — sDu, but this can be obtained from the expression 


— 23,. (21 + 1)al, 
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- which is not subject to the difficulty mentioned above. Wherever Du and 
Ds occur elsewhere in the formula for ©, they are multiplied by the small 
factor m’, and, in consequence, the given formulas suffice. 

This mode of proceeding will give only a numerical result: if we wish 
to have m left indeterminate in the development of ©, it will be advanta- 
geous to give the latter another form. In this case there is no objection to 
the appearance of second and third derivatives of u and s in the expression 
of ©. 

From the value af D?Q, irae! given, it is easy to conclude that 


2 [a2 p, yy 9 (4 V4 om Dt(DuDs) , . 7 D(DuDs)) 
Duds | a0“ + qe De | 1a 2( raps) ON Das +3 DuDs 


If this is substituted in the expression first given for ©, and we note that 
. pa . 
Spree aoa 
4=}[DuD's — DsI”u]|—mDuDs, 


the latter being obtained by substituting in the previously given value of A, 
the values of the partial derivatives of O given by equations (11), we get 


sofa te] ea R)eay 
[se BEo[a(BE + BA). 


For the development of the first term of this expression, we can employ 
either of the following equations which result from equations (11), 


Mal ,__Du+2mDu+3m’s , 5... 
Pca w ae oe 
= ee eS 1 + $m, 


which, if one studies symmetry of expression, may be written 
2 Du 3 Du 2 iy 
=[F-+™] oa m | +m Beet 
pas é Ds 4 u 
=(F—m| + Di | +m [2 + All 
and if half the sum of the second members is substituted for the first term 
in (18) we shall have a singularly symmetrical expression for ©. 


If the values of u and s in terms of ¢ are substituted in the first of 
these equations, we get 


2;.[4¢(¢+1+m)a;+ $m’a_,_ 3 Set 


eee! = 5m? 
7 +m=1+2m + $m’ + Ze ate 
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Let the last term of the second member of this equation be denoted by the 


series 
2. REM; 


since 7 is a series of cosines, we must have, in consequence of the equations 
of condition which the a, satisfy R_j= R,;, and the equations, which 
determine these coefficients, can be obtained from the formula. 


5.4 Ry =4¢(0+1+m)a,+ $m’a_._i, 


when we attribute to @, in succession, all integral values from 2=0 toz= &, 
or which is preferable, from 10 to i==— oo. The following are all the 
equations and terms which need be retained when it is proposed to neglect 
quantities of the same order of smallness as m”; 


aol, a (a& SU a_,) Ry, + (a, a a_») R, 
a_,h, + (a + a_s) fi, + ah, 


§m’a_,, 
—4ma_, + $m’a,, 


ll i 


a_,f, + (a_y + a_;) & + aR, + aR, 8(1—m)a_, + $m’a,, 
a_,f, + a_,k, + af; =12(2—m)a_;+ $m’a, 
a_,f, + a_,R, + a_,R, +a, = 16(83—m)a_,+ $m’a,. 


For the purpose of illustrating the present method, we content ourselves 
with giving the following approximate formula: — 


- +m =1+ 2m+ $m —$m’a, + 4ma_,(a, + a1) 
+ [3m’?—4ma_,](¢? + ¢-*) + [8(1—m)a_, + $m’ (a,— a_,) + 4ma?,] (& + &-‘), 


where, for convenience in writing, it has been assumed that a,=1, and 
consequently that a, denotes here the ratio to ay), which, as has been mentioned 
above, is afunction of m. The absolute term and the coefficient of ¢4-+ [7 * 
are affected with errors of the eighth order, while the coefficient of Gane 
is affected with one of the sixth order. 

We attend now to the remaining terms of ©. If we put 


Diu _ 3. (Qi + 1a 


De Bs 2) ake Ue 
it is plain that we shall have 
Og Meee ToC hone Ser Pe eee as 
Ds 3.4 +1) af Ree 


and in consequence, 


= 2,.¢(U + U_)™, 


(Se + De) = 8-4-0) ae 
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From this it will be seen that the development of oe will suffice for obtain- 


ing all the remaining terms of ©. Let us put 


h = (20 + 1) a;. 


The equations which determine the coefficients U; are given by the formula 


Eb ,G = (Wt Lh, 


but, in order to exhibit some of their properties, I write a few, in extenso, thus: 


~+h,U_,+ h_,0_,+h_.(U—1) + 430%, +h_.U,+...=—4h_,, 


.6- thU_,+h, 0.1+hi(W—1) +4_,0,+h_,U,4+...=—2h_y 
..+4,0_,+h, Ui,+h (H—-1)+4.1.0U,+h.G,+...= 0, (19) 
-»-+h,U_,+h, Uj,+h (U.—-1 +4, U,4+410,4+...= 2h,» 
-+h,U_,+h, U_s+hy (G,—1) +h, U.th U+...= 4h,, 


When the subscripts of both the A and U in these equations are nega- . 
tived, and the signs of the right-hand members reversed, the system of 
equations is the same as before. Hence, if we have found the value of U;, 
which is a function of the h, the value of U_, will be got from it by simply 
negativing the subscripts of all the A involved in it and reversing the sign of 
the whole expression. When this operation is applied to the particular 
unknown U, — 1, we get the condition 


U,-1=—(U,—1); 


whence we have, rigorously, 
Gale 


This result can also be established by the aid of a definite integral. 


y v+1 
The absolute term, in the development of 20 in powers of ¢, is given by 
the definite integral 


dvtly 

ti Qn Dr*lu 7 2m of arr +) 
Qn Du ~~ &#V¥—1 a 
“ar 


The indefinite integral of the expression under the sign of integration is 


log Fy = log let qv =i], 
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and if, for the moment, we take p and @ such that 


avg dv : 
qa =P ce, Fe =psing, 


this integral takes the shape 
loge +eV—1. 


The first term of this has the same value for r=0 and t= 2m, and 
consequently contributes nothing to the value of the definite integral. Thus 
we have 


1 ae Dvtin , 1 Cane 
Sede Da ae 


When 7 = 0, let @ be assumed between 0 and 27: it will be found that 
@ has the value 0 or 3 or 2 or $7 according as v is of the form 4u or 4u4 1 


or 4u+2 or 4u+8. Moreover, when ¢ augments, $ also augments, and when 
v has passed over one circumference, @ has also augmented by a circum- 
ference. Hence 


} Qa Dr+ly wy, 
Jo Du aimee 


It follows, therefore, that » denoting zero or a positive integer, the 


y+1 
absolute term of the development of a in integral powers of ¢ is 1. 
Duss 10 doe ee i 
And, in like manner, the absolute term of De is —1. 


Equations (19) are readily solved by successive approximations, and 
when terms of the tenth order are neglected, we can write 


DY 43 id holy VS 


Du 

— 2p Ry bg +) hee eo 

4 D1Rh, Oh, By ae ahh ea ee nn kp ee 
Be Ne ae ey re irk gale ys Aye ea Nip a ALS Aaa 
+.2 [8% —Bh kh, +: ky hy hy JS 

2 2 [ Bhi; 3h gh a RU hye? 

HR [ATe Ma. dag ERIS Tag Tig Og ae Tag 
m8 Ch A GN hh ee 


where we have supposed again that h, = a= 1. 
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With the same degree of approximation we have used for = + m’,0 
can be written 


6=1+ 2m—im’ + Sma, + 54a? + (12—4m) aa_, + (6— 4m) a’, 
+ [(6 + 12m) a, + (6 + 8m)a_,—$m'‘] (C+ 6") 
+ [20ma, + (16 + 20m) a_,— (9 + 40m) a; + 6a,a_, + (7 + 4m) a2, 
—$m’?(a,—a_,)] (6 +o‘). 


In the determination of the terms of the lunar codrdinates which 
depend only on the parameter m, it has been found that, with errors of the 
sixth order, 

_ 3 6+12m+'9m’ , 
ea 1 6 — 4m + m? ? 


38 + 28m + 9m? 
a= — 7 6 — 4m + m? ae 


ay, 


and, with errors of the eighth order, 


2+ 4m + 3m? 29 — 35m 

ea} € pee 4 

8 = Me pe ee ie | 238 + 40m + om? — 32 22 — Som | my, 
2+.4m + 3m? q 


— = 98) penile em 
a= my ak 28 — tm + 24, = |i 

No use will be made of these formulas in the sequel of this memoir: 
they are given only that we may at need easily deduce an approximate 
literal expansion for the important function ©. 


m + m’|[30 — 4m + m 


III. 


In the preceding discussion it has been established that the determina- 
tion of the lunar inequalities, which have the simple power of the eccentricity 
as factor, depends on the integration of the linear differential equation 


Dw = 6w; 
to the treatment of which we accordingly proceed. We assume that the 
development of 9, in a series of the form 
CHement PAR ils Hegel 
has been obtained. Here we have the condition 90_;=9,;. If ©,, ©,, &., 
are, to a considerable degree, smaller than ©), an approximate statement of 


the equation is 
Dw = 6.w; 


* These expressions will be established in another memoir. 
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the complete integral of which is 

w= AC Kee, 
K and K’' being the arbitrary constants and c being written for @,. When 
the additional terms of © are considered, the effect is to modify this value 


of c, and also to add to w new terms of the general form Agt°t+™. It is 
plain, therefore, that we may suppose 


w=KE(6,c) + K'£(,—0), 


and may take, as a particular integral, 


w= 2, ° Dieewmes 


b, being a constant coefficient. If this equivalent of w is substituted in the 
differential equation, we get the equation 


[oe + AP b,— 2.9 -b=0, (20) 


which holds for all integral values for 7, positive and negative. These con- 
ditions determine the ratios of all the coefficients b; to one of them, as bp, 
which may then be regarded as the arbitrary constant. They also determine 
c, which is the ratio of the synodic to the anomalistic month. For the 
purpose of exhibiting more clearly the properties of the equations repre- 
sented generally by (20), I write a few of them in extenso: for convenience let 


[7] = (c + 24)’ —6,; 


then 
~>.+[—2]b_,.—4b_, — 6,b, —@b, —@b, —...=0, 
reper 10 Dens +[—1]b_,—@,b, —@b, —4,b, —...=0, 
AO erie —6,b_, +[0]b,—6@b, —6,b, —...=0, (21) 
. 02 — G,b_, — O,b_, —6,b, +[1]b,-— 6b, —...=0, 


ee .— 9,b_, —6;b_, — 6,b, — 6,b, + [2] Dg erates 0 

If, from this group of equations, infinite in number, and the number of 

terms in each equation also infinite, we eliminate all the b’ except one, we 

get a symmetrical determinant involving c, which, equated to zero, deter- 
mines this quantity. This equation we will denote thus: — 


D(c) =0. (22) 


If, in (20), we put—c for c,—j for y, and suppose that b; is now 
denoted by b_;, the equation is the same as at first; hence the determinant 
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just mentioned remains unchanged, when for c in it we substitute — c, and 


D(—c)=D(c), 


or, in other words, D (c) is a function of c?. Again, in the same equation, 
let c + 2y be substituted for c, v being any positive or negative integer, and 
write 7 — v for jy, and suppose that b, is now denoted by b;,,. The equa- 
tion is again the same as at first, and hence the determinant suffers no 
change when c + 2y is written in it forc. That is, 


D(c+ ®W=D(c). 


It follows from all this that if (22) is satisfied by a root c= cj, it will 
also have, as roots, all the quantities contained in the expression 


= CG) + 21, 


where 7 denotes any positive or negative integer or zero. And these are all 
the roots the equation admits; for each of the expressions denoted by [7] is of 
two dimensions in c, and may be regarded as introducing into the equation 
the two roots 27+ c and 2i—c,. Consequently the roots are either all 
real or all imaginary, and it is impossible that the equation should have any 
equal roots unless all the roots are integral. But in the last case the in- 
equalities we treat would evidently coalesce with those having the argument 
of the variation, and could not be separated from them; hence this case may 
be set aside as practically not occurring. 

It is evident from the foregoing remarks that, in an analytical point 
of view, it is indifferent which of the roots of (22) is taken as the value of ¢; 
in every case we get the same value forw. For, denoting the mean anomaly 
of the moon by &, we have the infinite series of arguments | 


ene GA Ci — Mog Cyc e er yo PAT so: 


each of which can be made to play the same réle as &, and analysis knows 
no distinction between them. Hence the equation, which determines the 
motion of &, must, of necessity, also give the motions of all the arguments 
of the series above, as well as of their negatives.* One has, however, been 
in the habit of taking for c the root which approximates to /Q@p. 


* A similar condition of things occurs in many less complex problems; for instance, in the deter- 
mination of the principal axes of rotation of a rigid body. Although there is but one set of such axes, 
yet the final equation, solving the question, is of the third degree, all because analysis knows no distinc- 
tion between the axes of x, y, and z. 


27 
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It may be well to notice here the modifications which the addition to 
the investigation of terms of higher orders produces in equation (22). This 
may be written 

Tate + %)=0, 


where x is the unknown quantity and II is a symbol denoting the product 
of the infinite number of factors obtained by attributing to 7 all integral 
values positive and negative, zero included, and taking in succession the 
ambiguous sign in both significations. Had the terms, involving higher 
powers of e, been included in the investigation, the equation would have been 


IT (% + 90) + 20) = 0, 


where J receives all integral values positive and negative. If, furthermore, 
we had included all terms involving the argument ¢ and its odd multiples, 
the equation would have been 


T(%#+je,+1)=0. 


If to these we had added all terms depending on the solar eccentricity, the 
equation would have been 


T(a+je+%+km)=0, 


where k is also to receive all integral values positive and negative. 

A similar thing is true in the general planetary problem. Professor 
Newcomb says,* “The quantities b,” where b is of similar signification with 
cy above, “ought, perhaps, to appear as the roots of an equation of the 3n™ 
degree.” But it is plain, from the foregoing remarks, that not only does 
this equation contain the 3n roots b,, by...-Ds,, but also every root given 
by the general integral linear function of the b 


bb bs ace aes 


for which, in the analysis, the corresponding argument A 


aA, ots Vans ah pr a.se ahi TanAsn 


can play the same role as any one of the individual arguments 4. Hence this 
equation, in all cases but the problem of two bodies, must be regarded as 
transcendental or of infinite degree. 

The equations which determine the coefficients b; and the quantity c, 
having the form of normal equations in the method of least squares, can be 


*On the General Integrals of Planetary Motion, Smithsonian Contributions to Knowledge, 
No. 281, p. 31. 


ON THE MOTION OF THE LUNAR PERIGEE. 259 


solved by the process usually adopted for the latter. Let two of these 


equations be written 
[7] b; — 2. 8, _ sb; =0, 


[v] b,— 2; . Go. Ds = 0, 


where, in the first, the summation does not include the value +=J, or in 
the second the valuei=yv. The result of the elimination of b, from these is 


[eng] 98 [ones nme 


where, in the summation, 7 does not receive the values j and vy. This equa- 
tion may be written 
[J]™b; — *,. 2b, = 0. 


In like manner we may eliminate from the system of equations a second 
unknown b;. And the general form of equation obtained may be written 


ale v’) b; — 2;. gine) b, = 0, 


where, in the summation, 4 receives neither of the values 7, vy and 2’. This 
process may be continued until all the b, having sensible values but by, are 
eliminated; and the single equation remaining, after division by b), may be 


written 
foy¢ ++—%—-L1L2...) —Q¢, 


This determines c: when we pursue the method of numerical substitu- 
tions, it will be the most advantageous course to perform the preceding 
elimination twice, using two values for c, slightly different, but each quite 
approximate. The last equation will then, in neither case, be exactly 
satisfied, but, by a comparison of the errors, one will discover the value of ¢ 
which makes the left member sensibly zero. By a similar interpolation 
between the values of the b, given severally by the first and second elimina- 
tions, we get the sensibly exact values of these quantities. 

When it is proposed to neglect terms of the same order as m°, the equa- 
tion for c may be written 


C[— 1)(0](1) — & ([— 1] + [17] = 9; 
or, when we substitute for the symbols their significations, 
[(c? + 4 — 4)*— 16c'][c? — 4,] — 26?[c? + 4 —4,] = 0. 


But, as c?—©, is a quantity of the third order, we may neglect the 
cube of it in the first term, and the product of it by @j in the second. Thus 
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reduced, the equation becomes 
[c?? —6,}? + 2[6,—1][c? — 9] + 65 = 0; _ 


whose solution gives 


c=V¥1+7(8,—1°—@. 


This is a remarkably simple expression for obtaining an approximate 
value of the motion of the lunar perigee. The actual numerical values of 
the two elements entering into this formula are 


@, = 11588439, 9, = — 0.0570440. 


©, is therefore more than one third of ©, — 1, which explains why such an 
erroneous value is obtained for the motion of the lunar perigee, when we 
neglect it, and take c=»/@,). The numbers being substituted in the 
formula, we get c = 1.0715632; and as the ratio of the motion of the perigee 
to the sidereal mean motion of the moon is given by the equation 


1 da 1h eee 
Ths eae 1+m’ 
we get 
Aeros oye oe 
Pee ine 0.008591. 


This is about 75 in excess of the value 0.008452 given by observation. 
The difference is caused, in the main, by our neglect of the inclination of 
the lunar orbit. The solar force is less effective in producing motion in the 
perigee than it would be if the moon moved in the plane of the ecliptic. 

It will occur immediately to every one that the properties we have 
stated of the roots of D(c)=0 are precisely those of the transcendental 
equation 

cos (x74) —a=0; 


of which, if «, is one of the roots, the whole series of roots is represented by 


x + 21. 


Hence we must necessarily have, identically, 
®D (c) = A [cos (xc) — cos (xo,)], 


A being some constant independent of c. As is the general custom, we 
assume that the positive sign is given to the element of the determinant 
formed by the product of the diagonal line of constituents containing c. 
When, therefore, the determinant D(c) is developed in powers of c, using 
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only a finite number of constituents in it, the coefficient of the highest power 
of c in it is always positive unity; hence we may assume that this is the 
value of the coefficient when the number of constituents is increased without 
limit. But from the well-known equation 


cos (xe) = (1—4.°)(1—4)(1 — Ac’)... 


we gather that the coefficient of the highest power of c, in the development 
of cos(mc) in powers of c, may be regarded as represented by the infinite 
product 


If then the row of constituents of D(c), containing [0], is multiplied 


by — 4, the rows containing [— 1] and [1] by — D the rows containing 
4 . Ste : 4 
[— 2] and [2] by goa? and, in general, the row containing [7] by (ay 1’ 


we shall have the constituents of a second determinant, which may be 
designated as y(c). And the equation 


vite) = 0, 


having the same roots as D (c) = 0, will serve our purposes as well as the 
latter. We evidently now have 


V (c) = cos (zc) — cos(xc,). 


As this is an identical equation, it holds when any special value is 
attributed to c, and we are thus furnished with an elegant method of obtain- 
ing the value of the absolute term of the equation cos(zc,). For example, 
substituting for c, in succession, the values 0, 4, 1, »/©,, we have our choice 
between the values 

cos (xc,) = 1— p (0) 
=—p (4) 
= —1—p(l1) 
= cos (xv %)—p (¥ 8,). 


As the determinant y(0) appears the simplest, we retain the first 
expression. Then, dropping the now useless subscript (9), the equation which 
determines c may be written 


cos (ze) =1—y (0). 


This is certainly a remarkable equation: it virtually amounts to a gene- 
ral solution of the equation D(c) =0. It also affords us immediately the 
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criterion for the reality of the roots of the latter. Using the phrase of 
Cauchy, if the modulus of the quantity 1— (0) does not exceed unity, the 
roots are all real; in the contrary case, they are all imaginary. The criterion 
for deciding whether the variable w is always contained between definite 
limits, or is capable of increasing or diminishing beyond every limit, is the 
same. In the first case, it is developable in a. series of circular cosines; in 
the second, in a series of potential cosines. 

As, in the particular case, where ©,, ©,, &c., all vanish, the proper 
value of ¢ is /Q@), it follows that the element of the determinant vy (0), 
formed by the product of the diagonal line of constituents involving ©), is 


1 —cos (7%) =2 cin' (5-6). 


If therefore each row of constituents of the determinant (0) is divided 
by the constituent of it which lies in the just-mentioned diagonal line, we | 
shall have a set of constituents forming a third determinant (0), such that 


7 (0) =2 sin’ (5-6) -21(0)- 


In consequence the equation, determining c, can be put in the form 


sin? GS c) 
n(5-¥) 
Tee 
Db} 0 
For the sake of exhibiting more clearly the significance of this equation, 


I write a few of the central constituents of the determinant 0(0), from 
which the rest.can be easily inferred. 


+ 1 at ogi ase eh Aner dees 
ee 1 a 
C(O) wpe orca, + A yo oe 
—yog oes pay + : Fo, 

8, MS SC AOSIMLE canal 85 


The question of the convergence, so to speak, of a determinant, consist- 
ing of an infinite number of constituents, has nowhere, so far as I am aware, 
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been discussed. All such determinants must be regarded as having a cen- 
tral constituent; when, in computing in succession the determinants formed 
from the 3”, 5°, 7°, &., constituents symmetrically situated with respect to 
the central constituent, we approach, without limit, a determinate magnitude, 
the determinant may be called convergent, and the determinate magnitude 
is its value. 

In the present case, there can scarcely be a doubt that, as long as the 
series >; .0,¢” is ‘a legitimate expansion of ©, the determinant 0 (0) must 
be regarded as convergent. 

We will give another equation for determining c. We have 


cos (xe) = cos (x ¥8) — 7 (W&)- 


The diagonal line of constituents in 7 (4/)) is represented in general by 
the formula 
167 (4 + 74). 


and when the factor corresponding to 1= 0 is omitted, the product 
i=+a0 


161 (6 + /0,) _ x sin (x 9,) 
I] at 8m 


‘=— 


Consequently, if we put 


Go SS em 
aM 8(2—V 4) BR—-VW%) 8(2—VWO%) 82-4)" 
1g Or. : De ea Bis doh ur Oy 
Oe TOLD 4(1—V6,) 40-76) 40-8)" 
O(V48)=|-+-+ 0, + 6, a 0 ay 6, + 6, Reel 
— S — 6, epee aN sah i! oh A IN, 
“41 +76) 41 +7) 4(1 + ¥ 4) 4(1 + ¥ 4) 
6 6 ) 


sat ye) BAtVG) S@4N8) SQ+V%)* 


i 


a determinant which, having 0 for its central constituent, presents some 

facilities in its computation, we shall have, for determining c, the equation 
sin’? (+ c) z cot (+ v6) 

Say te Fidei toe + TT ayenw eee 

sin’ (5 ¥ 6.) Y 


In the lunar theory ©; is a quantity of the 20 order, and 1— /0,a 
quantity of the first order; hence it is clear that, if we are willing to admit 
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an error of the seventh order in c, the determinant 


Oo poe 
CNG) =e peers 


If, neglecting, then, quantities of the seventh order, we put 


702 os 
SVD ons 


6 will be a small angle, and ¢ will result from the equation 


sin ¥O— a) 


sin (= c) = 
Q Ma cos 0 


This formula, although it involves the same coefficients ©, and ©, as 
the approximate formula previously given, is two orders more exact. A 
greater degree of approximation can be arrived at only by including the 
additional coefficient ©,. Employing the numerical values already attribu- 
ted to ©, and ©,, we find 


6 = 25' 41.395, c= 1.0715815, = = 0.008574.* 


The determinants 0(0) and O(/®)) can be replaced by infinite series 
proceeding according to ascending powers and products of the coefficients 
©,, O,, &e. 

Let us take the first, as being in more respects the simpler. It is plain 
that the element of the determinant formed by the product of the diagonal 
line of constituents is the only term of the zero order in it. Then one 
exchange always produces terms of the 4" or higher orders, two exchanges 
terms of the 8™ or higher orders, three exchanges terms of the 12" or higher 
orders, and soon. Now let?, 2,2 .... be positive or negative integers, of 
which no two are identical, written in the order of their algebraical magni- 
tude, and let {7} stand for (27)? ©,. Then all the terms of 0(0), which 


*It is better, however, to employ the equations 


TO, COS (7 4/0, — 8) 
os ae east EAM Foes Hh area net Ard ES 
ty0,,—1) an@, cos (re) See x 
which give : 

6 =51/22//.6185, c= 1.0715887865, os bee = 0.0085721020. 


(Note of 1886.) 
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are obtained by 0, 1, 2, and 3 exchanges, are contained in the following 
expression, which is, consequently, affected with an error of the 16™ order. 


2 
0 0O)=1— %,¢ ee 


Up i'y 
62, dele s/r 
+ 2b egy tot ers 
Luu, fata ia tia 
1 — Oy — On 
ete tte res 
eee tay 
Gi, pe Gy aay G., —iiv 


aa PIED PLOT PIT eee tec Ot st lad IE AR 

Geo ae ee Ey fart 
Oy _ Or —j Oiiv —Ouav —_V/ 

oD. ae G3, Oy — 7 Oty — 7 Oy — 1 \ 

ais aI avi at : : : : i 
4 BB 8, 0, on, — Farag a 

Oy — (Oi — vO EG yO ng 
+ B07 — Ber — 04" — Oem — 4 
ai By — Oy — (0 — pO yn 


are Se 


— 22%, v, ae Ve 


Particularizing the summations in this expression, and retaining only 
terms which are of lower orders than the 16", we get 

i 1 1 1 
et Oy ge 
“THEFT 1Ophe + 2} VO} e + 38f 


1 
sy. 
recent a a+ liye +1} 


O(0)=1-86, 


Hi + 3} Cy) 


TGR G ELT ET + LRT 0" + TY 
Uta + lg g ty + Lyte + 23 


: tt 
— 2[6262 + 6, “Ol kor a EOE ST 


+ 28, *0,2;, v 


The functions of ©), which are represented by the summations, can all 
be replaced by finite expressions. For brevity, let us put ©,= 40, then 
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resolving the expression into partial fractions, ¢ being taken as the variable, 
we have, for instance, 


yea Ee ee evpedie vee dry eed ha ap BEL in 
‘YT RE E+ NODC FTF HU—I—h) 


y oma C 
TIO gees Vat CHa eee 


where A, B, C, and D are determined by the equations 
2k0 (20 —k) A =1, 
—2k0(20 + k) B=1, 
—2k0 (20 + %) CO =1, 
20 (20—k) D=1. 


But, as is well known, 


ay eu, z, Pie alee Une Mi jaaay pinay Neate 
Consequently, 
1 =e 1 
ai TEER Gate +B+C+ D)z cotx6 
_ 2 cotrd 
= 80 (Ge — BF 


* cot (5 i) 
~ 49 8,(6,— 1) 


In like manner will be found 


} i ra 30, — (kh — kk’ + k’) = Esha 

Oa Ryi + K} =—-q7s V% 0, (8, — #)(6,—k)[0, — (k — FY cot (5 V8); 
i 

*VTaep Aes Be ee 


Hope MNMR OSE iaiveePADL SiC New Wiis A cls fs ls a ic HES : 
*TRGADO PGs DSS te Y*) 


By attributing, in these equations, special integral values to h, will be 
obtained the values of all the single summations appearing in the preceding 
expression for (0). With regard to the double summations, we may pro- 
ceed as follows: Substitute i+ % for 7, then resolve the expression under 
consideration into partial fractions with respect to i as variable, and sum 
between the limits — » and + o; the fractions occurring in the result thus » 
obtained are next resolved into partial fractions with reference to k, and 
the summations, with reference to this integer, are taken between the limits 
2and + ; or, which is the same thing, between the limits 0 and + o- 
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and the terms corresponding to &= 0 and 4=1 subtracted from the result, 
The single triple summation may be treated in an analogous manner. Thus 
we get 


ont cot (rV9,) _ cabs 2 


1 a 
TEETH HTS I} ~ Saye, —ay lL Ve, : 


1-6, se 0.) 


Zig 1 
WY TTF Tye + 2B} 


root (3 ¥ 4.) (ee ee ON: 
~ 16V 0,1 — 6)(4—06,) ON Ta a 6, pees 
ih 

“6! CTE THT HT FANT + 2] ma +3} 


3x cot (5 ¥ 6.) (aia! a as 
RG Sela ar SY ay +595) 


Fo EEE TAT ETON TT} 


m cot V9, 
ee) en rm) Te oF 
2 4 9 9 an 


1 
ae =; iio 


From which it follows that 


x oot (5 9/6) 

Bs, 2 6; 6; 6; 
a (14, e304 

Tv 
CEH) Fs ateeuey 1 1 2 N 9 |e 
32/6, (1 — 4)’ V 9% 6  1—8 ° (4—86,) 
Bx cot (5 ¥ 4) 
620, 


Y 88, a qd ng 4,)(4 — ) 


‘ x oot (5 6.) ae 9 2] ee ees 
128 6, naynamay + ia, S8G—8) Vo 86. 9% | (24) 
2 9 4 6 
ie A, +q-ay CN aor) = 8s. oh a fo 
a cot (5 6.) ee) 2 2 20 
+ 32/6, eee ea coat sh peas ir + s@—ay | 
= cot (5 i) 


neo Gaya: 2 2 LO ee: 
+ eye toate ome, 74 
(1 — 36,) x cot(F- ve) 


47,0 — Ao)(4 — )(9 — 9%) 


Bx cot (+ 6) 


6:9:85 + 167 4% (1—9%)(4 — &)(9 — he 
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This is the same result as would be obtained if, setting out with the 
equation D (c) =0, and assuming that c=./®, is an approximate value, 


we should expand the function sin’ (+ c) in ascending powers and pro- 


ducts of the coefficients ©,, ©,, &ec. 


IV. 


In order to obtain a numerical result from the preceding investigation, 
we assume 


m = 17325594".06085, n = 1295977" 41516, 
whence 
m = 0.08084 89338 08311.6. 


From an investigation (to be published hereafter) of the corresponding 
values of the a;, we have 


2h, = + 0.00909 42448 773'75.5 
4h, =+ 0.00011 75731 31569.1 
6h, = + 0.00000 12613 28523.8 
8h, = + 0.00000 00126 19314.9 
10h; = + 0.00000 00001 21722.9 
12h, = + 0.00000 00000 01147.9 
14h, = + 0.00000 00000 00010.6 


2h_, =— 0.01739 14939 23079.4 
4h_,=+ 0.00000 19654 85829.2 
— 6h_,=+ 0.00000 00738 11780.8 
8h_, = + 0.00000 00006 87885.7 
—10h_, = + 0.00000 00000 05777.1 
—12h_,=+ 0.00000 00000 00047.5 
—14h_,=+ 0.00000 00000 00000.4 


The values of the U, derived from these are 


U, = + 0.00909 40932 76038.2 U_, =— 0.01739 21860 78260.6 
U, = + 0.00007 62192 02104.5 U_,=+ 0.00015 32094 08075.6 
U;=+ 0.00000 06474 24628.8  U_,;=— 0.00000 12670 56302.6 


U, = + 0:00000 00055 23086.8 
U; = + 0.00000 00000 47209.0 
U,=+ 0.00000 00000 00403.9 


U_,=+ 0.00000 00115 67648.9 
U_,=— 0.00000 00000 95049.5 
U_,=+ 0.00000 00000 00867.3 


U, = + 0.00000 00000 00003.4 


U_, 0.00000 00000 0000.2 


In combination with the values of &;, which will be given elsewhere, 
these afford the following periodic series for O: 


1.15884 39395 96583 
— 0.11408 80374 93807 cos 
+ 0.00076 64759 95109 cos 
— 0.00001 83465 77790 cos 6r 
+ 0.00000 01088 95009 cos 8r 
— 0.00000 00020 98671 cos 10r 
+ 0.00000 00000 12103 cos 127 
— 0.00000 00000 00211 cos 147 


—é= 
Qqr 
Ar 
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The values of the coefficients ©,, ©,, ©,, &c., are the halves of these 
coefficients, except ©,, which is equal to the first coefficient. 

On substituting the numerical values of these quantities in (24), and 
separating the sum of the terms into groups according to their order, for the 
sake of exhibiting the degree of convergence, we get 


Term of the zero order, 1.00000 00000 00000 0 
Term of the 4¢b order, + 0.00180 46110 93422 7 
Sum of the terms of the 8) order, + 0.00000 01808 63109 9 
Sum of the terms of the 12th order, + 0.00000 00000 64478 6 


0 (0) = 1.00180 47920 21011 2 


As far as we can judge from induction, the value of 0 (0) would be 
affected, only in the 14™ decimal, by the neglected remainder of the series, 
which is of the 16 order. An error in (0) is multiplied by 2.8 
nearly in c, 

The value, which is derived thence for c, is 


ce = 1.07158 32774 16016. 


In order that nothing may be wanting in the exact determination of 
this quantity, we will employ the value just obtained as an approximate 
value in the elimination between equations (21). The coefficients [7], as 
many of them as we have need for, have the following values: 


[—4]= 46.8, [1] = 8.27577 98905 1, 
[—3]= 23.13045, [2] = 24.56211 3, 
[—2]= 7.41678 05615 1, [3] = 48.85. 


[— 1] =— 0.29688 63288 2300, 


If the quantities b; are eliminated from equations (21) in the order b_,, },, 
b_., b,, b_3, bs, and b_,, it will be found that the coefficient of by, in the 
principal equation, undergoes the following successive depressions : 


[0] = — 0.01055 32191 58933, 
[oy = + 0.00040 72728 11650, 
[0] D = + 0.00001 50888 08423, 
[0] 4D = + 0.00000 00253 21700, 
[0]? 2, 1,2) = + 0.00000 00009 20420, 
[0]-%-2,-1,12 = + 0,00000 00000 03941, 
[0]-3 2,112.8) = + 0,00000 00000 00155, 


_ [0]}(+ —8, —2 —1, 1, 2,3) = + 0,00000 00000 00008. 
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The last number is not sensibly changed by the elimination of any of 
the b; beyond b_, on the one side, or b,; on the other. This residual is so 
small that it will not be necessary to repeat the computation with another 
value of c: it will suffice to subtract half of it from the assumed value of c. 
Thus we have as the final result: 


c = 1.07158 32774 16012; 


and, consequently, 
1 dw 


= == = 0:00857 25730 04864. 
n at 


Let us compare this value with that obtained from Delaunay’s literal 


expression,* 
Bae Be ee 225 4071 « , 265493, , 12822631, 
Roa a tae © Ft og one en 
1273925965 _, . 71028685589 _, . 3214588207741 
+ —Feosaa ™” + —aorzess + ——@yoaryaag > 


where m denotes the ratio of the mean motions of the sun and moon. On 
the substitution of the numerical values we have Snip ayes for these quan- 
tities, this series gives, term by term, 


a 0.00419 6429 + 0.00294 2798 + 0.00099 5700 + 0.000380 3577 
+ 0.00009 1395 + 0.00002 8300 + 0.00000 9836 + 0.00000 3468 = 0.00857 1503. 


From the comparison, it appears that the sum of the remainder of 
Delaunay’s series is 0.00000 1070, somewhat less than would be inferred by 
induction from the terms of the series itself. And, although Delaunay has 
been at the great pains of computing 8 terms of this series, they do not 
suffice to give correctly the first 4 significant figures of the quantity sought. 
On the other hand, the terms of the highest order, computed in the expres- 
sion for 0 (0), were of the 12 order only; and yet, as we have seen, they 
have sufficed for giving c exact nearly to the 15 decimal. As well as can 
be judged from induction, it would be necessary to prolong the series, in 
powers of m, as far as m*’, in order to obtain an equally ee result. 


Allowing that the two last figures of the foregoing value of — Be may be 


vitiated by the accumulation of error arising from the very numerous opera- 
tions, we may, I think, assert that 13 decimals correctly correspond to the 
assumed value of m. It may be stated that a]l the computations have been 
made twice, and no inconsiderable portion of them three times. 


* Comptes Rendus de V Académie des Sciences de Paris, Tom. LXXIV, p. 19. 
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MEMOIR No. 30. 


Empirical Formula for the Volume of Atmospheric Air. 


(Analyst, Vol. IV, pp. 97-107, 1877.) 


The formula of Mariotte and Gay-Lussac is generally employed, in the 
laboratory, to reduce volumes, observed under one tension and temperature, 
to those which would have place under other tensions and temperatures. 
But Regnault, about 1845, made several series of experiments, which, if 
they may be relied upon, establish marked deviations from this formula. 
These experiments are detailed in the Mémoires de ’ Académie des Sciences de 
Paris, Tom. XXI. I propose to investigate a modification of the formula, 
the introduction of which makes it possible to satisfy nearly these experi- 
ments. 

Let 7 denote the temperature, here always expressed in degrees of the 
centigrade scale; P the tension or pressure, measured by the altitude, in 
meters, of a column of mercury, it is capable of supporting, the mercury 
being at the temperature 0° and under the action of gravity which obtains 
at Regnault’s laboratory; and let V denote the volume. Then, for any 
given mass of air, these three quantities are so connected that, if any two 
of them are assigned, the remaining third is immediately determined. That 
is, we must have 

function (V, P, 7’) =0, 


or, solved with respect to V, 
V= function (P, 7’). 


But the mode, in which 7 is to be measured, is arbitrary, and we may take 
atmospheric air as the thermometric substance, and assume that 7’ increases, 
in direct proportion, as the volume, under constant pressure, increases. 
This gives 

V=F(P)+f(P).T. 


It is here taken for granted that, whatever may be the density of the 
air inclosed in the thermometer, its indications will be the same. It is true 
that the usual custom of experimenters has been to measure temperatures 
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by the augmentation of tensions under constant volume; but, when Ma- 
riotte’s law holds, this gives results identical with those obtained by the 
former method. In this case we should have to write the equation 


P=F(V)+f(V).7, 


but the first equation seems preferable. 

Now since, for any given constant temperature, the volume ought to be 
a function of the tension similar to what it is at any other temperature, it 
follows that, if /'(P) is supposed to consist of a series of terms, each of the 
form AP", where K and & are constants, so that we may write 


F(P) = 2. EP*, 


then we ought to have 
S(P)= 7. KP, 


where K, denotes a constant, in general, different from HK. Thus we should 


have 
V= 2.[K + KT) P*. 


The formula of Mariotte and Gay-Lussac assumes that #'(P) and /(P) 
contain each only one term, in which k= —1. But Regnault’s experi- 
ments having shown the insufficiency of this, it is in order to see whether 
agreement between theory and observation cannot be brought about by 
annexing to V an additional term, for which & has a value different from 
—1. Thus let us suppose that | 


V=[K+ 4,7) P-'+([K' + KIT] Pe 
LR PS KK Ps 
aii aay ae aby ee UA as P AGG 


As V contains a factor, which is directly proportional to the mass of air 
considered, and inversely as the unit assumed for the measurement of 
volumes, we prefer to write the preceding equations thus: 


me TCE ATES yee GREG l a 
V=K| ee ee PP | 


= «(+ tee Str. 


ee 


When the temperature is constant, the volumes are represented by the 
formula / 


v=x! ES, 
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that is, the result from Mariotte’s law must be multiplied by the factor 
1+ aP’, which differs but little from unity; a is a small constant which 
measures the amplitude of the deviations from this law ; while @ is a con- 
stant exponent so chosen that the more or less rapid variation of the devia- 
tions, in passing from one tension to another, may be represented as well as 
possible. It is evident that, in this manner, we get the utmost advantage 
that can be derived from the addition of a single term to V. 

The experiments of Regnault may be divided into two classes; first, 
those where, the temperature remaining nearly constant, the volumes of the 
same mass of air, under different pressures, were observed; second, those 
where, the volumes remaining nearly the same, the tensions were observed 
at the temperature of freezing and boiling water. It is obvious that experi- 
ments of these two kinds, extended over a sufficient range of tension, would 
afford the data requisite for obtaining the values of the four constants 
a, a, a and @ which enter into our adopted formula. 

The experiments of the first class are enumerated at pp. 374-379 of the 
volume quoted above. As the temperature is nearly the same for all, we 
assume that they have been made at the average of all the noted tempera- 
tures which is 4°.747. 

To save labor, we may take the average of the observed volumes and 
tensions when they are nearly alike. In this way Regnault’s 66 experi- 
ments are reduced to the 23 given in the following table. It may be noted that 
V is here expressed by the number of grammes of mercury required to fill 
the volume. The column containing log (PV) exhibits the deviation from 
Mariotte’s law ; did this law exactly hold, the numbers in this column would 
be identical for each series. It will be noted that, in general, they dimin- 
ish with increasing pressures. The volumes being supposed to be repre- 
sented by the equation | 


> 


gl + aPs 
fit Ses te 


a preliminary investigation has given the approximate values 


a= — 0.0024337, #=0.645. 


With these have been computed the values of the expressions which 
stand at the head of the two last columns of the table, and which serve to 
obtain the coefficients of the equations of condition to be given presently. 

As the mass of air operated on was different in each series of experi- 
ments, AK will have 9 different values; it can, however, be eliminated. 

28 J 
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Taking the common logarithms of each member of the equation last given, 


log K + log (1 + aP#) = log (PV). 


' i PB PB 
Series. Ve ik No. Obs. log (PV). T+ aPB* 1+ Ps ise 12 

I 1939.76 0.73899 4 3.156387 0.8244 —0.1083 
: 1 969.65 1.47630 4 3.155790 1.2897 +0.2182 
( 1939.37 2.11228 3 3.612412 1.6262 0.5281 
Te 970.40 4.21020 3 3.611254 2.5430 1.5876 
| 642.82 6.35034 2 3.610886 3.3213 2.6664 
Ir 1939.72 2.06887 3 3.603472 1.6045 0.5066 
; { 969.78 4.12663 6 3.602268 2.5102 1.5452 
IV 1940.65 4.14235 2 3.905194 2.5164 1.5532 
f { 979.78 8.17850 3 3.903803 3.9155 3.5737 
1939.85 4.21910 4 3.912988 2.5465 1.5921 
V. 970.29 8.40648 4 3.911516 3.9863 3.6857 
626.91 12.98195 1 3.910545 5.2926 5.8925 
{ 1940.23 6.77001 3 4.118444 3.4623 2.8758 
VI 970.32 13.47353 4 4.116396 5.4226 6.1247 
k 685.11 19.00213 1 4.114562 6.7913 “ 8.6846 
675.15 19.30191 2 4.115000 6.8612 8.8206 
1941.23 6.39003 2 4.093580 3.3347 2.6861 
VII. 969.98 12.72859 2 4.091543 5.2248 5.7721 
633.82 19.39954 1 4.089757 6.8842 8.8654 
VIL 1940.44 9.33401 3 4.257968 4.2676 4.1398 
: | 970.53 18.54702 5 4.255283 6.6842 8.4774 
1x 1945.06 11.47357 2 4.348632 4.8824 5.1740 
} 1053.78 21.05700 2 4.346146 7.2643 9.6137 


To reduce the matter within the treatment of the method of least 
squares, it will be necessary to make some assumption regarding the prob- 
able errors of the observed P and V. We will, for convenience, suppose 
that they are such that the function log (PV) has a probable error equal for 
all the observations; an assumption somewhat precarious, it is true, but it 
seems that we cannot easily do better. 

Let the small corrections, which it is necessary to apply to the approx- 
imate values of log X, a and @, be denoted by 6 log K, da and 8G, and let 
us put 

slog he, Mia y, . «68 =z; 


where M denotes the modulus of common logarithms. 6 log (PV) being 
the excess of observed over calculated log (PV), we shall have the equation 
of condition : 

Pe Pe 
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A little consideration will show that a will be eliminated by taking the 
difference of every two equations of condition arising from the same series, 


) 
and attributing the weight es to the resulting equation, wand w’ denoting 


the weights of the equations whose difference is taken, and =. w the sum of 
the weights of all the equations in the series. Since the coefficients of y 
and z, in the equations, are all positive and nearly proportional, it will be 
advantageous to adopt a new unknown wu, such that 


y= uUu— $2. 


Then the equations, with the weights that ought to be attributed to 
them, are 


Series. Weight. 
i 0.4653 u —0.44902 = —0.000106 2 
0.9168 —0.4685 —=—0.000193 8 
I - 1.6951 —0.6869 = +0.000255 % 
0.7783 —0.2184 = -+0.000448 % 
III. 0.9057 —0.4709 —=—0.000252 2 
Iv. 1.3991 —0.3113 = +0.000076 1.2 
1.4398 —0.3061 = +0.000038 46 
v. 2.7461 —0.2764 = +0.000432 4 
1.3063 +0.0296 = -+0.000394 é 
( 1.9603 —0.0183 = +0.000002 1.2 
| 3.3290 +0.2605 —=—0.000407 0.3 
a 3.3989 -+0.2800 = +0.000104 0.6 
1.3687 +0.2787 —=—0.000409 0.4 
1.4386 +0.2982 = +0.000102 0.8 
| 0.0699 +0.0195 = -+0.000511 0.2 
1.8901 —0.0642 —=—0.000059 0.8 
VII. 3.5495 0.2685 —=—0.000117 0.4 
1.6594 +0.3276 —=—0.000058 0.4 
VILL. 2.4166 +0.3099 =—0.000164 4g 
Ix. 2.3819 +0.4699 =—0.000005 1 

The derived normal equations are 
58.672 wu — 0.0790 z = — 0.0005252, 


— 0.079 u + 2.4453 z = — 0.0000157. 


Whence 
u = — 0.000008962, 2z=——0.000006707, y= + 0.000002216, 
6a = + 0.0000051, o8= + 0.00276. 


Applying these corrections to the approximate values of a and 0, we 


get 
a = — 0,0024286, B= + 0.64776. 
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How well the experiments are represented by the formula, with these 
values of the constants, will best be seen from the following comparison of 


the values of “oo given by Regnault and those computed from the for- 


VP, 
mula: 

Obs. Cal. Diff. Obs. Cal. Diff. 
1.001414 1.001133 +281 1.005437 1.006694 —1257 
1.001448 1.001182 +316 1.005703 1.006694 — 991 
1.001224 1.001133 + 91 
1.001421 1.001138 +288 1.004286 1.004777 — 491 

1.004512 1.004770 — 258 
1.002765 1.002233 +532 1.004599 1.004779 — 180 
1.002759 1.002234 +525 1.004580 1.004771 — 191 
1.002508 1.002236 +267 1.008536 1.008106 + 430 
1.008539 1.004134 —595 1.008813 1.008108 + 705 
1.008452 1.004133 —681 1.008016 1.008286 — 270 
1.003309 1.004133 —824 1.008064 1.008269 — 205 

1.007980 1.008288 — 308 
1.002709 1.002209 +500 
1.002724 1.002207 +517 1.004611 1.004601 + 10 
1.002713 1.002206 +507 1.004752 1.004601 + 151 
1.002528 1.002211 +317 1.008930 1.008648 + 282 
1.002898 1.002208 +695 1.008755 1.008642 + 113 
1.002762 1.002203 +559 

1.006366 1.005876 + 490 
1.008253 1.003417 —164 1.006132 1.005880 + 252 
1.003090 1.003411 == 391 1.006010 1.005869 + 141 
1.003302 1.003407 | —105 1.006846 1.005878 + 468 
1.003336 1.003506 —170 1.005619 1.005788 — 121 
1.003495 1.008508 — 13 1.005622 1.005736 — 114 
1.003335 1.003508 —173 1.005902 1.005832 + 170 
1.003448 1.003509 — 61 - 


It will be seen that the differences, in the extreme cases, amount to a 
fourth part of the observed deviation from the law of Mariotte. Moreover, 
it is plain that some cause, which, varied from series to series, has operated 
to vitiate these experiments, since it is possible to determine a and @ so that 
any two series are well represented, but not possible when all the series are 
included in the investigation. It may be noted also that the experiments, 
in which the original volume was reduced to one-third, are not, in general, 
concordant with those where the reduction was to one-half. 

That these discrepancies are unavoidable will be evident from the fol- 
lowing exposition: Let us put 


com. log (PV) = F(P). 
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The observations of Regnault may be condensed into the following nine 
results, all formed by combining tolerably concordant data: 


F( 1.476)— F( 0.739) = 0.000598 
F( 4.168)— F( 2.091) — 0.001181 
F( 6.350)— F( 2.112) = 0.001526 
F( 8.292)— F( 4.182) = 0.001437 
F(12.982)— F( 4.219) = 0.002443 
F (13.101) — F( 6.580) = 0.002042 
F(19.276)— F( 6.580) = 0.003743 
(18.547) — F( 9.334) = 0.002685 
F (21.057) — F (11.474) = 0.002486 


Se oe ener Cot 


These are the data actually furnished by Regnault for the determina- 
tion of the function F(P). Employing the graphical method, we endeavor 
to construct the curve whose equation is y= F(x). One of the special 
values of F(x), as (0.739), may be taken arbitrarily, and then the value 
of (1.476) becomes known. This premised, we see that each of the nine 
equations furnishes the length, direction and abscisse of the extremities of a 
chord, of the sought curve. Placing the chord, corresponding to the first 
equation, arbitrarily, and drawing the others on any part of the paper, but 
with the proper direction and abscisse of their extremities, we endeavor, by 
imparting a motion to all their points parallel to the axis of y, to make 
them fall into line as chords of the same continuous curve. We find that if 
we take 1, 2, 4, 6 and 7, they can be made to indicate a tolerably continuous 
curve; but then 3, 5, 8 and 9 are not satisfied. 

Again, from this graphical process, we see that there cannot be much 
variation of curvature between the extremities of each chord, and hence the 
tangent to the curve, corresponding to the abscissa, which is the mean of 
the abscisse of the extremities, ought to be, very approximately, parallel to 
the chord; or, in other terms, 

d Be 5 *s) ae FP (a) — F(%) : 


ax L, — Ly 


This gives the following values of ee 


dx 
dy 
v. ax . 
al, 1.108 +0.0008113 
2. 3.130 0.0005686 
Be 4.231 0.0003770 
4, 6.237 0.0003497 
5. 8.600 0.0002788 
6. 9.840 0.0003131 
té 12.428 0.0002948 
= 8. 13.940 0.0002914 
9. 16.265 +0.0002594 
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From the general course of these values of a , it may be gathered 


that this function, at first, diminishes rapidly, afterwards more slowly, and 
then tends, with higher values of x, to become nearly constant. But while 
this is the conclusion from the tout ensemble, a: comparison of some of the 


values contradicts it. Thus, from 1, 2 and 8, while wy diminishes 0.0002427 


in an interval 2.0 in a, it afterwards diminishes 0.0001916 in an interval 
l.lofa. All attempts then to represent these data by a curve, without 
singular points, must, evidently, show large errors. 

For the discussion of the second class of experiments, let us assume that 
a has the signification we have given it in the general formula for V. Then 
the volume remaining the same, if Py and P, denote the tensions observed 
respectively at 0° and 100°. we have 


P, _ 141000’ + (a+ 1000’) P8 
ie ee 1 + aP ? 


1 


= is the quantity Regnault has designated by 1+100a, let us denote it 
0 


by A; then if, for convenience, we put 


y=1+1000, “=a+100a", 


each determined value of A will give the equation of condition 
(ree =A APS. a. 


The following are Regnault’s determinations of A augmented, in gene- 
ral, by 0.00018, for the reason we adopt the mean coefficient 0.00018153 
for the expansion of mercury between 0° and 100°, found by this experi- 
menter, instead of the value zz5 used by him (see Note, p. 31 of the 
volume); the last column contains the page of the volume, where the experi- 
ments may be found. 


Tee Tae A, No. Obs. Obs. —Cal. Page. 
0.110 0.149 1.36500 ° 10 —0.00012 99 
0.174 0.237 - 4.36581 3 —0,00004 99 
0.266 0.362 1.36560 2 —0.00008 99 
0.375 0.510 1.36598 4 +-0.00005 99 
0.548 0.746 1.36673 3 -+0.00088 57 
0.756 0.7535 1.36724 4 +-0.00035 66 
0.557 0.754 1.36651 18 +-0.00014 43 
0.656 0.757 1.36641 14 —0.00022 38 
0.747 1.016 1.36668 3 —0.00014 58 
0.71 1.049 1.36696 11 +0.00014 51 
1.678 2.286 1.36778 2 —0.00059 109 
1.693 2.306 1.36818 4 —0.00021 109 
2.526 2.517 1.36962 2 —0.00018 114 
2.622 2.614 1.36982 2 —0.00011 114 
2.144 2.924 1.36912 2 +0.00007 109 
3.656 4.992 1.37109 4 +0.00081 109 
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Adopting, for convenience, as an unknown in the place of y, 


z2=yt+7'—1.367, 


we have the following equations, to each of which we attribute a weight 
equal to a tenth of the number of experiments it is founded upon: 


% — 0.70867’ — 0.38268 = — 0.00200 
2% — 0.6064)’ —0.4898a = — 0.00169 
% — 0.482177 — 0.5790a = — 0.00140 
% — 0.35384, — 0.7237a = — 0.00102 
% — 0.1728y/ — 0.9258a = — 0.00027 
% — 0.16747’ — 1.1410a = + 0.00024 
x — 0.16707’ — 0.9354a = — 0.00049 
% — 0.165077 — 1.040 a = — 0.00059 
% + 0.01057’ — 1.131 a = — 0.00037 
% + 0.038177’ — 1.155 a = — 0,00004 
x+ 0.708 y7—1.913 a= + 0.00078 
2+ 0.718 y/ —1.924 a= + 0.00118 
wz + 0.818 7/ — 2.496 a= + 0,00262 
2 + 0.863 7/ — 2.558 a = + 0.00282 
%+ 1.004 y/ — 2.248 a = + 0.00212 
% + 1.834 y/— 3.175 a= + 0.00409 


The derived normal equations, for determining x and y', are 
x — 0.00477’ — 1.1624 = — 0.000144, 
=_ 0.0415a + 2.95477’ — 3.3732 = + 0.007074, 


whence 
x = — 0.000133 + 1.168a, 7’ = + 0.002392 + 1.1582, 


and 
a’ = + 0.003864475 + 0.00010a, a’ = + 0.00002392 + 0.00158. 


The equation which determines a has already been obtained from the 
discussion of the first class of experiments ; it is 


yy 
ote = — 0,0024286. 


The last three equations being solved, we gather that the volume of 
any mass of air is represented by the formula 
Vay (+ aPP + (a! + a'P8) 7), 
in which 


a =— 0.002565, a’ = + 0,0036445, 
a’’ = + 0.00001987, #= 0.64776. 
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How well the second class of experiments is satisfied by this formula 
may be seen from the numbers in the column headed Obs.—Cal. 


0.002565 ° 
an pte ee LD Ore kes the f 
If we have T A poGoiie7 129°.1, V takes the form 
eG 
Gri ae 


Hence we have the noteworthy result that : 
About the temperature 130°, air follows quite exactly the law of Marvotte. 
For the following temperatures and pressures the volume vanishes : 


T. Ie, 
m 
0° 9995.49 
— 50 4420.13 
—100 2048.00 
—150 896.26 
—200 314.23 


These numbers may be regarded as indications of the magnitude of 
pressure necessary for the condensation of air. The table is in accordance 
with the well-known fact that reduction of temperature facilitates conden- 
sation. 

A table is given below which will be found useful in the application of 
a’ + a! PP 

1l+aP* ’ 
the latter being the coefficient of expansion under a constant pressure. 

As an example, let us suppose that the volume of a mass of air has 
been observed under the pressure 2”.5 and the temperature 20°; it is 
required to find the factor necessary for reducing it to the pressure 0”.76 
and temperature 0°. From the table we get 3.07064. By employing the 
ordinary formula with the coefficient 0.003665 of expansion, there is 
obtained 3.06482, which differs from the preceding by about a 525 part. 

Rigorously, observations of pressure made in localities having an inten- 
sity of gravity different from that which prevails at Regnault’s laboratory 
ought to be multiplied by the ratio of the former to the latter. The latitude 
of Regnault’s laboratory is stated at 48° 50! 14”, the altitude above sea level 
at 60”, and the intensity of gravity at 9.8096. | 


of the formula. It contains the functions log (1+ aP*) and 


= 
3 


DoaornrP PP WWD DH HP HHP YEP rR YH PrP RP oocoedcenonedncnToaoeoeo & 
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log (1+ aP#). 


0.000000 
9.999749 
9.999607 
9.999489 
9.999384 
9.999288 
9.999199 
9.999115 
9.999035 
9.998958 
9.998885 
9.998814 
9.998745 
9.998678 
9.998613 
9.998549 
9.998487 
9.998426 
9.998367 
9.998308 
9.998251 
9.997979 
9.997725 
9.997485 
9.997257 
9.997039 
9.996829 
9.996626 
9.996430 


9.996239. 


251 
142 
118 
105 
96 
89 
84 
80 
V7 
73 
tal 
69 
67 
65 
64 
62 
61 
59 
59 
57 
272 
24 
240 
228 
218 
210 
203 
196 
191 
186 


Coeff. of Exp. 


0.0036445 
36511 
36548 
36579 
36607 
36632 
36656 
36678 
36698 
36719 
36738 
36756 
36775 
36793 
36809 
36826 
36842 
36858 
36874 
36889 
36904 
36977 
37044 
37106 
37166 
37224 
37280 
37333 
37385 
37436 


66 
37 
31 
28 
2d 
24 
22 
20 
21 
19 
18 
19 
18 
16 
1” 
16 
16 
16 
15 
15 
73 
67 
62 
60 
58 
56 
53 
52 
51 
49 


P. 
igi 


ROM SWS MOMS HAOMROM ONS NSM ONO hom So MS 


log (1+aPF), 


9.996053 
9.995872 
9.995695 
9.995521 
9.995352 
9.995185 
9.995021 
9.994860 
9.994702 
9.994546 
9.994393 
9.994242 
9.994093 
9.993946 
9.993800 
9.993657 
9.993515 
9.993374 
9.993236 
9.993098 
9.992962 
9.992828 
9.992695 
9.992563 
9.992432 
9.992303 
9.992174 
9.992047 
9.991921 
9.991795 


181 
Lar ae 
174 
169 
167 
164 
161 
158 
156 
153 
151 
149 
147 
146 
143 
142 
141 
138 
138 
136 
134 
133 
132 
131 
129 
129 
127 
126 
126 


Coeff. of Exp. 


0.0037485 
37533 
37580 
37626 
37671 
37715 
37758 
37801 
37843 
37885 
37925 
37965 
38005 
38044 
38083 
38121 
38159 
38196 
38233 
38269 
38306 
38342 
38377 
38412 
38447 
38482 
38516 
38550 
38584 
38618 
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4” 
46 
45 
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43 
43 
42 
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40 
40 
40 
39 
39 
38 
38 
37 
3? 
36 
37 
36 
35 
35 
35 
35 
34 
34 
34 
34 
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MEMOIR NO. 31. 


On Dr. Weiler’s Secular Acceleration of the Moon’s mean Motion. 


(Astronomische Nachrichten, Vol. 91, pp. 251-254, 1878.) 


Dr. Weiler’s conclusions are, in general, not admissible because the 
expressions he gives for the forces X, Y and Z* are incorrect. It is well 
known that the attraction of a body, whatever may be its bounding surface 
and law of interior density, always admits a potential function W, such that 


But if we form the expression 
Xdu + Vdy + Zdz 


from Dr. Weiler’s values of X, Y and Z, it is found to eS not an exact dif- 
ferential: hence these values are erroneous. 

They appear to have been derived by some illegitimate transformations 
from the formulas in the Mécanique Céleste, Tom. II, p. 22. After changing 
to Dr. Weiler’s notation, Laplace’s expressions for the attraction of a homo- 
geneous ellipsoid of revolution become 


pp 38ha ["  wdu re shy (" _ wdu _ she [" wdu 
a EB 4 es hu? 2? Fy kB Pare hw 2? pa. kis 5 we 
kh? + ki’? ct ki”? 


where k! is given by the equation 


2h? = +A — AW (7? — A)? + 422’. 


But Dr. Weiler seems to have put k’=r7. This cannot be done for the #/ 
which is outside of the sign of integration, without losing some part of the 
attraction which is of the order of the small quantity 2. 

Hansen (Fundamenta Nova, pp. 1-16) has elaborated this matter with 
great generality and much elegance. From this source we learn that the 
proper expression for the potential function of the action between the earth 


and moon is 
_ «(M+ m) ,A+B4+0  ,Av’+ By + C# 
W= r [1 a5 Ur $ Mr |: 


* Astronomische Nachrichten, Vol. 90, pp. 372-373. 
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where A, Band C are the moments about the axes of x, y and z, supposed 
to coincide with the principal axes of rotation. In getting this expression, 
no assumption respecting the bounding surface or law of density of the earth 
is necessary; 1t is only assumed that terms of the third and higher orders 
with respect to the ratio of the dimensions of the earth to the radius-vector 
of the moon may be neglected. 

Very nearly we have B=4A, and, if this assumption is adopted, W 
takes the simpler form 


Wa EE +45 (1-3 4). 


If we putk=x(M-+ m),anda=#3 hoe , « will be a constant inde- 
1 


pendent of the linear and time units; and measurements of arcs of the meri- 
dian, of the length of the second’s pendulum, and the data afforded by the 
phenomena of precession and nutation, show that its value is very approxi- 
mately a = 0.0016395. 

The expressions of the forces, which ought to be substituted for those 
given by Dr. Weiler, are then 


ke 2 
x=—% [1+¢ = (1—s 


Vi 
a 
2 2 
pie ee | [1+ «4(1-52)], 
ee 
rr 


r 


Pe kz a? 
Z=——[1t+e% (3-5 
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MEMOIR No. 32. 


Researches in the Lunar Theory.* 


(American Journal of Mathematics, Vol. I, pp. 5-26, 129-147, 245-260, 1878.) 


When we consider how we may best contribute to the advancement of 
this much-treated subject, we cannot fail to notice that the great majority 
of writers on it have had before them, as their ultimate aim, the construction 
of Tables; that is, they have viewed the problem from the stand-point of 
practical astronomy rather than of mathematics. It is on this account that 
we find such a restricted choice of variables to express the position of the 
moon, and of parameters, in terms of which to express the coefficients of the 
periodic terms. Again, their object compelling them to go over the whole 
field, they have neglected to notice many minor points of great interest to 
the mathematician, simply because the knowledge of them was unnecessary 
for the formation of Tables. But the developments having now been carried 
extremely far, without completely satisfying all desires, one is led to ask 
whether such modifications cannot be made in the processes of integration, 
and such codrdinates and parameters adopted, that a much nearer approach 
may be had to the law of the series, and, at the same time, their convergence 
augmented. 

Now, as to choice of codrdinates, it is known that, in the elliptic theory, 
the rectangular coérdinates of a planet, relative to the central body, the axes 
being parallel to the axes of the ellipse described, can be developed, in 
terms of the time, in the following series: 


i=+oa 


2= a » = IE cos ig , 
‘= — © 
i=+o 

y=b >, + Ji- simig, 
: 2 
=—o 


aand 6 being the semi-axes of the ellipse, e the eccentricity, g the mean 
anomaly and, for positive values of 7, the Besselian function (in Hansen’s 
notation) 


a 7 a 
() ape! ry eS 
J eo elt f.@41)) 1.2.G4+D0+2) seve] 


* Communicated to the National Academy of Sciences at the session of April, 1877. 
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while, for negative values of 7, we have 


—t) — fi) 
A Uae Mi as 


and, for the special case of i= 0, we put the indeterminate 


1 (Fl eso a at 
$I? = — $e. 


Here the law of the series is manifest, and the approximation can easily 
be carried as far as we wish. But the longitude and latitude, variables 
employed by nearly all the lunar-theorists, are far from having such simple 
expressions; in fact, their coefficients cannot be expressed finitely in terms 
of Besselian functions. And if this is true in the elliptic theory, how much 
more likely is a similar thing to be true when the complexity of the problem 
is increased by the consideration of disturbing forces? We are then justified 
in thinking that the coefficients of the periodic terms in the development of 
rectangular or quasi-rectangular codrdinates are less complex functions of 
their parameters than those of polar codrdinates. There is also another 
advantage in employing codrdinates of the former kind; the differential 
equations are expressed in purely algebraic forms; while, with the latter, 
circular functions immediately present themselves. For these reasons I have 
not hesitated to substitute rectangular for polar coédrdinates. 

Again, as to parameters, all those who have given literal developments, 
Laplace setting the example, have used the parameter m, the ratio of the 
sidereal month to the sidereal year. Buta slight examination, even, of the 
results obtained, ought to convince any one that this is a most unfortunate 
selection in regard to convergence. Yet nothing seems to render this para- 
meter at all desirable, indeed, the ratio of the synodic month to the sidereal 
year would appear to be more naturally suggested as a parameter. Some 
instances of slow convergence with the parameter m may be given from 
Delaunay’s Lunar Theory; the development of the principal part of the 


coefficient-of the evection in longitude begins with the term = me, and ends 


413277465931033 
15 288 238080 
coéfficient of the inequality whose argument is the difference of the mean 


m’e; again, in the principal part of the 


with the term 


anomalies of the sun and moon, we find, at the beginning, the term * mee’, 


1207454026843 , , , 
aroggaa It is probable that, by the 


adoption of some function of m as a parameter in place of this quantity, 
whose numerical value, in the case of our moon, should not greatly exceed 


and, at the end, the term 
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that of m, the foregoing large numerical coefficients might be very much 
diminished. And nothing compels us to use the same parameter throughout ; 
one may be used in one class of inequalities, another in another, as may 
prove most advantageous. It is known what rapid convergence has been 
obtained in the series giving the values of logarithms, circular and elliptic 
functions, by simply adopting new parameters. Similar transformations, 
with like effects, are, perhaps, possible in the coéfficients of the lunar ine- 
qualities. However, as far as my experience goes, no useful results are 
obtained by experimenting with the present known developments; in every 
case it seems the proper parameter must be deduced from a priori consider- 
ations furnished in the course of the integration. 

With regard to the form of the differential equations to be employed, 
although Delaunay’s method is very elegant, and, perhaps, as short as any, 
when one wishes to go over the whole ground of the lunar theory, it is sub- 
ject to some disadvantages when the attention is restricted to a certain class 
of lunar inequalities. Thus, do we wish to get only the inequalities whose 
coéfficients depend solely on m, we are yet compelled to develop the disturb- 
ing function #& to all powers of e. Again, the method of integrating by 
undetermined coéfficients is most likely to give us the nearest approach to 
the law of the series; and, in this method, it is as easy to integrate a differ- 
ential equation of the second order as one of the first, while the labor is 
increased by augmenting the number of variables and equations. But 
Delaunay’s method doubles the number of variables in order that the differ- 
ential equations may be all of the first order. Hence, in this disquisition, I 
have preferred to use the equations expressed in terms of the codrdinates, 
rather than those in terms of the elements; and, in general, always to dimin- 
ish the number of unknown quantities and equations by augmenting the 
order of the latter. In this way the labor of making a preliminary develop- 
ment of # in terms of the elliptic elements is avoided. 

In the present memoir I propose, dividing the periodic developments of 
the lunar coérdinates into classes of terms, after the manner of Euler in his 
last Lunar Theory,* to treat the following five classes of inequalities: 

1. Those which depend only on the ratio of the mean motions of the 
sun and moon. 

2. Those which are proportional to the lunar eccentricity. 

3. Those which are proportional to the sine of the lunar inclination. 

4. Those which are proportional to the solar eccentricity. 

5. Those which are proportional to the solar parallax. 


* Theoria Motuum Lune, nova methodo pertractata. Petropoli, 1772. 
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A general method will also be given by which these investigations may 
be extended so as to cover the whole ground of the lunar theory. My 
methods have the advantage, which is not possessed by Delaunay’s that 
they adapt themselves equally to a special numerical computation of the 
coéfficients, or to a general literal development. The application of both 
procedures will be given in each of the just mentioned five classes of 
inequalities, so that it will be possible to compare them. 

I regret that, on account of the difficulty of the subject and the length 
of the investigation it seems to require, I have been obliged to pass over 
the important questions of the limits between which the series are con- 
vergent, and of the determination of superior limits to the errors committed 
in stopping short at definite points. There cannot be a reasonable doubt 
that, in all cases, where we are compelled to employ infinite series in the 
solution of a problem, analysis is capable of being prefected to the point of 
showing us within what limits our solution is legitimate, and also of giving 
us a limit which its error cannot surpass. When the coérdinates are devel- 
oped in ascending powers of the time, or in ascending powers of a parameter 
attached as a multiplier to the disturbing forces, certain investigations of 
Cauchy afford us the means of replying to these questions. But when, for 
powers of the time, are substituted circular functions of it, and the coéfficients 
of these are expanded in powers and products of certain parameters produced 
from the combination of the masses with certain of the arbitrary constants 
introduced by integration, it does not appear that anything in the writings 
of Cauchy will help us to the conditions of convergence. 


CHAPTER I. 
Differential Equations.— Properties of motion dered from Jacobi’s integral. 


We set aside the action of the planets and the influence of the figures 
of the sun, earth and moon, together with the action of the last upon the 
sun, as also the product of the solar disturbing force on the moon by the 
small fraction obtained from dividing the mass of the earth by the mass of 
the sun. These are the same restrictions as those which Delaunay has 
imposed on his Lunar Theory contained in Vols. XXVIII and XXIX of the 
Memoirs of the Paris Academy of Sciences. The motion of the sun, about 
the earth, is then in accordance with the elliptic theory, and the ecliptic is 
a fixed plane. 

Let us take a system of rectangular axes, having its origin at the centre 
of gravity of the earth, the axis of x being constantly directed toward the 
centre of the sun, the axis of y toward a point in the ecliptic 90° in advance 
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of the sun, and the axis of z perpendicular to the ecliptic. In addition, we 
adopt the following notation: 


r’ =the distance of the sun from the earth; 

2’ = the sun’s longitude; 

» =the sum of the masses of the earth and moon, measured by the velocity these masses 
produce by their action, in a unit of time, and at the unit of distance ; 

m' = the mass of the sun, measured in the same way; 

n' =the mean angular velocity of the sun about the earth; 

a’ =the sun’s mean distance from the earth. 


In accordance with one of the above-mentioned restrictions we have the 
equation: 
m = nya! 


The axes of x and y having a velocity of rotation in their plane, equal 
to 
dt 
the earth’s centre, has for expression, in terms of the adopted codrdinates, 
/ id 2 2 
ar = [4 y-Sr | + [Sh tes +o 
_ da? + dy? + d# 4g ak! xdy — yde , a 
dt? dt dt 


, it is evident that the square of the velocity of the moon, relative to 


aye 


The potential function, in terms of the same codrdinates, is 


Me bu ns nal? ig nq! 
MCUs at Ge ye Oe Ane ) 


x. 


If the second radical in this expression is expanded i in a series proceed- 


12 13 
ing according to descending powers of 7 and the first term a+ omitted, 


since it disappears in all differentiations with respect to the moon’s coérdi- 
nates, the following expression is obtained : 


13 ; 
o= + nt [4G + 2) 


p 
V (z+ y? + #) 
mn? a’ - 8 ‘ . 
eee —§a(y'+#)] 


y' 

4 © [a — 5a (y + A) tay + 2] 
a® 76 

+ e e ° . e e e ° 
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Since the differential equations of motion are of the form 
OE eat de 
dt ~ d dp dg” dg’ 
"dt 


@ denoting, in succession, each of the variables which define the position of 
the moon, it is plain that the term 


+Fe@+y) 
may be removed from 7 and added to Q; and these modified quantities may 


be denoted by the symbols 7’ and Q!. Then these equations may be written 
thus: 


sg d¥ dy oe, _ da’ 
dP ae de ae der? 
Pdi) dy ea ay dat 
ga ak ak ap dy 
a’z — dQ’ 
dt? Afi 


When we wish to restrict our attention to the lunar inequalities which 
are independent of the solar parallax, all the terms, in the last expression 
of Q, which are divided by 7", 7°, 7°, &c., may be omitted. In this case 
it will be seen that all the terms, introduced into the differential equations 
by the solar action, are linear in form, with variable, but known coéfficients, 

aN PA a/® 
a i ane i 
When all the inequalities, involving the solar eccentricity, are neglected, 


the equations admit an integral in finite terms. For, in this case, we have 
an , an , , 


Fae ts Fae =, 


since are known functions of ¢. 


and Q/ does not explicitly contain ¢; hence, multiplying the equations 
severally by the factors dx, dy, and dz, and adding the products, both mem- 
bers of the resulting equation are exact differentials. Integrating this 
equation, we have 

dx’ + dy’ + d# 


Pa I 
adF = 2' + a constant. 


This integral equation appears to have been first obtained by Jacobi.* 
As it will be frequently referred to in what follows, I shall take the liberty 
of calling it Jacobi’s integral. 


* Comptes Rendus de V Académie des Sciences de Paris. Tom. iii, p. 59. 
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If we take two imaginary variables 


uw=et+V¥y+2)¥—1, 
s=e-—V(y+7)¥—1, 


Q. has the following simple expression, being a function of two variables only: 


12,18 12 P38 
Qa ee SE Oa ee ye 
Vat (=u Oa) we +8) 
218 
stig : f n'a 
If this is expanded in descending powers of 7’, and, as before, the term 7 
omitted, 
13 
m a 
2= wer +n”? 7 [gw+4us+ 3s’] 
n? ait ae etics , 2 ser 
= Hace [ys + Be w's + By Us’ + Ye 8°] 
yen ae 4 ges aA Poesia dary pave eee 
Spare [pas Ut + ai W's + Pe U's’ + gy US? + sos 8°] 
+ 


The additional variable, necessary to complete the definition of the moon’s 
position, may be so taken that the expression of 7 may be simplified as much 
as possible. This expression may be written 


_ duds _ , (ydz—zdy)’ di’ ady—ydx , da ae 
aT Sain a i, een aie ee 


There does not seem to be any function of x, y and z, which, adopted as a 
new variable to accompany wu and s, would reduce this to a very simple form. 
However, when we are engaged in determining the inequalities independent 
of the inclination of the lunar orbit, this transformation will be useful to us. 
For, in this case, z = 0, and the values of w and s become 


u=xz+yV¥—l1, 
s=z—yv—l1, 


and 7’ is given by the equation 


_ duds dx uds — sdu ai” 
DN aio aR 


Although Q is expressed most simply by the systems of coordinates we 
have just employed, the integration of the differential equations will be © 
easier, if we suppose that the axes of 2 and y have a constant instead of a 
variable velocity of rotation, the axis of « being made to pass through the 
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mean position of the sun instead of the true. To obtain the expression for 
dn! 


T correspondent to this supposition, it is necessary only to write n! for —— ee 


in the former values. As for Q, it can be written thus 
ee n'*q!3 n'a! g 


Q= | + mrss rR 


where 
P=e+ y+ 2 = the square of the moon’s radius vector ; 


S=axcosuv+ysinv; 
v = the solar equation of the centre. 


This function being expanded in a series of descending powers of 7’, as 
before, we have 
Patt enr@et+y) 


$n? a (8S? 47] 


ane 
He re $8 — $78] 


a as [32 st — 15 7°S? an 8 yr] 


. ee 
TL CS 8 4 
+ oy Se [St 8 — BB r'S? + AE rtS] 
ae 


And the corresponding differential equations are 


dt an eda 
dy , de _ dg! 
Gab dy” 
a _ig 
dt? dz 


Thus much in reference to the equations under as general a form as we 
shall have occasion for in the present disquisition. We shall now suppose 
that they are reduced to as restricted a form as is possible without their 
becoming the equations of the elliptic theory; that is, we shall assume that 
the solar parallax and eccentricity and the lunar inclination vanish. With 
these simplifications, in the first system of codrdinates, 


»__ dx? + dy? ,ady — yda 
Sai cane ta rama 


(Asad Led Big !2q2 
g= N ep yy tu a; 
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and, in the second, 


T! = duds___ n' uds —sdu 
2d? 2 dt , 


Q =jatt gn” (wu +s). 


And the differential equations, we are in the first case, 


a’a 
aE — Qn’ —7- + P+[S— an |e =0, 


ie + a baad Pu 
and, in the second, 
se Lae a + ee eT 0. 
ant + 2n! ? + Gasyi s—3n®(ut+s)=0. 


The Jacobian integral has severally the expressions 


dia + dy’ pe 


= Blige 
Sd On o 
duds 
Ode = at an? (ut+syr—C. 


The terms — 2n/ o , 2n' ae &c., have been introduced into the 


equations by making the axes of coérdinates movable; but since the putting 
of n'=0 makes the solar disturbing force vanish, there is no inconsistency in 
attributing them to the solar action. Then, in the case of the vanishing of 
this action, we have the equations of ordinary elliptic motion 


aa oe 
ar t ort =9 
SLs Dan iit Siereg cs 
at? ii yen 


Thus, in the restricted case we consider, all the terms, added to the differ- 
ential equations of motion by the solar action, are linear in form and have 
constant coéfficients. This, and the circumstance that ¢ does not explicitly 
appear in the equations, are two advantages which are due to the particular 


selection of the variables x and y. if 4 were constant, the equations would 


be linear with constant coéfficients ve ay integrable. 
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The constants u and n/ can be made to disappear from the differential 
equations, if, instead of leaving the units of length and time arbitrary, we 
assume them so that w= 1, and n/=1. The new unit of length, will then 


be equal to \ £7, units of the previous measurement. The equations, thus 


simplified, are 


d’y dz 1 ae 
dh ap td is 
with their integral 
dy +dy_ 2 3 
dé == TT + 327—2C. 


It will be perceived that, in this way, we make the differential equations 
absolutely the same for all cases of the satellite problem. 


da 

qq then 
GC yprtn le 2 Tk At; lon 

p= |S +3 ae |, 

d pote i il 


Or, by making y the independent variable, 


Let us put p= 


The problem is then reduced to the integration of two differential equations 
of the first order. Were this accomplished, and p eliminated from the two 
integral equations, we should have the equation of the orbit. If we put 


W = 2a + E + 3a — 20 — p* |, 


the differential equations can be written in the canonical form, 


ena sy, 
dy dp ’ 
dp dw 
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It may be worth while to notice also the single partial differential 
equation, to the integration of which our problem can be reduced. Return- 
ing to the arbitrary linear and temporal units, and for convenience, reversing 
the sign of C, if a function of ~ and y can be found satisfying the partial 
differential equation . 


aV ’ 2 CR Sse r awe Qu. 19 nk 
wet 9+ (G8 |= egy toe +20, 


and involving a single arbitrary constant /, distinct from that which can be 
joined to it by addition, the intermediate integrals of the problem will be 


and the final integrals 


a and c being two additional arbitrary constants. The truth of this will be 
evident if we differentiate the four integral equations with respect to ¢ and 
compare severally the results with the partial differential coéfficients of the 
partial differential equation with respect to x, y, h and C. 

Although, in this manner, the problem seems reduced to its briefest 
terms, yet, when we essay to solve it, setting out with this partial differen- 
tial equation, we are led to more complex expressions than would be expected. 
It would be advisable, in this method of proceeding, to substitute polar for 
rectangular coérdinates, or to put 


c=T COSY, y=rsing. 


The partial differential equation, thus transformed, is 


aS + [+5- nr |= = + $n + 2C + $n’ cos 2. 

This would have to be integrated by successive approximations, and it is 
found that this method, which at first sight, seems likely to afford a briefer 
solution of the problem, because but one unknown quantity was to be deter- 
mined, and this free from the variable ¢, and involving only half of the 
number of arbitrary constants introduced by integration, when developed, 
leads to as complex operations as the older methods, and, moreover, has the 
disadvantage of giving results which need prolix transformations before the 
coordinates can be exhibited in terms of the time. 
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Although we shall make no use of the equations in terms of polar 
coérdinates, they may be given here, for the sake of some special properties 
they possess in this form. They are 


Gr 2 ag? toe AP Ea prep 
coy Ler ters i 3n7* cos’? g = 0, 
aE a1" (4 ag +n) + 8n"7? sin 2¢ — 0, 
with their integral 
dr’ + rd¢g’ 


TE = 2 + 3n”r? cos’ g—2C. 
By dividing the second of the differential equations by 7°, the variables are 
separated, and 4 denoting the longitude of the moon, we have 


ce x ed liege a at 
ah “at 
dt 


K being a constant. Thus, after the longitude is determined in terms of £, 
the radius vector is obtained by a quadrature. But it can also be found, 
without the necessity of an me by dividing the integral by 7” and 


then eliminating the term ee nee by means of its value derived from the 
second differential equation; in this way we get 
xe , % 
+ 3” sin 2g 
(6 i a 12 2 
= =; =+ de +45n—in COs’ ¢. 


As we desire to make constant numerical application of the general 
theory, established in what follows, to the particular case of the moon, we 
delay here, for a moment, to obtain the numerical values of the three con- 
stants u, mn! and C. The value of uw may be derived either from the observed 
value of the constant of lunar parallax combined with the mean angular 
motion of the moon, or from the intensity of gravity at the earth’s surface 
and the ratio of the moon’s mass to that of the earth. We will adopt the 
latter procedure. The value of gravity at the equator, g= 9.779741 metres, 
the unit of time being the mean solar second. We propose, however, to take 
the mean solar day as the unit of time, and the equatorial radius of the earth 

: : ; en 86400? 
as the linear unit. This number must then be multiplied by FSGECEV ETL 
(6377397.15 metres is Bessel’s value of the equatorial radius.) Moreover, 
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the theory of the earth’s figure shows that, in order to obtain the attractive 
force of the earth’s mass, considered as concentrated at its centre of gravity, 
a second multiplication must be made by the factor 1.001818356. With our 
units then this force is represented by the number 11468.338: and the 


moon’s mass being taken at of the earth’s, her attractive force is 


oud 
81.52277 
represented by the number 140.676. Consequently 


= 11609.014. 


The sidereal mean motion of the sun in a Julian year is 1295977'.41516, 


whence 
nm’ = 0.017202124. 


The value of C might be obtained from the observed values of the moon’s 
coordinates and their rates of variation at any time. However, as the eccen- 
tricity of the earth’s orbit is not zero, C obtained in this manner would be 
found to undergo slight variations. The mean of all the values obtained in 
a long series of observations might be adopted as the proper value of this 
quantity when regarded as constant. But it is much easier to derive it 
approximately from the series 


20 = (un)? [2 + 2m—?. 


pa eT Oe 


ay ee — 
See tt Bee 144 1296 1296 


pe SLO od, 2879 am |: 


which will be established in the following chapter. Here n denotes the 
me ,, In this formula the 

n—n 

terms which involve the squares of the lunar eccentricity and inclination and 

of the solar parallax are neglected; this, however, is not of great moment, 

as, being multipled by at least m’, they are of the fourth order with respect 

to smallness. The observations give n = 0.22997085, hence 


C = 111.18883. 


moon’s sidereal mean motion, and m is put for 


If it is proposed to assume the units of time and length so that uw and 
n' may both be unity, it will be found that the first is equal to 58.13236 
mean solar days, and the second to 339.7898 equatorial radii of the earth. 
The corresponding value of C is 3.254440. 

Let us now notice some of the properties of motion which can be 
derived from Jacobi’s integral. This integral gives the square of the velocity 
relative to the moving axes of codrdinates; and, as this square is necessarily 
positive, the putting it equal to zero gives the equation of the surface which 


a ee 
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separates those portions of space, in which the velocity is real, from those in 
which it is imaginary. This equation is, in its most general form, 


p na! 
V@F+P+A  Vi@—a t¥ tA) 


12 
=0 + $nta"—"[@—aP +91, 


which is seen to be of the 16th degree. As y and g enter it only in even 
powers, the surface is symmetrically situated with respect to the planes of 
xy and xz. The left member is necessarily positive, (the folds of the surface, 
for which either or both the radicals receive negative values, are excluded 
from consideration), hence the surface is inclosed within the cylinder whose 
axis passes through the centre of the sun perpendicularly to the ecliptic, and 
whose trace on this plane is a circle of the radius 


20 
aN (3 5 wa): 
As, in general, the second term of the quantity, under the radical sign, is 
much smaller than the first, this radius is, quite approximately 3a’. Thus, 


2 ; 1 . : : 
in the case of our moon, assuming —; = sin 8.848, we have this radius = 


a/3.001383a’. It is evident that, for all points without this cylinder, the 
velocity is real; and as, for large values of z, whether positive or negative, 
the left member of the equation becomes very small, it is plain that the 
cylinder is asymptotic to the surface. Every right line, perpendicular to 
the ecliptic, intersects the surface not more than twice, at equal distances 
from this plane, once above and once below. 

Let us now find the trace of the surface on the plane of zy. Putting p 
for the distance of a point on this trace from the centre of the sun, 


p= (a —a2y + ¥, 
and it is evident that the cubic equation, 


2C 
p° — a’ (3 ae a pa 2a", 


will give the limits between which the values of p can oscillate. If C is 
negative, this equation has but one real root which is negative; consequently, 
in this case, the surface has no intersection with the plane of zy. But, in 
all the satellite systems we know, C is positive, and this condition is prob- 
ably necessary to insure stability. Hence we shall restrict our attention to 
the case where C is positive. Then all the roots of the equation are real, 
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and two are positive. It is between the latter roots that p must always be 
found. To compute them, we derive the auxiliary angle @ from the formula 


sin 6 = [2 + 2 wr | ; 
or, since 6 differs but little from 90°, with more readiness from 


pee a + ay we) 


a 3 
[1 + tage 


cos’é = 


oF, a8 aa is a small quantity, with sufficient approximation from 
C 
cos 6 = 
1+ tag? 


The two roots are then 
, eee eo 


Of , 0 
Pa = 2a’ (1 +2 a) sin (60° — +) : 


The trace of the surface on the plane of zy is then wholly comprised in the 
annular space between the two circles described from the centre of the sun 
as centre with the radii p; and p,. Moreover, as in most satellite systems we 


hav 


(for our moon eo = saas502)’ 


it is bee that, for points whose distance from the earth is comparable with 
their distance from the sun, the trace is approximately coincident with these 


circles. For the term in the equation, may then be neglected in com- 


parison with the other terms. 
In the case of our moon there is foumd 


C= 187 pelle eb3 5 
and hence 
P: = 22815.15, Py = 23816.09 , 


and, if r and p are regarded as the variables defining the position of a point 
in the plane ay, the following table gives some corresponding values of these 


tae ihe alia, 


so 
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quantities, for each of the two branches of the trace approximating severally 
to the two circles. 


r. p. ia p: 
433.3257 22878.69 439.7922 23751.81 
450 22876.17 450 23753.37 
500 22869.68 500 23760.04 
600 22860.13 600 23769.85 

1000 22841.59 1000 23788.87 

10000 22817.70 10000 23813.43 

46127.70 22815.68 47127.55 23815.53 


The first and last values correspond to the four points where the curves 
intersect the axis of x on the hither and thither side of the sun. It will be 
seen that the approximation of the branches to the circles is quite close, except 
in the vicinity of the earth, where there is a slight protruding away from 
them. 

In addition to these two branches of the trace, there is, in the case 
where C exceeds a certain limit, a third closed one about the origin much 
smaller than the former. As the codrdinates of points in this branch are 
small fractions of a’, its equation may be written, quite approximately, 

p 


eee 90 
Z z 


It intersects the axis of y at a distance from the origin very nearly 


and the axis of x at points whose coérdinates are the smallest (without 
regard to sign) roots of the equations 


na! 
eet = O 4 gna" a 4m’ (a’ me 2), 


+5 = C + $n%a? —3n? (a — 2). 


For the moon these quantities have the values 
Y, = 104.408 , , = — 109.655, H, = + 109.694. 
This branch then does not differ much from a circle having its centre at the 


origin, more closely it approximates to the ellipse whose major axis—=2,—a, 
and minor axis = 2y). 
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The value of the coérdinate z, for the single intersection of the surface 
with the axis of z above the plane of xy, is given by the single positive root 
of the equation 

pp na! 


ara 12,12 
Pass Via 4 


For the moon the numerical value of this root is 

2 = 102.956. 
The intersection of the surface with the perpendicular to the plane of xy 
passing through the centre of the sun is, in like manner, given by the equation 


io 4 n'a! 
VN (a? Efe 2) Zz 


_ 0 ae gna”, 


having but a single positive root, which is nearly 


2 a’ 
sk peed cree si. , 
1 ar g mn q!? 
or, with less exactitude, 
24=ia'. 


From this investigation it is possible to get a tolerably clear idea of the 
form of this surface. When C exceeds a certain limit, it consists of three 
separate folds. The first being quite small, relatively to the other two, is 
close, surrounds the earth and somewhat resembles an ellipsoid whose axes 
have been given above. The second is also closed, but surrounds the sun, 
and has approximately the form of an ellipsoid of revolution, the semiaxis 
in the plane of the ecliptic being somewhat less than a’, and the semiaxis of 
revolution perpendicular to the ecliptic and passing through the sun being 
about two-thirds of this. This fold has a protuberance in the portion neigh- 
boring the earth. The third fold is not closed, but is asymptotic to the 
cylinder mentioned at the beginning of the investigation of the surface. 
Like the second, it also is nearly of revolution about an axis passing through 
the centre of the sun and perpendicular to the ecliptic. The radius of its 
trace on the ecliptic is about as much greater than a’, as the radius of the 
trace of the second fold falls short of that quantity. The fold has a protuber- 
ance in the portion neighboring the earth, and which projects towards this 
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body. The whole fold resembles a cylinder bent inwards in a zone neigh- 
boring the ecliptic. 

What modifications take place in these folds when the constants involved 
in the equation of the surface are made to vary, will be clearly seen from 
the following exposition. Let us, for brevity, put 


C 


and, for the moment, adopt a’, the distance of the earth from the sun, as the 
linear unit, and transfer the origin to the centre of the sun, and moreover put 


Ansty i 
1a veal < 

Then the intersections of the surface, with the axis of x, will be given by the 
two roots of the equation 


x — 8 —he + (h + 2—2y)a—2=0, 


which lie between the limits 0 and 1; by the two roots of 


tt — 2 —he+ (h+2+4+ 2)*e¢—2=0, 


which lie between 1 and 4/h; and by the two roots of 


xt — a — ha? + (h—2 — 2) x +2=0, 


which lie between 0 and—w#/h. 

Hence, if C diminishes so much that the first of these three equations 
has the two roots, lying between the mentioned limits, equal, the first fold 
will have a contact with the second fold; and if C fall below this limit, the 
roots become imaginary, and the two folds become one. Again, if C is 
diminished to the limit where the second equation has the mentioned pair of 
roots equal, the first fold will have a contact with the third; and when C is 
less than this, these two folds form but one. And when C is less than both 
these limits, there will be but one fold to the surface. 

In the spaces inclosed by the first and second folds the velocity, relative 
to the moving axes of codrdinates, is real; but, in the space lying between 
these folds and the third fold, it is imaginary; without the third fold it is 
again real. Thus, in those cases, where C and y have such values that the 
three folds exist, if the body, whose motion is considered, is found at any 
time within the first fold, it must forever remain within it, and its radius 
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vector will have a superior limit. Ifit be found within the second fold, the 
same thing is true, but the radius vector will have an inferior as well as a 
superior limit. And if it be found without the third fold, it must forever 
remain without, and its radius vector will have an inferior limit. 

Applying this theory to our satellite, we see that it is actually within 
the first fold, and consequently must always remain there, and its distance 
from the earth can never exceed 109.694 equatorial radii. Thus, the 
eccentricity of the earth’s orbit being neglected, we have a rigorous demon- 
stration of a superior limit to the radius vector of the moon. 

In the cases, where C and y have such values that the surface forms but 
one fold, Jacobi’s integral does not afford any limits to the radius vector. 

When we neglect the solar parallax and the lunar inclination, the pre- 
ceding investigation is reduced to much simpler terms. The surface then 
degenerates into a plane curve, whose equation, of the sixth degree, is 


= =0— n'a, 


It is evidently symmetrical with respect to both axes of codrdinates, and is 
contained between the two right lines, whose equations are 


a2 /E 


and which are asymptotic to it. It intersects the axis of y, at two points, 
whose codrdinates are 


=+ 
y=i-: 


The cubic equation, 
20 Qu 


see ai 
r 3y7 r +37 (0) 
gives the values of 7, for which the curves intersect the axis ofa. If 
(20) > Onn’, 


this equation has two real roots between the limits 0 and + a If 


(20)? = 9un’, 


these roots become equal. And if 


(20): < un’, 


were eres eprosmverecoemaenacseece 
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there are no real roots between these limits, and the curve has no intersec- 
tion with the axis of x. The figures below exhibit the three varieties of this 
curve. 


eww cncrmncccenscwawecsecceers 
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Fig. 1 represents the form of the curve in the case ofour moon. In Fig. 2 
we see that the small oval of Fig. 1 has enlarged and elongated itself so as 
to touch the two infinite branches; while, in Fig. 3, it has disappeared, the 
portions of the curve, lying on either side of the axis of w, having lifted 
themselves away from it, and the angles having become rounded off. In 
Fig. 1, the velocity is real within the oval, and also without the infinite 
branches, but it is imaginary in the portion of the plane lying between the oval 
and these branches. Hence, if the body be found, at any time, within the oval, 
it cannot escape thence, and its radius vector will have a superior limit; and, 
if it be found in one of the spaces on the concave side of the infinite branches, 
it cannot remove to the other, and its radius vector will have an inferior limit, 

In the case represented in Fig. 2, the same things are true, but it seems 
as if the body might escape from the oval to the infinite spaces, or vice versa, 
at the points where the curve intersects the axis of «. However, at these 
points, the force, no less than the velocity, is reduced to zero. For the 
distance of these points from the origin is the positive root of the equation 


20 
eel yes cola 
or 
V20 _ ¥9un! 
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and this value is the same as that given by the equation 


td foie 
LL — 0. 


In consequence the forces vanish at these two points, and thus we have ive 
particular solutions of our differential equations.* 

In the case represented in Fig. 3, the integral does not afford any 
superior or inferior limit to the radius vector. 

The surface, or, in the more simple case, the plane curve, we have 
discussed, is the locus of zero velocity; and the surface or plane curve, upon 
which the velocity has a definite value, is precisely of the same character 
and has a similar equation. It is only necessary to suppose that the C of 
the preceding formule is augmented by half the square of the value attrib- 
uted to the velocity. Thus, in the case of our moon, it is plain the curves 
of equal velocity will form a series of ovals surrounding the origin, and 
approaching it, and becoming more nearly circular as the velocity increases. 

Applying the simple formule, where the solar parallax is neglected, to 
the moon, we find that the distance of the asymptotic lines, from the origin, is 


20 _ 500.4992. 
Bn” 


The distance of the points on the axis of x, at which the moon would remain 
stationary with respect to the sun, is 


oe Ee 
V/ git, = 285.0071, 


If the auxiliary angle @ is derived from the equation 


we get 
0 = 82° 49’ 6.63; 


and the distances from the origin, at which the curve of zero velocity inter- 
sects the axis of x, are given by the two expressions 


I ain (cor— >, 


and the numbers are 109.6772 and 435.5623. These values differ but little 
from the previous more general determinations. 


* The corresponding solution, in the more general problem of three bodies, may be seen in the 
Mécanique Céleste, Tom. IV, p. 310. 
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CHAPTER II. 


Determination of the inequalities which depend only on the ratio of the mean 
motions of the sun and moon. 


If the path of a body, whose motion satisfies the differential equations 


aa esi ’ dy UL ! eds 
dé an ae + | —3n |e 0, 
a’y , dx & aes 
dir + OM a tay oe 


intersect the axis of x at right angles, the circumstances of motion, before 
and after the intersection, are identical, but in reverse order with respect to 
the time. That is, if ¢ be counted from the epoch when the body is on the 
axis of x, we shall have 


x = function (/), y =t. function (7’). 


For if, in the differential equations, the signs of y and ¢ are reversed, but 
that of x left unchanged, the equations are’ the same as at first. 

A similar thing is true if the path intersect the axis of y at right angles; 
for if the signs of 2 and ¢ are reversed, while that of y is not altered, the 
equations undergo no change. 

Now it is evident that the body may start from a given point on, and 
at right angles to, the axis of x, with different velocities; and that, within 
certain limits, it may reach the axis of y, and cross the same at correspond- 
ingly different angles. If the right angle lie between some of these, we 
judge, from the principle of continuity, that there is some intermediate 
velocity with which the body would arrive at and cross the axis of y at 
right angles. 

The difficulty of this question does not permit its being treated by a 
literal analysis; but the tracing of the path of the body, in numerous special 
cases, by the application of mechanical quadratures to the differential equa- 
tions, enables us to state the following circumstances: 

If the body be projected at right angles to, and from a point on, the 


3 
axis of x, whose distances from the origin is less than 0.33... we a there 


is at least one (near the limit there are two) value of the initial velocity, 
with which the body, in arriving at the axis of y, will cross it at right 
angles. Beyond this limit it appears no initial velocity will serve to make 
the body reach the axis of y under the stated condition. 
If the body move from one axis to the other and cross both of them 
perpendicularly, it is plain, from the preceding developments, that its orbit 
30 
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will be a closed curve symmetrical with respect to both axes. Thus is 
obtained a particular solution of the differential equations. While the general 
integrals involve four arbitrary constants, this solution, it is plain, has but 
two, which may be taken to be the distance from the origin at which the 
body crosses the the axis of x and the time of crossing. 

Certain considerations, connected with the. employment of Fourier’s 
Theorem and the possibility of developing functions in infinite series of 
periodic terms, show that, in this solution, the codrdinates of the body can 
be represented, in a convergent manner, by series of the following form: 


z= A, cos[v(¢—4,)] + A, cos3 [v(t —7,)] + A, cosd[y ¢—Z,)] +..., 
y = B, sin[y (¢—?,)] + B, sin 3 [vy @ —7,)] + B, sind [yp (¢—74,)] +..., 


where ¢, denotes the time the body crosses the axis of x, and ie is the time 


of a complete revolution of the body about the origin. We may regard v 
and ¢, as the arbitrary constants introduced by integration: the coefficients 
Ay, A,...- By, B,.... are functions of u, n/ and rv. 

For convenience sake we may put 


A,;=a;,+ a 4-1, B, = & — A_¢_1. 


Then, 7 being put for v (t — 4), the series, given above, may be written 

x= 2,.a,cos(27+1)7, 

y = 4,.a,8in (24+ 1)7, 
the summation being extended to all integral values positive and negative 
zero included, fori. By adopting polar codrdinates such that 

x=PTCos¢, y=rsing, 
and writing v for @—7, that is, for the excess of the true over the mean 
longitude of the moon, the last equations are equivalent to 
r COSv = 2,. a, Cos 2iz, 


rsinv = 2,.a, sin ir. 


In order to avoid the multiplication of series of sines and cosines, and 
reduce everything to an algebraic form, for « and y, we substitute the 
imaginary variables w and s, and put = «"’-". We have then 


Ui 2, are Sho Pepe 
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¢ will always be employed as the independent variable in place of ¢ or 7. 


Denoting the operation ¢ te =—V/—1 os by the symbol D, so that, in 


general, 
D (at*) = iat, 


and taking the liberty of separating this symbol as if it were a multiplier, 
and moreover putting 


the differential equations, determining wu and s, given in the preceding chap- 
ter, may be written 


[ Di + 2mD + gm! — 725 |v + gm’s=0, 


[2 — 2mD + 3m’ — Gusyi s+ $mu=0. 
It will be noticed that either of these equations can be derived from the 
other by interchanging u and s and reversing the sign of mor D. We may 
also remind the reader that they determine rigorously all the parts of the 
lunar codrdinates which depend only on the ratio of the mean motions of 
the sun and moon and on the lunar eccentricity. The Jacobian integral, in 
the present notation, is 


Du. De + (+ bm'(u+s= 0. 


The most ready method of getting the values of the coefficients a;, is that 
of undetermined coefficients; the values of wu and s, expressed by the pre- 
ceding summations with reference to 1, being substituted in the differential 
equations, the resulting coefficient of each power of , in the left members, is 
equated to zero, which furnishes a series of equations of condition sufficient 
to determine all the quantities a;. For this purpose we may evidently 
employ any two independent combinations of the three equations last written, 
and it will be advisable to form these combinations in such a manner that 
the process of deriving the equations of condition may be facilitated in the 
largest degree. Now it will be recognized that the presence of the term 


Tas in one of the factors of the differential equations, is a hindrance to 


their ready integration, being the single thing which prevents them from 
being linear with constant coefficients. Hence we avail ourselves of the 
possibility of eliminating it. Multiplying the first differential equation by 
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s, and the second by w, and taking in succession, the sum and difference, 


uDs + sDu — 2m (uDs — sDu) — = +3m’(u +s)? =0, 
uD*s — sDu — 2m (uDs + sDu) +3m’(w—s)=0, 


then, adding to the first of these the integral equation, and retaining the 
second as it is, we have, as the final differential equations to be employed, 
DP? (us) — Du. Ds — 2m (uDs — sDu) + $m’? (w+sr=C, 
D (uDs —sDu — 2mus) + $m’ (wv — s’) == 0; 


It must be pointed out, however, that these equations are not, in all 
respects, a complete substitute for the original equations. It will be seen 
that uw or x, an essential element in the problem, has disappeared from them, 
and that, in integration, an arbitrary constant, in excess of those admissible, 
will present itself. This will be eliminated by substituting the integrals 
found in one of the original differential equations, in which u or x is present; 
the result being an equation of condition by which the superfluous constant 
can be expressed in terms of uw and the remaining constants. - 

We remark that the left members of our differential equations are 
homogeneous and of two dimensions with respect to wand s. If the first 
were differentiated, the constant C would disappear, and both equations 
would be homogeneous in all their terms. This property renders them 
exceedingly useful when equations of condition are to be obtained between 
the coefficients of the different periodic terms of the lunar coérdinates, and 
it is for this purpose that we have given them their present form. 

From the signification of the symbol D, 


Duy 2, (27 7 1) aft, IDE) Sat (2¢ a Oy ae es ple ea 
Pu = %,. (20 + Ih age, Dis = X,. (2 + Ly alee 3 


also 
us = 2; . [2 + AA, | y, 
— 2). [240 M4 5-1] ‘gc 
Sis aad, Aaya gee e 


Du. Ds= — 4,.[2,. (Q¢ + 1)(2¢ — & + 1) aa,_,] &, 
uDs —sDu= — 22, . [2; e (20 —J + 1) aa, _ ;] Cy, 


where the summations with reference to 7 have the same extension as those 
with reference to 7. On substituting these expressions in the differential 
equations, and equating the general coefficients of ¢” to zero, we get 


5. [(Q¢ + (Qi — Yt 1) 4+ 472+ 4(Qi—j + 1)mt Em'Jaa,_, 


+ $m?2,. [ages ju + aa_;_ es =='0; 
4j2,. [20 —j +1+ m)aa,_;— $m’2,.[aa_.,;-1—aa_,_;_,] =0, 
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which hold for all integral values of 7 both positive and negative except that, 
when j = 0, the right member of the first equation is C instead of 0; but as 
the second equation is an identity for 7=0, for the present this value of 7 
will be excluded from consideration. 
By multiplying the first equation by 2, and the second by 3, and taking 

in succession the difference and sum, the simpler forms are obtained, 
2,. [87 — 8 (47 —1) 7 + 207? —167 + 24+ 4 (41 —57 + 2) m + 9m’Jaa,_, 

+ 9m’?2,.4_;4;-1=0; 
2,. [87 + 8(4 +1)1—47 + 8 +24 4(404+74 2)m + Im’Jaa,_, 

+ 9m7d;.aa_,. _.=0. 


These two equations are not distinct from each other, when negative, as well as 
positive values, are attributed to 7. For if, in the expression under the first 
sign of summation in the first equation, we substitute, which is allowable, 
for 1,4—Jj, and —j for 7 throughout the equation, the result is identical 
with the second equation. This is explained by the fact that we get all the 
independent equations of condition, these equations are capable of furnishing, 
by attributing only positive values to 7. Hence, allowing 7 to receive 
positive and negative values, all the equations of condition can be repre- 
sented by a unique formula. 

Although the number of these equations is infinite, and also that of the 
coefficients a,;, it is not difficult to see that the first ought to be regarded as 
one less than the second; and that, in consequence of the bi-dimensional 
character of the equations, they suffice to determine the ratio of any two of 
the quantities a; in terms of m. It will be seen, from developments to be 
given shortly, that if m is regarded as a small quantity of the first order, a; 
is of the + 20 order. It will be advisable then to select a, as the coefficient 
to which to refer all the rest; and we shall have, in general, 


& = a L’(m). 


The equations of condition, as written above, determine the a, in pairs; that 
is, if we put 7=1, we have the equations suitable for determining a, and a_,, 
and, in general, the equations, as written, determine a, and a_;. And, as 
they involve both these quantities, it will be advantageous to eliminate 
approximately each in succession, as far as that can be done without depriv- 
ing the equations of their bi-dimensional character. 

By putting, in succession, in the terms under the first sign of summa- 
tion, 2=0 and i1= 7, it will be found that these equations contain, severally, 
the terms 
(207? — 167 + 2—4 (57 — 2) m + 9m’) aa_; + [— 47? — 87 + 2—4( 7 — 2) m 4+ 9m] aa, 
[— 4727+ 8 +2+4(7 +2) m + 9m’) aa_, + [207? + 167 + 2 + 4(5/ + 2)m + 9m] aa, 


ah vost 
— 


a 
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which are the terms of principal moment in determining a_, and a,;. Let us 
then multiply the first equation by 


—474+8+2+4(7+ 2)m+ 9m’, 
and the second by 
— 20j? + 167 —2 + 4 (57 — 2)m — 9m’, 
and, adding the products, divide the whole by 
487? [2 (47? — 1) — 4m + m']. 
Then, adopting the notation 


es =-4 AKG re + 47—2—4@—j+1)m+m! 
Eb A? tae 2 (47? — 1) — 4m + m? 


a 47? — 8) —2—4(j + 2)m — 9m’ 


[1 | > age 24° —1)—4m+ 
Cio 3m? 207? —167 + 2—4 (57 — 2) m + 9m? 
J) TT AGP coe Cap A ig 


the system of equations, which determines the coefficients a,, is represented 
by the unique formula 


ZX, (075 1] aay _s + [7] aa_o4y-1 + (7) 5-1] = 0, 
where 7 must receive negative as well as positive values. It will be perceived 
that 
(7,0]=0, [7,7] =— 


hence the last equation is in a form suitable for determining the value of a,. 
The quantities [y, 7], [7] and (7) admit of being expressed in a simpler 
manner; thus 


See (jt j—l1—m 
(7, t]= 7 53 j 2(47 —1)—4m + m’ 
whence 
sa ee Gate atta 8i (jf — 1) 
Dale d bre tam Rabie mit vei iow hysncinnerr 
eek needa HCL ah) 1+m 
Fiabe be ie 2(G—1)—4m + m? 
in addition 
P act Rb gre Sua OF ee) ea Oe aL) ka oa 
(J] ~—) Tet” ap aa) —am tm? 
Tae aes 18) Oy = a) 
(J) =— je + a “agai ™ 
Cee 3 37 +1+ 2m ,m?, 


84 —1) — 4m + we? 


. 1g = 3) oA 
(-(-/)= a j — 5 — (37 +11)m 


39 > 2 (497 —1) — 4m + mi’ 
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In making a first approximation to the values of the coefficients, one of 
the terms of the equation may be omitted; for, when j is positive, the term 
>; - (7) a,a_,;_j;-1 is a quantity four orders higher than that of the terms of 
the lowest order contained in the equation; and, when j is negative, the 
same thing is true of >,.[7]a,a_,,;_1. Hence, with this limitation, the 
equation may be written in the two forms 


Xi. EE4 t]aai_;+ [7] Hai435) =O, 
2, ({—J, 4] aOg45 + (—J) aa_i4;-1] =0. 


where j takes only positive values. 

From these two equations, by omitting all terms but those of the lowest 
order, we derive the following series of equations, determining the coefficients 
to the first degree of approximation: 


AHA = [1] Apa » 
aa_, = (— 1) aa, 
Qo = [2][aa + 4a] + (2, 1] aa_i, 
ApA_» = (— 2) [aa + aa] + [—2, —1]aa_., 
aa, =([3][aa, + aa, + aa] +[3, l]aa_, + [3, 2]a.a_,, 
@yA_3 = (— 3) [apa, + aa, + aa] + [—3,—1]a_,a, + [—3, — 2]a_.a,, 
aa, = [4][aas + aa, + aa, + aa] + [4, 1]aa_; + [4, 2] a,a_, + [4, 3]a,a_,, 
apa_, = (— 4) [ana, + a1, + aa, + aa] + [— 4, —1] a_ias + [—4, — 2] a_.a, 
cl Nome Sega A_ 3A) , 


The law of these equations is quite apparent, and they can easily be extended 
as far as desired. The first two give the values of a, and a_,, the following 
two the values of a, and a_, by means of the values of a, and a_, already 
obtained, and so on, every two equations of the series giving the values of 
two coefficients by means of the values of all those which precede in the 
order of enumeration. A glance at the composition of these equations must 
convince us that all attempts to write explicity, even this approximate value 
of a;, would be unsuccessful on account of the excessive multiplicity of the 
terms. However, they may be regarded, in some sense, as giving the law 
of this approximate solution, since they exhibit clearly the mode in which 
each coefficient depends on all those which precede it. As to the degree of 
approximation afforded by these equations, when the values are expanded 
in series of ascending powers of m, the first four terms are obtained correctly 
in the case of each coefficient. Thus a, and a_, are affected with errors of 
the 6th order, a, and a_, with errors of the 8th order, a; and a_; with errors 
of the 10th order, and so on. 
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The values of these quantities can be determined either in the literal 
form, where the parameter m is left indeterminate, as has been done by Plana 
and Delaunay, or as numbers, which mode has been followed by all the 
earlier lunar-theorists and Hansen. In the latter case, one will begin by 
computing the numerical values of the quantities [j, +], [7] and (y), corre- 
sponding to the assumed value of m, for all necessary values of the integers 
@ and 7. 

The great advantage of our equations consists in this, that we are able 
to extend the approximation as far as we wish, simply by writing explicitly 
the terms, our symbols giving the law of the coefficients. How rapid is the 
approximation in the terms of these equations will be apparent, when we 
say, that, after a certain number of terms are written, in order to carry this 
four orders higher, it is necessary to add to each of them only four new 
terms; and thereafter, every addition of four terms enables us to carry the 
approximation four orders farther. 

The process which may be followed to obtain the values of the a; with 
any desired degree of accuracy, is this:—the first approximate values will 
be got from the preceding group of equations until the a; become of orders 
intended to be neglected; then one will recommence at the beginning, using 
the equations each augmented by the terms necessary to carry the approxi- 
mation four orders higher; substituting in the new terms the values obtained 
from the first approximation, and, in the old, ascertaining what changes are 
produced by employing the more exact values instead of the first approxi- 
mations. A second return to the beginning of the work will in like manner, 
push the degree of exactitude four orders higher. In this way any required 
degree of approximation may be attained. 

Whatever advantage the present process may have over those previously 
employed is plainly due to the use of the indeterminate integers i and J, 
which, although much used in the planetary theories, no one seems to have 
thought of introducing into the lunar theory. This enables us to perform a 
large mass of operations once for all. 

For the purpose of making evident the preceding assertions, and because 
we shall have occasion to use them, we write below the equations determin- 
ing the coefficients a; correct to quantities of the 13th order inclusive. 


aa, =[1][a + 2a_,a, + 2a_.a] + (1) [a2., + 2a,a_, + 2aja_s] 
— +[1,—2]a_.a_,+[1,—l1]a_,a_.+4 [1, 2] aa, + [1, 3] a,a,, 
A&G, = [— 1][a2, + 2aa_, + 2a,a_,] + (—1) [a2 + 2a_,a, + 2a_.a,] 
+ [—1,—3]a_,a_, + [—1,—2]a_,a_, + [—1, 1] a,a, + [—1, 2] a,a,, 
MA, =([2] [Rad + 2a_1a_ + 2a_as] + (2) [2Qa_a_, + 2ana_, + 2aja_,] 
+[2, 2]a.a.t [2,—1]a_.a_s+[%, 1ljaa_, + [2, 3]a,a, + [2, 4] a,a,, 
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MpA_, = [— 2][2a_,a_. + 2aa_s + 2a,a_4] + (— 2) [Ra,a, + 2a_,a, + 2a_.a5] 
+[—2,—4]a_,a_. + [—2,—3]a_,a_, + [— 2, — 1]a_ia, + [— 2, 1] a,a;. 
+ [— 2, 2] aa, 
aoa; == ([3][at + 2a,a, + 2a_ia,] + (8) [a2., + 2a_.a_s + 2a,a_,] 
+ [8,—1]a_,a_.+ [8, ]Jaa_, + [8, 2]a,a_, + [8, 4] aa, 
aa_,; = [— 3][ai. + 2a_,a_, + 2a,a_,] + (— 3) [at + 2a, + 2a_jas] 
+ [— 3, — 4]a_,a_, + [—3, — 2]a_.a, + [— 3, — 1] a_,a, + [— 3, 1] aa,, 
aa, = [4][2aa, + 2aa; + 2a_,a,] + (4) [2a_,a_; + 2a_,a_, + 2a,a_,] 
+ [4,—1]a_,a_, + [4, l]aa_, + [4, 2]a,a_, + [4, 3] a,a_,+ [4, 5] aa, 
aa_,=[— 4][Ra_.a_, + 2a_ja_, + 2a,a_,] + (— 4) [2a,a, + aga, + 2a_,a,] 
+[—4,—5]a_,a_.+[—4,—3Ja_.a, + [—4,—2]a_.a, + [—4,—1]a_,a, 
+ [— 4, 1]a,a,, 
%4, = [5][aj + 2a,a, + 2a,a,] + [5, 1] a,a_, + [5, 2] aa_, + [5, 3] a,a_, + [5, 4] a,a_,, 
aga_, = (— 5) [aj + 2a,a, + 2a,a,] + [— 5, —4] a_,a, 
+ [—5, — 3]a_,a, + [—5, — 2] a_,a, + [—5, —1]a_,a,, 
Ade =[6][2a.a, + 2aa, + 2a,a,] + [6, 1] aa_, 
+ [6, 2]a,a_, + [6, 3]a,a_, + [6, 4]a,a_, + [6, 5]a,a_,, 
a a—s = (— 6) [aay + 2a,a, + 2ayas] 
+ [— 6, —5]a_,a, + [—6, — 4]a_,a, + [—6, — 3] a_,a, + [— 6, —2]a_,a, 
+ [— 6, — 1] a_,a,. 


In the first approximation 
yg = [1] Ao» 
ai=(—1)a, 
a4 = [1][2 (2) + [2, 1] = 1)] Ay y 
a_,=[1][2(— 2) + [—2, -—1](—l)]a, 


or, explicitly in terms of m, 
3 6+ 12m + 9m’ 


er to ean be 
be 38 4 oem tom? 
Bs a.=— fy pe ae 
and, after some reductions, 
2+ 4m + 3m? DO Bhim 
DON ey a eee ne : 
& = ave (@— dm + m*][30 — 4m + mr] | 238 Ly a Sel caret aay eremegen gE 


ey 2+ 4m + 3m! 
—2 =~ 6476 — 4m + m?)[30 — 4m + m 


%—m i 
7 bs 28 — tm + 4, FM | mia. 


It is evident that, however far the approximation may be carried, the 
only quantities, involved as divisors in the values of the a,, are the trino- 
mials, whose general expression is 


2 (47? 1) —4m + m, 
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or, particularizing, the series of divisors is 


6 — 4m + m’, 
30 — 4m + m’, 


70 — 4m + m#, 


It will be remarked that they differ only in their first terms, which are inde- 
pendent of m. Hence any expression, involving several divisors, can always 
be separated into several parts, each involving only one divisor, without any 
actual division by a trinomial in m. For instance, 

il rear i free il 
[6 — 4m + m*][30—4m+ m7] 776—4m+m? 77430—4m+ m’’ 

1 deat 1 
[6—4m + m?}? [30 —4m + m7] 74[6— 4m + m’} 


tie | 1 ae 1 1 
2476 — 4m +m? 74730—4m + m?° 


Moreover when, after this transformation, any numerator contains more or 
other powers of m than two consecutive powers, it is clear it may be reduced 
so as to contain only these by eliminating the higher powers through sub- 
tracting certain multiples of the divisor which appears in the denominator, 
or, in other words, the fraction may be treated as if it were improper. 

From this we gather that the value of a, can be expressed thus 


y, M, MU, 


a __ 
Vem PF res eh earner ae wearers FO? 
N, N, N, 
+ 30—am +m? (30—4m tm? * B0—4m emt: 
Jag lg PB, 
ae eye + m’ i [?70—4m + m’} uF [?70—4m + m’} an 


where M,, M,....N,, N,...-P,, P,.... are entire functions of m each of 
the form 

Am'* + Bm‘t?, 
The advantage of this method of treatment consists in that nothing, which 
is given by the successive approximations, would be lost, as must be the case 
when the values are expanded in series of ascending powers of m. The 
preceding expressions, when put into this form, become 


Meme ee oe 2+m 2 

Bein A ane ran 

BBs Leh ig ete a Ane Mi 9 4—%m im? 

ab pean 6—4m + mm? 2 

a, + a>, __ 3 243 ak 3823 + 109m aig 23 —1lm iPad 215 — 53m 4 
Ay oe Le hs ee 6 — dae pane [6é—4m+m J 30—4m+m'|] ’ 


a 1%5 + 563m 89 — 32m 361 — 10m i 
2 2 —— 3 eetistinderae, | ———————— —— 
nae fy | i+ ee : (e—in pm} + 304m me ise 
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The evident objection to this form for the coefficients is that it makes the 
several terms very large, and of signs such that they nearly neutralize each 
other, the sum being very much smaller than any of the component terms. 
However it may be possible to remedy this imperfection by admitting three 
terms into the numerators, but, in this way, the problem is indeterminate, 
infinite variety being possible. 

It is remarkable that none of our system of divisors can vanish for any 
real value of m, since the quadratic equations, obtained by equating them 
to zero, have all imaginary roots. In this they differ from the binomial 
divisors met with when the integration is effected in approximations arranged 
according to ascending powers of the disturbing force. 

It is well known that the infinite series, obtained from the development, 
in ascending powers of m, of any fraction whose numerator is an entire 
function of m, and its denominator any integral power of a divisor of the 
previously mentioned series, is convergent, provided that m lies between the 
two square roots of the absolute term of the divisor. Hence any finite 
expression in m, involving these divisors, can be developed in such a series, 
provided that the numerical value of this parameter is less than »/6. The 
same, however, cannot be asserted when the expression really forms an 
a; 


infinite series, as it is in the equation just given for the value of Yet, on 


0 
account of the simplicity with which these quantities can be expressed in this 


form, a, and a_, containing each a single term, with an error of the sixth order 
only, this limit is worthy of attention. 

If the parameter m, hitherto employed by the lunar theorists, is taken 
as the quantity in powers of which to expand the value of a,, we shall have 


ae = And, substituting this value, the principal divisor 6 — 4m + m? 


becomes 6—16m-+ 11m’. Thus the limits, between which m must be con- 
tained, in order that convergent series may be obtained where this divisor 
intervenes, are + »/7;. When we consider how little, in the case of our 
moon, m exceeds m, it will be plain that the series, in terms of m, are likely 
to be much more convergent than those in terms of m. 

m 
1+am’ 


If we inquire what function of m, of the form 


pate Se 
(6—4m + m*}’ 


the quantity 


can be expanded in powers of, with the greatest convergency, it is easily 
found that «a should be —3. Then putting 
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the divisor 6 — 4m + m’ is changed into 


and there is introduced the additional divisor 1+ 4m. Here the series will 
be convergent provided m is less than 3. It is true the terms involving the 
succeeding divisors 30 —4m-+m?’, &., are not benefited by this change of 
parameter, but as they play an inferior réle in this matter, I have chosen m 
as the parameter for the developments of the coefficients a; in series of 
ascending powers. 

To illustrate this matter, we have, in terms of the parameter m, and 
with errors of the sixth order, 


Qa eed ee me 

a 1+ tem)” 
gn, | Se gu S Oe ao) Tee 
a, Lt ps0 T+ 5m” + my 


Expanding these expressions in powers of m, we get 


a, + a_ 
eh = fin i Pe te oie 
0 
a,—a_ 
1 = es Aa’ + om? +4,m*—Him't+.... 
0 


Let these series be compared with those which correspond to them in the 
lunar theories of Plana or Delaunay, viz: 


m + 42m? + 182m‘ + 388m +...., 


Ahm? + 42m? + S82 m! + 2858 m+... 


The superiority of the former, in convergence and simplicity of numerial 
coefficients, is manifest. 

Much more might be said relative to possible modes of developing the 
coefficients a; in series, but we content ourselves with giving their values 
expanded in powers of m, the series being carried to terms of the ninth order 
inclusive. The denominators of the numerical fractions are written as pro- 
ducts of their prime factors, as, in this form, they can be more readily used, 
the principal labor in performing operations on these series being the reduc- 


f 
) 
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tion of the several fractional coefficients, to be added together, to a common 
denominator. 


ee: 1 11 30749, 1010521 
a, ae tym + pgm + orm — gs MM — “page 5 
_ 18445871 6 2114557853 
Q10 35 5? 973555 aiss'e 
a 19 5 43 14 7381 3574153 
ee ge gt oe Ot og 
,, 55218889. , 13620153029, , 
Tomes psaree 
m 2% 11, 803 5, 6109 _,, 897509, 237203647, 44461407673 __, 
a 2 Farge ™ + ogi + pegeg + “gegre M— —ogegy m.-- 
Oe 8g 299! , , 66839, , 79400351, 8085846833 _ , 
a, OM org ™ t+ org + ogra + ogra m+ “pegegry m--- 
a, _ 833 27943, , 12275527, , 27409853579 
ro i gr 3 m° 23 215.7 m!’ + Q10 37 52 78 m° oe QP BER m?, 
Peeves) 46051 >, 14086643. 
Cea ob aT age 
a, _ 3537_, , 111809667 
Boo ong 
B88 156553 
a, ang t+ orga 


These values being substituted in the equations 


T COSv = 3,. a, COS iT, 


rsinu=2 .a,sin 2ir, 
and the parameter changed to m, we get 
m" 


ou 9 36 331776 497664 


25239037 es 732931 
14929920 37324800 


25 Sit 3, Oe 881 
zs m" + 969 ™ + aggo0 ™ — areoo0 ™ 


r cosy =a, {1 + [-m-= Fm + mt — emt — LO841T pe , 407889 


+ ern | Cos 2r 


256 


164645363, 11321875589_, 

552960000 " — 19353600000 ™ ** | conte 
299, , 30193 ,, 379549 _,. 181908179 

+ | go96™ * to7520™ + qoosB20 ™ * 1580544000 


11347 _, , 2350381 \ 
+ | i96608™ + s03t6s0 ™ +. ]oos8e +... ; 


Aine | cos 6r 
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rsinu =a { kag +m tam a5 seve ere 
— Taeia000 ™ — S518 000 - | onze 
+ | geet + ag + g35p0 732000" 
ee 
? | aes ™ m! + 07530 m' + is : Sed m+ ryets33000 ™* AER 


helt 32608451 ; 
+ | sas mM + rexpogsgo ™ +> [sinSr+... }. 


196608 
Our final differential equations are capable of furnishing only the ratios 
of the coefficients a,, hence we must have recourse to one of the original 
equations if we wish to determine a, as a function of n and uw. By substi- 
tuting the values 


Wie aerate S22, Sayer 
in the differential equation 
[2 + 2mD + pm — Ay | 4 + §m’s = oe. 
we obtain 
Gist Pere {({(2¢ +i+ m)’ a2 4m’) a + $m a_ t-1} egies 34 
Considering only the term of this, for which 7 =0, and supposing that the 
agu 
(us) § 
a_y 


sr J 1+ 2m + $m? + $m? 2 
‘0 


0 


coefficient of Z in the expansion of —°~, is denoted by J, we shall have 


For brevity call the right member of this H; then, since 


pe Comrie cal 


“(S142 ) 


The value of H is readily obtained from the value of “! given above, and 
0 


we shall have 


J must be found by substituting the values 


u= 2. af%+}, s= Vale pagers 
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D oy i ee and taking the coefficient of . We get 


J=1+ [pt*=] [9+ [2t*o]+ 4p S81 ph tah] 
Ay 


A Ap 
+ etal gate oe G SBey [+ eRteu 1.44 + A_1a_9 


a, 0 0 Ao a 


? 


43 mA 4 45 aja”; 4 3 ats 
% ap ° 
where the terms neglected are, at lowest, of the tenth order with respect to 
m. And, explicitly in terms of this parameter, 


21 31 53 2707 4201213 14374939 
eae eh ee a egeg 


By means of which there is obtained 
ay 407 Ga ey 45998 4 
o= [5] [1- gmt em tam ™— pes ™ Gas 


_ 8v6l_, — 4967441 14829273, ] 
— 913 ™ — voengag™ + 39813120 + * | 


or, in terms of the parameter m, 
te Eo AGS Sy IAT 719859 
ha [sf (eer ais om wea ™ —s5ie4™ — iegaie ™ 
4811 


+ = m+ 


9520295 139240651 _, | 
10368 71663616 hee) 


8 
m™ + ro74954240 ™ 


é 
The quantity [| is usually designated a by the lunar-theorists; and, 


to make this appear as a factor of the expressions for 7 cos v and r sin v, it 
would be necessary to multiply all the coefficients by the second factor of 
the preceding expression for a. It seems simpler however to retain a) as 
the factor of linear magnitude; for the astronomers have preferred to derive 
the constant of lunar parallax from direct observation of the moon, or, in 
other words, they have preferred to consider uw as a seventh element of the 
orbit; with this view of the matter, there is no incongruity in making a, 
everywhere replace wu. 

The expression for a, can be obtained in several other ways, which 
lead to more symmetrical formule, and which also serve for verification of 
all the ae developments. If, in the preceding equation giving the 
value of ~ aay in terms of ¢, we attribute to 7 the value 0, or, which is equiv- 


alent, make = = 1, we shall have u=s = %,.a,, and, consequently 
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reap = 2 Lert 1 + m)? + 2m*]a,. 
hd 3 


And thus, mindful of the value of x given above, we get 


“Lal (1 +m)? |: 


5,.[(@i +1 + m)' + 2m7] To = | 


pet the differential equation 


a d 
oe tm t+ y= 0 
gives 
<r y=%.(Qit+1+ m)'—m’Ja,sin (Qi +1), 


and, attributing to 7 the special value =. : 


Poayap 2 CVC + DR +14 ma, 
Whence 


i ee 
“Cel (—1'@i + HQi+1 +m) > [4 aa ail 


When j=0 in the first equation of condition for determining the coeffi- 
cients a,, we get a formula expressing C in terms of these quantities, viz., 


Cs 2; . [(2¢ + A + 2m)’ + 4m’] ar + gm?2,. Aja_ yy, 
or neglecting terms of the eight and higher orders, 
ae a? a 
C = st] 1 + 4m + $m? + (9 + 12m + $m’) * 4 (1 — 4m + gm’) 84 om'*=] 
ao Ay a 


1147) 1999, 8047, BYBY ee 
=aj[1+ 4m + gm" — Papp oe gO ph ares m' |. 


n? 


But the C of Chap. I is obtained by multiplying this C by 477 = 4 ———_, i ae 


Hence, substituting for a, its value, we have 


1319, ~ 67 2879 1321 
= 1 3 ele 2 B5res aches Laie alah te tee 5 aR pide 6 
4 (un) E 2 a ag hag age Tae 


as there stated. | 
We propose now to reduce the preceding formule to numerical results. | 
For this purpose we assume 


m = 17325594"".06085 , 
n! = 1295977"".41516, 
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which give 
, 
m = —~—, = 0.08084 89338 08312, 
nu—N 


m?’ = 0.00653 65500 97941 , 
m? = 0.00052 84731 06203, 
m* = 0.00004 27264 87183 , 
m = 0.08308 81293 65. 


The numerical value of m being substituted in the series, we obtain 


a, = 0.99909 31419 62[ 4 |", 
n 


r COSv = a [1— 0.00718 00394 55 cos 2r 
+ 0.00000 60424 59 cos 4r 
+ 0.00000 00325 76 cos 67 
+ 0.00000 00001 80 cos 8r], 

rsinu=a,[ 0.01021 14543 96 sin 2r 
+ 0.00000 57148 79 sin 4r 
+ 0.00000 00274 99 sin 6r 
+ 0.00000 00001 57 sin 8r]. 


The method of employing numerical values, from the outset, in the 
equations of condition, determining the a,, is far less laborious than the 
literal development of these coefficients in powers of a parameter. For com- 
parison with the results just given, we add the calculation of the coefficients 
by this method. The following table gives the numerical values of the sym- 
bols [7, 7], [7] and (j), but the division by the quantity 2(47?—1)—4m+m? 
has been omitted ; it is easier to perform this once for all at the end of the 
series of operations, than to divide each coefficient separately. Hence it 
must be understood that all the numbers in each department of the table are 
to be divided by the divisor which stands at the head of it. 


~ Coefficients for a, and a_,. 
Divisor = 5.68314 08148 64695. 


fij= 0.00861 47842 96261 [—1] =— 0.01178 75756 56865 

(1) =— 0.00623 66553 18347 (—1) =— 0.04941 95042 02516 
[1,2] =  13.30665 60411 [—1,—3] =— 66.9899 68560 
[1,—1] = 6.32993 22853 [—1, 2] =— 28.01307 31002 
[1,2] =— 10.71949 01593 [—1,1] =— 10.96365 06556 
[1,3] =— 15.10904 80332 [—1,2] =— 38.57409 27816 


31 
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Coefficients for a, and a_,. 
Divisor = 29.68314 08148 64695. 


22), = 0.00205 43632 76229 2[—2] =— 0.01834 79966 76898 

2(2) =— 0.02909 07097 39048 2(—2) =— 0.07227 35586 23216 
[2, —2] = 14.97672 37558 [—2, —4] = — 108.69586 45706 
[2,—1] = 9.32666 40103 [—2, —3] = — 63.00980 48251 
[2,1] =— 13.00326 82750 49 [—2,—1] =— 8.67987 25398 
[2,3] =— 50.03961 76194 [—2,1] =— 3.64352 31954 
[2,4] =— 74.07269 86888 [—2, 2] =— 19.61044 21261 


Coefficients for a, and a. 
Divisor = 69.68314 08149. 


[3] =— 0.00113 35729 26473 [—3] =— 0.00793 43596 

(3) =— 0.01768 33677 (—3) =— 0.03207 76506 69434 
[3,—l] =  12.99224 12519 [—3, —4] = — 114.67538 20668 
* [3,1] =— 18.10997 74284 [—3, 2] =— 35.57316 33864 
[3,2] =— 41.33769 10334 [—3, 1] =— 12.34544 97815 
[3, 4] = — 103.14632 67728 [—3,1] = 1.46318 59580 


Coefficients for a, and a4. 
Divisor = 125.68314 08. 


2[4]=— 0.00428 9733 2[—4]=— 0.01449 0913 

2(4)=— 0.03864 29156 2(—4) =— 0.06023 435 
[4,1] =  16.82502 987 [—4, —5] = — 182.50817 069 

[4,1] =— 22.66333 2 [—4, 3] =— 79.019809 

[4,2] =— 51.16496 6 [4,2] =— 42.518175 

[4,3] =— 5.50490 2 [—4, 1] =— 16.1783 8 

[4, 5] = —171.69968 135 [—4,1] = 6.01654 053 


Coefficients for a; and a_,. 
Divisor = 197.68314. 


[5] =— 0.00272 9536 (5) =— 0.02896 299 
[5,1] =— 26.995344 [—5, —4] = — 138.68780 0 
[5,2] =— 60.26133 2 [—5, 3] =— 89.421810 
[5,3] =— 99.79795 8 [—5,—2] =— 49.8518 4 
[5, 4] = — 145.60523 2 [—5,—1] =— 20.077912 


Coefficients for a, and a. 
Divisor = 285.68314. 


2[6]=— 0.00622 021 2(—6)=— 0.05640 548 
[6,1] =— 31.21669 | [—6, —5] = — 214.46646 
[6,2] =— 68.99224 [—6, —4] = — 152.69091 
[6, 3] = —113.32666 [—6, —3] = — 100.35648 
[6, 4] = — 164.21995 [—6,—2] =— 57.46319 


[6, 5] = — 221.67212 [—6,—1] =— 24.01103. 
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These numbers are arranged for carrying the precision to quantities of 
the 13"" order inclusive, and to 15 places of decimals. The quantities [7, 7] 
can be tested by differences, if 0 and the divisor with the negative sign are 
inserted in the proper places in the series of numbers; for it is evident that 
the second differences should be constant. 

The final results are given below, where, in order that the degree of 
convergence of this process may be: appreciated, we have given the value 
arising from the first approximation, and then, separately, the corrections 
arising severally from the second and third approximations. It must be borne 
in mind that each of these terms is the numerical value, not of an infinite 
series, but of a rational function of m, and, consequently, admits of being 
computed exact to the last decimal place employed, and, in fact, is here so 
computed. Hence any error there may be in these values of the a; arises 
only from the neglect of the terms of the following approximations, which, 
in half the number of cases, are of the 14™ order, and, in the other half, of 
the 16 order. It is safe to affirm that these cannot, in any case, exceed 
two units in the 15" decimal. 


Bie Wey. 
1st apx., term of 2d order, + 0.00151 58491 71593 — 0.00869 58084 99634. 
Bagh Bs 6th “ —Q0.00000 01416 98831 + 0.00000 00615 51932 
et | wane “ 10th “ + 0.00000 00000 06801 — 0.00000 00000 13838 
a= + 0.00151 57074 79563, = = — 0.00869 57469 61540, 
‘0 0 
ag . a_ 2° 
1st apx., term of 4th order, + 0.00000 58793 35016 + 0.00000 01636 69405 
piel =< 8th “ —0.00000 00006 78490 + 0.00000 00001 21088 
BOs “ 12th “ + 0.00000 00000 00052 — 0.00000 00000 00007 
= = + 0.00000 58786 56578, “2 = + 0.00000 01637 90486, 
0 0 
age Rey. 
Ist apx., term of 6th order, + 0.00000 00300 35759 + 0.00000 00024 60338 
rio ae “ 10th “ —0.00000 00000 04128 + 0.00000 00000 00055 
a = + 0.00000 00300 31632, < = + 0.00000 00024 60398 , 
‘0 0 
ay. ae 
1st apx., term of 8th order, + 0.00000 00001 75296 + 0.00000 00000 12284 
Ph Ue “ 12th <“ —0.00000 00000 00028 0.00000 00000 00000 


“ = + 0.00000 00001 75268, — = + 0.00000 00000 12284, 


0 0 
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Of the 10th order, ee = + 0.00000 00000 01107, ad = + 0.00000 00000 00064, 


‘0 0 


Of the 12th order, oe = + 0.00000 00000 00007, ut = + 0.00000 00000 00000. 


These give the following numerical expression for the coordinates : 


r cos v = a, [1 — 0.00718 00394 81977 cos 2r 
+ 0.00000 60424 47064 cos 4r 
+ 0.00000 00324 92024 cos 6r 
+ 0.00000 00001 87552 cos 87 
+ 0.00000 00000 01171 cos 107 
+ 0.00000 00000 00008 cos 12r], 

? sino = a, | 0.01021 14544 41102 sin 2r 
+ 0.00000 57148 66093 sin 4r 
+ 0.00000 00275 71239 sin 6r 
+ 0.00000 00001 62985 sin 8r 
+ 0.00000 00000 01042 sin 107 
+ 0.00000 00000 00007 sin 127]. 


On comparison of these values with those obtained from the series in m, the 
differences are found to be only some units in the 11™ decimal. 

The coefficients tend to diminish with some regularity as we advance 
towards higher orders. This is shown by the following scheme of the loga- 
rithms and their differences : 


A Ae A a2 
nm 97.8561 98.0091 
; — 3.2521 
94.7812 94.7570 + 9356 
— 2.2694 2.3165 
92.5118 + 307 92.4405 871 
2.2387 2.2294 
90.2731 341 90.2111 363 
2.2046 2.1931 
88.0685 237 88.0180 201 
2.1809 2.1730 
85.8876 85.8450 


For verification, the following equations were computed : 


2,. (Qo +1 + m)* + 2m*Ja,. [3,.a,P = 1.17141 84591 84518a%. 
3,.(— 1) (21 + (Qi + 1 + m)a. [3,.(—1)'a,P = 1.17141 84591 84513a3. 


The small difference between the numbers is explained by the fact that, in 
these formule, the quantities a, are, when ¢ is somewhat large, multiplied by 
large numbers; as, for instance, a, by 169. From the average of these two 
results, we get 


ay = 0.99909 31419 75298 Ea 
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In the investigations of succeeding chapters, the function os plays an 


important part. Hence we will here derive its development as a periodic 
function of 7 by the method of special values. By dividing the quadrant, 
with reference to +, into 6 equal parts, we obtain the advantage that the 
sines or cosines of the multiples of 27 are either rational or involve /8. 


The special values of the coordinates and of cp , thence deduced, are 


Ti. mas a a 

0° = 0.99282 60356 45842 0.00000 00000 00000 1.19699 57017 23421 
15 0.99378 49245 37167 0.00511 07041 52675 1.19348 68051 03032 
30 0.99640 69264 50272 0.00884 83280 32746 1.18399 66676 76716 
45 0.99999 39577 40480 0.01021 14268 70906 1.17125 64904 33157 
60 1.00358 70309 15127 0.00883 84298 76613 1.15876 77987 29687 
U5 1.00622 11177 22330 0.00510 08054 31947 1.14978 07679 95764 
90 1.00718 60496 23406 0.00000 00000 00000 1.14652 34925 50570. 


From the numbers of the last column, by the known process, we deduce 


1.17150 80211 79225 


+ 0.02523 36924 97860 cos 27 
+ 0.00025 15533 50012 cos 4r 
+ 0.00000 24118 79799 cos 6r 
+ 0.00000 00226 05851 cos 87 
+ 0.00000 00002 08750 cos 107 
+ 0.00000 00000 01908 cos 127 
+ 0.00000 00000 00017 cos 147. 


x 
Pr 


The last coefficient has been added from induction, after which it 
becomes necessary, as is plain, to subtract an equal quantity from the coeffi- 
cient of cos 107. Writing the logarithms, as in the former case, we have, 
the last logarithm being supplied from estimation, 


A Ae AS 
98.4020 
— 2.0014 
96.4006 — 168 
2.0182 + 68 
94.3824 100 
2.0282 36 
92.3542 64 
2.0346 20 
90.3196 44 
2.0390 10 
88.2806 34 
2.0424 


86.2382 
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It will be noticed how much slower this series converges than those for the 
coordinates. 

Any information regarding the motion of satellites having long periods 
of revolution about their primaries will doubtless be welcome, as the series 
given by previous investigators are inadequate for showing anything in this 
direction. Hence this chapter will be terminated by a table of the more 
salient properties of the class of satellites having the radius vector at a mini- 
mum in syzygies and at a maximum in quadratures. For this end I have 
selected, besides the earth’s moon, taken for the sake of comparison, the 
moons of 10, 9, 8, ..-- , 8 lunations in the periods of their primaries, and also 
what may be called the moon of maximum lunation, as, of the class of satel- 
lites under discussion, exhibiting the complete round of phases, it has the 
longest lunation.* 

In order that the table may be readily applicable to satellites accom- 
panying any planet, the canonical linear and temporal units, that is those 
for which u and n’ are both unity, will be used. 

From the foregoing methods we obtain : 


Form=; 


10 
r cos v =a[1— 0.011230 cos 2r rsinv =a[ 0.016102 sin 2r 
+ 0.000015 cos 4r], + 0.000014 sin 4r], 
log a = 9.3051648. 
For m ae 
r cos v =a[1—0.014044 cos 27 rsin =a[ 0.020232 sin 27 
+ 0.0000247 cos 47], + 0.0000230 sin 4r], 
log a = 9.3326467. 
For m = 2 ; 
rcos =a[1—0.018061 cos 2r rsin =al[ 0.026172 sin 27 
+ 0.0000421 cos 4r + 0.0000388 sin 4r 
++ 0.00000057 cos 6r], + 0.00000048 sin 67], 


log a = 9.3630019. 


For m=; 


4 
rcos =a[1—0.02407886 cos 2r rsin =al[  0.03516059 sin 27 
+ 0.00007760 cos 4r + 0.00007063 sin 4r 
+ 0.00000141 cos 67 . + 0.00000118 sin 67 
+ 0.000000025 cos 8r], + 0.000000022 sin 8r], 


log a = 9.3969048. 


* The attribution of the maximum lunation to this moon is erroneous as was first pointed out to me 


by J. C. Adams and afterwards by M. Poincaré. 
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For m = 


r cos » = a[1— 0.03368245 cos 2r 
+ 0.00015943 cos 47 
+ 0.000004077 cos 6r 
+ 0.000000097 cos 87], 
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6 ? 
rsinv=al[  0.04968194 sin 2r 


+ 0.00014312 sin 4+ 
+ 0.000003393 sin 67 
+ 0.000000084 sin 8r], 


log a = 9.4352928. 


Borat 


r cos v= a[1— 0.05038803 cos 27 
+ 0.00038127 cos 47 
+ 0.000014686 cos 6r 
+ 0.000000505 cos 8r], 


? 


rsinv af 0.07536021 sin 2r 


+ 0.00033582 sin 47 
+ 0.000012168 sin 67 
+ 0.000000438 sin 87], 


log a= 9.4795445. 


For m = 


r cos v= a[1— 0.08331972 cos ar 
+ 0.00114564 cos 4r 
+ 0.00007409 cos 6r 
+ 0.00000404 cos 8r], 


4? 2 
rsinv=a[_  0.12709553 sin 2r 


+ 0.00098090 sin 4r 
+ 0.00006099 sin 6r 
+ 0.00000342 sin 87]. 


log a = 9.5318013. 


For m = 


r cos v =a [1 — 0.1622330 cos 2r 
+ 0.0048920 cos 47 
+ 0.00059858 cos 6r 
+ 0.000081198 cos 87 
+ 0.000011873 cos 10r 
-++ 0.000001849 cos 127], 


1. 
Bie 


rsinv=a[  0.2542740 sin 27 
+ 0.0039840 sin 4r 
+ 0.00049306 sin 6r 
+ 0.000070196 sin 87 
+ 0.000010611 sin 107 
+ 0.0000016902 sin 12r], 


log a = 9.5955815. 


For moons of much longer lunations the methods hitherto used are not 
practicable, and, in consequence, we resort to mechanical quadratures. Here 


we shall have two cases. 


The satellite may be started at right angles to and 


from a point on the line of syzygies, and the motion traced across the first 
quadrant; or it may be started at right angles to and from a point on the 
line of quadratures, and the motion traced across the second quadrant; the 
prime object being to discover what value of the initial velocity will make 
the satellite intersect perpendicularly the axis at the farther side of the 


quadrant. 
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The differential equations 
d’x of ak E —8 |2=0, 


dt dt 
? d 


give, as expressions of the values of the coordinates, in the first case, 
ee 2 [vat — ff [e383 |e, 
0 0 do Uf 
y=2 fa—nu— fo f Sae, 
0 0 cals 


and, in the second case, 


w= —2f'y—ya- ff | a8 | aa, 
y=n—2 foat— f° Yap. 


Here the subscript (,) denotes values which belong to the beginning of 
motion, and (,) will hereafter be used to denote those which belong to the 
end. 

Let v be the velocity, and o the angle, the direction of motion, relative 
to the rotating axes, makes with the moving line of syzygies. In the first 
case then o, = 90°, and we wish to ascertain what value of » will make 
o,= 180°. Generally, for small values of v%, 6, will come out but little less 
than 270°; but, as v) augments, o, will be found to diminish, and, if a does 
not exceed a certain limit, a value of vw can be found which will make 
o,= 180°. In the second case, in like manner, we seek what value of w 
will make o, = 270°. 

Mechanical quadratures performed with axes of coordinates having no 
rotation possess some advantages, as, in this case, the velocities are not 
present in the expressions of the second differentials of the coordinates. 

Let X and Y denote the coordinates of the moon in this system, and A 
its longitude measured from the line of the last syzygy, from which ¢ is also 
counted. Then the potential function is 


Vis We anne! + £2 
= gM + z(X cost + Ysin?)’. 


And 
oF = ae=— (pt 1 | X + 3r cos (A — ¢) cost, 
ox = 99 = -[is+ 1 | Y + 3r cos (A — #) siné. 
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Therefore, if we compute p and 6 from 
pcos 6= — E ar | cos (A—t?), 
psino=—| i+ r | sin (A — 2), 


we shall have 
ox 
“dE 
ay 
ae 


=p cos (0+ ¢), 


=p sin (0+ 7%). 


The needed values of v and o can be derived from the equations 


voos (s+ =20 4 Y, 
vsin(o +t) = 2¥ _ x, 
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The developments of the coordinates in ascending powers of ¢, ¢ being 
counted from any desired epoch, can often be employed with advantage. 


Differentiating the differential equations n times we have 


qd” + 2 dq” +1 d” ad” ES 
df? =2 dt _ +3 pA at (r "h), 


nt? gre i 
OH = — ope — Gp OD 


Also 


d (1) d*—*a en (n—1) @ (r*) d—2x 


Pe a Oe 
a gk Oa gett 1k ap? deat 


with a similar formula for the differential coefficients of r-*y. 


The differential coefficients of r—*, as far as the 4th, are 


Sat? ne PO 4) 

ee tat Ya 
(pe ea sf 2% Py de ag buf da dy 
= 3r dar Co aa det i) + 159r (« at yp) 


net 5 dx d’x dy @y 
[Lae ats (aap ty Gh + 8G Se + yee) 


ap Uap ae Gp 


yt dy\( ax Py , ax 4 dy’ 
“a ty ail? ) 
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OL) —s dy dx da dy d’y dx ay | 
dE ee Ee Tet YG + 4 opt £ Gh + 8(Sp) + 3(S8) 


" Gor (a ae AG Get Gp + 8G Se + 3B e4) 


dt 4 ail * a dé ° dt de’ ° di dt 
at yey dx? ot) 
Poe («SR dé * Yap? apt ae 
4 a da a’x ay , dx 4 dy 
630r (25 ie (« tap + oa +o] 
+ 45" ( yh) 


By means of these formule x and y can be expanded in series of ascending 
powers of ¢, as far as the term involving ¢°, provided we know the values of 


x, Y, = and dy corresponding tot=0. Taking ¢ sufficiently small to make 


dt 
the terms, involving higher powers of ¢ than the sixth, insignificant, as, for 
instance, ¢ = 0.05 or ¢ = 0.1, we can ascertain the values of a, y, ee and we 


at the end of this time. With these values we can again construct new series 
for « and y in powers of ¢, in which the latter variable is counted from the 
end of the previous time. By repetitions of this process the integration can 
be carried as far as desired. Jacobi’s integral, which has not been put to 
use in the preceding formulx, can be employed as a check. 
In case the body starts from, and at right angles to, either axis, the 
coefficients of every other power of ¢ in the series for the coordinates vanish. 
Thus when the axis in question is that of x, the series for the coordi- 
nates have the forms 
a=% +AP+At+Alo+Agot..., 
y=vt+AP+ Ae’t+At'+ AP + 


By substitution of these values in the differential equations and the equating 
of each resulting coefficient to zero we arrive at the following equations: 


5 VA gs ORNs I OR — Lots 
.84;,= —44,—%'™%, 
4A, 6A, + 3A, + day * (805 + 40,42), 
.5A,= — 8A, 4+ S27 (U3 + 2u,A,) — 2 *A;, 
.64,= 104,4+ 34,4 4054 (6A, + 4u,4, + 342) — $05 ° (v3 + 2a,A,)(502 + 6a,A,), 
VA, = — 12A, + $25 °V, (2A, + 2”,A, + AZ) —AL a7, (UG + 2%,4,) 
Bay (vy + 20,4,) A, —% *A;, 


arr wrwor 
I 
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7.84,= 144,4+3A,+ 427 *(6v,4, + 44,4, + 64,A, + A}) 
— $a, ° (v5 + 2x,A,)(100,4, + 8x,A, + A}) 
+ 3 x ° (Up + 2%,A,) (1% + 8x,A,) 
+ 327° (2u,A, + 20,4, + A}) A, 
8.9A, = —16A, + $2, °v, (2,4, + 2u,A, + 2A,A, + A}) 
— 15 x 'v, (Up + 2x,A,)(20,A, + 2u,A, + Aj) 
+ 33 wv, (Uo + 2a,4,)? + Zaz > (20,4, + 2,4, + Aj) A, 
— AS x" (vp + 24,4.) A, + $05 ° (vj + 2u,A,) A, — a *A,. 


By means of these relations each A can be derived from all the A which 
precede it. 
When the axis is that of y, the series have the forms 
a=vti+Atv+AeP+Ali+APt+..., 
y=y, tAPt+A’+A’oe+ Avot... 


And the equations, determining the coefficients A, are 
1.24,=—2vu,—yYy’, 
2.34,= 44,+3,—y%°%, 
3.44,=—64,+ 4y7 *(8v3 + 4y,A4,), 
4,.5A4,= 84,4+3A4,+ $y, °v, (3 + 2y,4,) — yo *A;. 


The equations are not written as far as in the former case, as it is evi- 
dent they may be derived from the preceding group by putting y, in the 
place of x, reversing the signs of the first terms, and removing the term 
3.A,_. from the equations, which give the values of the A of even subscripts, 
into those which give the values of the A of odd subscripts, after having 
augmented the subscript by unity. 

The velocity of the moon of maximum lunation vanishes in quadra- 
tures, and when v1 = 0 the preceding series become, putting y* =a, 


a=Y[—fal? + goa soe )l + (— aero t t+ che + re) 
+ Getsay 4 —rat00 % + aete0® + ott)? 
+ (— re9ssr00% + gateho0® — rebbs0® + aossedos + ae7eo7@) 2). 
y=y[l—fal t+ (Ge — ee) + (—zhee t+ oO — ae HE 
+ geben ¢@— toes ? + he # — sh ye 
+ (= porso0 4 + sorre ? — rhe + BR b0 et — zh0 OE). 


These series suffice for computing the values of x and y with the desired 
exactitude when ¢ is less than 0. 3. 

This special case of the moon of maximum lunation will now be treated. 
As there seems to be no ready method of getting even a roughly approximate 
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value of y, we are reduced to making a series of guesses. I first took y, 
= 0.82; tracing the path to its intersection with the axis of «,o,, which 
ought to be 270°, came out 261° 29/ 47/9. A second trial was made with 
Yo = 0.7937; the result was o, = 267° 37’ 8.3. Again a third trial with 
Yo = 0.7835 gave o, = 269° 41’ 13”. 3. The principal data acquired in the 
three trials are given in the following lines: 


da ad Maximum 
Yo T. Uy ar : A 4 Dike Variation. 


0.8200 0.972430 — 0.339523 — 0.288149 —1.927275 261° 29’ 47".9 44° 57” 4” 
0.7937 0.908207 — 0.290945 —0.089184 — 2.144832 267 37 8 38 46 39 36 
0.7835 0.884782 — 0.274324 — 0.012170 —2.227928 269 41 13 .38 47 17 21. 


T denotes the time employed in crossing the quadrant, and the last column 
contains the maximum value of the angular deviation of the body from its 
mean direction as seen from the origin, that is, the direction it would have 
had, had it moved across the quadrant with a uniform angular velocity about 
the origin. 

A check may be had on the accuracy of the computations by mechanical 
quadratures. We determine the value of the constant 2C which completes 
Jacobi’s integral from the coordinates and velocities, both at the beginning 
and at the end of the motion, for each of the three trials. The result is 


Yo. First value. Second value. 
0.8200 2.43902 2.43901 
0.7937 2.01985 2.51987 
0.7835 2.95265 2.55261 


We can now apply Lagrange’s general interpolation formula to these 
data, and, regarding o, as the independent variable, inquire what are the 
values which correspond to o, = 270°. The numbers of the first trial must 
be multiplied by + 0.014861; those of the second by — 0. 210190; those of 
the third by + 1.195329, and the sums taken. The results are 


dx. dy. Maxim 
Woe Jat Date ra : i : 20. peer 


0.781898 0.881160 0.271798 — 0.000083 — 2.24093 2.55788 47° 23’ 12’. 
dx, : coat 
That or does not rigorously vanish is due to the employment of only three 


terms in the interpolation ; for the same reason the value of 2C does not quite 


agree with that obtained from the values of a and <u . To make all these 


elements accordant we add 0.00009 to the value of ge : 
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A table of approximate values of xand y, derived roughly from the data 
afforded by the process of mechanical quadratures is appended: they will 
serve for plotting the orbit. 


t. Le y. t. Le y- t. x. Yy. 
0.00 —.0000 + .7819 0.30 —.0148 + .7080 0.60 —.1177 + .4748 
0.02 .0000 7816 0.32 .0180 6978 0.62 1294 4519 
0.04 0000 .7806 0.34 0215 6869 0.64 1418 AQT? 
0.06 -0001 7790 0.36 .0256 6752 0.66 1547 4022 
0.08 0003 0767 0.38 0301 6629 0.68 .1680 752 
0.10 0005 0737 0.40 0351 6499 0.70 1818 3466 
0.12 .0009 7701 0.42 0407 6361 0.72 1956 8162 
0.14 0015 1659 0.44 0468 6216 0.74 2095 2839 
0.16 0022 .7610 0.46 0534 6063 0.76 .2230 2496 
0.18 .0032 1554 0.48 0607 5902 0.78 2359 2131 
0.20 0044 -7492 0.50 .0686 5733 0.80 2475 1745 
0.22 0058 7423 0.52 0771 5555 0.82 2575 1339 
0.24 0076 1347 0.54 .0863 5369 0.84 2653 0913 
0.26 .0096 7265 0.56 0961 5172 0.86 2704 0474 
0.28 0120 7176 0.58 1066 4965 0.88 2718 0027 


The following is the table of the numerical values of the quantities of 
principal interest belonging to the moons mentioned at the beginning of 
this paragraph. In the first line stands the earth’s moon, having very 
approximately 12.5% lunations in the period of its primary. In the last line 
is the moon of maximum lunation. The quantities belonging to the moon of 
two lunations have been somewhat rudely inferred from the numbers in the 
adjacent lines. 


Number | padius 


of Lana- | Pocus aneae Velocity | Velocity 
tions in A in Quad Ratio. in in Quad- Ratio. Maat 
eriod of 3 z Syzygies. | ratures. aximum 
unary, Syzygies.| ratures. 2c. SEES T IE 
Ef vy) : OF 
iran . Vo rT) . T) . % é vy : aie * 


12,53, | 0.17610 | 0.17864 | 1.01446 | 2.22295 | 2.16484 | 0.97386 | 6.50888 | 0° 35’ 6” 
10 0.19965 | 0.20418 | 1.02271 | 2.06163 | 1.97693 | 0.95892 | 5.88686 | 0 55 21 
0.21209 | 0.21813 | 1.02849 | 1.98730 | 1.88501 | 0.94853 | 5.61562 | 1 9 33 


0.22652 | 0.23485 | 1.03678 | 1.90904 | 1.78250 | 0.938372 | 5.33873 | 1 29 58 
0.24342 | 0.25543 | 1.04934 | 1.82721 | 1.66572 | 0.91162 | 5.05535 | 2 0 53 
0.26332 | 0.28167 | 1.06969 | 1.74333 | 1.52851 | 0.87677 | 4.76409 | 2 50 49 

4 18 37 
0.31232 | 0.36897 | 1.18138 | 1.60111 | 1.13480 | 0.70876 | 4.18277 | 7 17 0 


0.33235 | 0.45973 | 1.38329 | 1.62141 | 0.79387 | 0.48962 | 3.72018 | 14 34 14 
0.302 | 0.684 | 2.26 2.00 0.18 0.09 2.89 387 21 
78265) 0.27180 | 0.78190 | 2.87676 | 2.24102 | 0.00000 | 0.00000 | 2.55788 | 47 23 12 


7 
8 
‘s 
6 
5 0.28660 | 0.31699 | 1.10605 | 1.66247 | 1.85953 | 0.81777 | 4.46103 
4 
3 
2 
t 
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In regard to this table we may notice the following points. The moon 
of the last line is the most remarkable: it is, of the class of satellites consid- 
ered in this chapter, (viz., those which have the radius vector at a minimum 
in syzygies, and at a maximum in quadratures,) that which, having the long- 
est lunation, is still able to appear at all angles with the sun, and thus un- 
dergo all possible phases. Whether this class of satellites is properly to be 
prolonged beyond this moon, can only be decided by further employment of 
mechanical quadratures. But itis at least certain that the orbits, ifthey do 
exist, do not intersect the line of quadratures, and that the moons describing 
them would make oscillations to and fro, never departing as much as 90° 
from the point of conjunction or of opposition. 

This moon is also remarkable for becoming stationary with respect to 
the sun when in quadrature; and its angular motion near this point is so 
nearly equal to that of the sun that, for about one-third of its lunation, it is 
within 1° of quadrature. From the data of the table we learn that such a 
moon, circulating about the earth, would make a lunation in 204.896 days. 

We notice that the radius vector in syzygies of this class of satellites 
arrives at a maximum before we reach the moon of maximum lunation. 
This maximum value is very nearly, ifnot exactly, 4, when measured in terms 
of our linear unit, and thus is a little less than double the radius vector of 
the earth’s moon. It occurs in the case of the moon which has about 2.8 
lunations in the period of its primary. 

The radius vector in quadratures augments continuously as the length of . 
the lunation increases, as also does the ratio of these radii, until, in the moon 
of maximum lunation, the radius in quadratures is but little less than three 
times that in syzygies. 

The velocity in syzygies does not continuously diminish, but attains a 
minimum somewhere about the moon of four lunations, and afterwards aug- 
ments so that, for the moon of maximum lunation, it does not differ greatly 
from the velocity of the earth’s moon in syzygies. On the other hand the 
velocity in quadratures constantly diminishes. 

The maximum value of the variation augments rapidly with increase in 
the length of lunation, so that, in the moon of maximum lunation, it exceeds 
an octant, or is more than 80 times the value which belongs to the earth’s 
moon. 

In the adjoining figure are constructed graphically the paths of the 
earth’s moon, of the moons of four and three lunations, and of the moon of 
maximum lunation. The moons in the first lines of the table have paths 
which approach the ellipse quite closely, but the paths of the moons of the 
last lines exhibit considerable deviation from this curve, while the orbit of 
the moon of maximum lunation has sharp cusps at the points of quadrature. 
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MEMOIR No. 33. 


On the Motion of the Centre of Gravity of the Earth and Moon. 


(Analyst, Vol. V, pp. 33-38, 1878.) 


That the motion of the centre of gravity of the earth and moon is 
sensibly the same as if the masses of these two bodies were concentrated 
at this centre has been confidently asserted over and over again. However 
a little scepticism on the matter may not be altogether ill-advised. Were 
this assertion true it would follow that, setting aside the action of the 
planets, we should get the sensibly exact mean angular motion of this centre 
about the sun, by first deriving the mean distance a’ from the elliptic value 
of the radius vector, 


rn =a’ [1+ de” + periodic terms], 


a 


and then n’ from the equation n’ = V/ a8 


M denoting the sum of the masses of 
the sun, earth and moon. 
Let us see whether this value is sensibly exact under the conditions we 
suppose. 
Assume that the masses of the sun, earth and moon are denoted by 
m,, m, and m;, and their rectangular coordinates severally by £,,7,, 013 &, 
"oso; &3, "3.3. And let the rectangular coordinates of the moon relative 
to the earth be denoted by a, y, z; those of the sun relative to the centre of 
Cc = gravity of the earth and moon by a’, y’, and 2’; and those 
of the centre of gravity of the three bodies by X, Y, 
and Z Then from an attentive consideration of the 
subjoined figure, where S, H and M denote the posi- 
tions of the sun, earth and moon, C the centre of grav- 
ity of the last two bodies, and C’ the centre of gravity 
of all three, it will be seen that, if we put 


M 


Ms pees Mz, + Mz 
My, + Ms; M, + Mm, + mM,’ 


S [On 


we shall have 
E=va +X, 
&,=(e' —1)¢7 —pr + X, 
E,=(u' —1)a’ + (1—p)24+Z7X, 
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with two groups, of three equations each, for the y and ¢, obtained from 
these by writing, in the second members, for ~ and X, y and Y, and again 
zand Z. 

If we differentiate the equations just written, then square and add the 
results, after having multiplied them severally by m,, m,, and m3, we shall 


get 
mde + md& + mde = myp'da’ + mpd + MaX*. 


From this equation it is evident that, if Q denote the potential func- 
tion, the differential equations, determining the variables a, y, 2, x’, y’, 2’, are 


@z 92 dy Oa dz 0a 
ein onl oS di Og ae OR? 
,a¢  O2 ,@y  O2 , 02  @2 


My, dE da” Mp “af Oy” My di — oz" 


Hence it may be gathered that the disturbing function for the motion of the 
sun relative to the centre of gravity of the earth and moon differs from the 
corresponding function for the motion of the moon relative to the earth only 
by a constant factor which depends on the masses. 


The expression for Q is 


Q MM 1 MMs Ms dy 
414 4i,3 As, 5 


where the A’sare given by the equations 
io = (2 + wa)? + (y+ wy)? + (@! + p2)’, 
43=(2 —d—e)eP+ ly —G—-se)yP +’ —-G—ez), 
4s=V+ y+? 


Let us put 
P=e+yt+2, r= gl 4 y+ 2”, rr S= ac + yy +2. 


Then 
Aig = 1? + Qer7r’S + wr’, 
43 =r? —21—z) r’S+ (1—z)””. 


Since the ratio 4 is only about wt and u about 3 , 1t is convenient to 


T 400 
expand, in ©, the reciprocals of A,;, and A,,, in infinite series proceeding 
r 


according to ascending powers of A 


. This, in both cases, evidently depends 


on the development of 
32 
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(1 — 2a + a?) —-4* 


in powers of a. By the Theorem of Lagrange, in solving the equation 
y —aF(y) = x with respect to y, we get 


2 2 2 i) qd? 
y= at oF (a) + 7%, oe 5 ct Se te 
whence 
dy _ d. F(a), @ @. F(a) a a. Fay 
Pe eal as dx Bey Re dat Site a tars Baar % 


Let us suppose that we have here F(y) = i(y’—1); the equation, on 
which y depends, becomes then y — 1a(y’°—1) =a, and the resolution of 
this quadratic in y gives 1—ay=»/1—2ax+a’, and, by differenti- 


ation, ee 1—2ax+a’)*. Consequently, 


dx 
=1+ ae 
+e[BEe Ee] 
eTESe Eee Bee] 


The law of the numerical coefficients in this series is so plain that we 
can set down as many terms as we have occasion for. 
In making the application to the reciprocals of A, and A, , we must 


put, in the first case, a= — u =) in the second, a = (I—z) 5, and in both — J BY 
oA, . 


We obtain as the potential function proper for the relative motion of 
the moon about the earth, 


il m — eal 1 31 
(fees HERE SK Bas iien Uae gah eases 
Molt pi Le 412 1—# 4,3 


— Mm, + M,; 
r 4 


+m, { [a-w sD | 2 
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wi Loren 201 
+[a nn |r pare ied | 
idhinghe tive Pydet pi Oe Oe 
A | a ") A | y* Ee 
pees a se Be ctse 
+[a #) +0! | Fr oe 2° 2, 


To get the similar function for the relative motion of the sun about the 
centre of gravity of the earth and moon, it is necessary to multiply the pre- 
ceding expression by 


My, p ™m, + MM, + M-: 
ie eee 2 2p(l—p). 
My ps My, 


7 
The term of the potential function for the moon, factored by “it? gives 


rise to inequalities in the lunar coordinates factored by ek As this term 


has 1—2u as a factor, we see the correctness of the rule which directs to mul- 
tiply this class of inequalities by 1—2u, in order to include the effect of the 
disturbance of the relative motion of the sun about the earth by the lunar mass. 

In treating the motion of the sun about the centre of gravity of the 
earth and moon, it will suffice to take two terms of the preceding expression 


and put 


1 Y 
at ot Md) BES. 


Let the longitudes of the sun and moon be denoted respectively by a’ 
and A, and neglect the latitudes; then 


1 
, 
mm, p 


ou5+ 4Mu (1 — 2) 7,18 cos 22-2) + 1). 


The differential equations, determining 7’ and /, are 


2 yf 12, 
od ene + - + 3n” wea fi - [3.c0s 2r +1]=0, 


ais dt 
5, (r" ai) ~ an? a a? p (1— 1) S, sin 2r =0, 


where, it will be noticed, we have put » =a, and, after differentiation, in the 


final small terms, 7/=d’, 2) and A—A/=¢ the mean angular dis- 


tance of the moon from the sun. The integration of the second equation 
gives 
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Mem: Ay A Ga 


Ap ieee rw (1—2) 7, 008 2, 


/ 
a, being the arbitrary constant. We can now eliminate a from the first 


equation, and we get 


dy! AMS aH 
at? r”? y'® 


af 38n—n' 
+ 3n7a'v(l — p) ae = COs 2t + 1| 0 
Let us suppose that this equation is satisfied by 
r = a + aa, cos 27, 


a, being a coefficient to be determined. Substituting this value of 7’ in the 
differential equation, we get the two equations of condition, 


Fn? a + $n? a'e(l—p) ety 
IP} , 3n — 
(40? — 8nn’ + 37”) a, — po? R=" dw) &, == Or. 
Whence may be derived 
hil a fu(l—#) 5 
ary) m (8 —m) — @ 
ani (1—m)(4 — 8m + 3m’) he H) 


/ 
where, as is usually done in the lunar theory, we have put . =m. The 


/ 
value of 7’, thus obtained, being substituted in the expression for a 


dé’ we get 


ai m 4—2n n? 
7 — ie Te (sa ae pl — 1) 008 2. 


Integrating 


Nol +ni—-3 mW 4 — 2m + m? 


1d —my tim + 3m? 4) grain Br. 


The numerical values of the constant quantities, which enter into these 
formulas, are 


1 


m= 0.0748, 2 = 82.4869’ 


“ = 0.002587 , n' = 1295977'".4. 


They give us 


r’ = a’ [1.00000 00200 + 0.00000 00003 cos ar], 
Mase’ + n't — 0". 0001 sin 2c. 
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The periodic terms of these equations are too small for consideration, 
x! 
a 
of a’ from measured values of 7’ on the assumption that the value of the con- 
stant term is unity, it would be too large by the 0.00000 002 part. And 


but the constant term of — may be noticed. If we should obtain the value 


this value substituted in the equation n! = V/ oS would give n/ too small by 
the 0.00000 008 part, or n’ would be too small by 0.03895; or the error in 
the mean longitude of the sun would amount to nearly 4” in a century, a 
quantity which could not, in the present state of astronomy, be neglected. 
However, it is only fair to state that astronomers proceed in a way the re- 
verse of this; that is, they observe n/ and thence deduce a’, and in this case 
the term 0.00000002 is without significance, since the logarithms of the 
radii vectores in the ephemerides are usually given to 7 decimals only. 
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MEMOIR No. 34. 


The Secular Acceleration of the Moon. 


(The Analyst, Vol. V, pp. 105-110, 1878.) 


In the Philosophical Transactions for 18538, Prof. J. C. Adams, of Cam- 
bridge University, England, showed that the values of the secular acceleration 
of the mean motion of the moon, obtained by Plana and Damoisean, were 
erroneous, for the simple reason that these authors had, inadvertently, made 
the solar eccentricity constant throughout a certain portion of the investiga- 
tion. This statement of Prof. Adams gave rise to an animated and pro- 
longed controversy, the history of which will, no doubt, always possess much 
interest. 

It is proposed to obtain here the coefficient of the term in the moon’s 
mean motion involving the square of the solar eccentricity, supposed variable, 
to quantities of the order of the square of the sun’s disturbing force, when 
the lunar eccentricity and inclination of orbit are neglected. The method 
employed has no novelty, having been used before by Mr. Donkin. But, at 
the end of the investigation, I have found that itis possible to do without an 
explicit development of & in a periodic series, and thus the treatment is, 
to a considerable degree, abbreviated. 

Let ¢ denote the mean longitude of the moon as affected by this secular 
inequality, and m, the mean motion at a given epoch taken as the origin of 
time; we propose to prove that, in the equation 


ee [t+ H(e%—e*)], 


dt 
n' 3771 ( n'\ 
(7) 64 (7) 
Employing the method of variation of the elements, we have, for deter- 
mining the four elements n, @, e and w of the lunar orbit, these equations 


the true value of H is 


dn___ 8 OR de_ _na@h 
at? Sua Oe dt — pe Ow’ 
ag _ yg na Of , ,naeok dw __ =nook 
aca Mirela Se ae ake dite * 16 Oe. 


In writing them, all terms, multiplied by higher powers of e than the 
first, have been neglected, as they are not needed in obtaining H to the 


’ 
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degree of accuracy proposed. It may be noted that R is taken with such a 


sign that it denotes the force tending to increase =. 


Ox 


Since we need not retain any terms multiplied by the ratio = , the value 


of RF is 
13 
R=4n?r on [1+3 cos 2 (A—2’)], 


where A and 2/ are the true longitudes of the moon and sun. The constant 
13 
part of & is evidently the same as that of in” a , when we reject e”, that 


is, it is equal to jn” a? (1+ ge?) . 

Considering first those terms in R which are independent of e (we need 
those multiplied by e only when taking account of the effects produced by 
the variations de and da), we see that the only terms in R which produce 


. an 3 : F : 
terms in a and, consequently, can give rise to terms independent of sines or 


a have arguments of the form 2¢ +, where y de- 


notes an angle depending on the sun’s mean motion. Hence, denoting any 
one of these terms of R by na? A cos (26+), where A is independent of 
the lunar elements, but will generally contain e”, and regard being had to this 
term alone, the equations determining the elements become 


cosines of arguments in 


ie 6n” A sin (26+¢), Fans A cos (264+ ¢), 


where uw has been eliminated by using the equation u=n’a*. Integrating 
these, and considering a8 constant, since its variability affects only the 


terms in H multiplied by = , but regard being had to the variability of a 


through ¢’, where we may we ae as constant, we obtain 


dt 
ay, n dA de” 
on = —3% A cos (26+ 4) + 3 $F de? db sin (2¢+¢), 
ee ha he mt US dA d.e” 
co =— 7, Asin (26+¢) $ age? ap 08 (Q6+¢). 


This being only a first approximation in which we have had regard only 
to quantities of the order of n”, we proceed to a second approximation. And 


first, in the expression for 7 we substitute for ¢, +62; and we find, for 
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that part of the increment which is independent of the sines or cosines of 
arguments, the expression 


Integrating this and putting e? — e? =0d.e”, 


ed 


a ee 


OMEN 


5 
n* 


a ss 
— tb 
Again, in the expression for a increasing n and ¢ by their variations 


én and 0¢, 
5 as _ n'* d. A? 9 She 2 n'* 2 
Gi A G8" — 6, A147 At 
Now the constant part of this value of 6. S goes to form part of the constant 


d. A® 
d. el? -* ae 


Mm, hence, 


for A*, and thus obtain 
ge ig Mee eeae (1) 


In the next place let us consider the terms in & multiplied by e; they 
are all of the form 
nae A cos (w+ k€ +9), 


where A and W possess the same quality as before, and & may be —3, —1 
or 1. Representing o+%¢ + 4 by 0, the equations determining the ele- 
ments are, regard being had to this term alone, 


an a . CAEN Gas 

ae = 8hh Ae sin 0, Ho om 6, 
dé _ don” 

a =n—4™ Ae cose, a nA 008 8. 


In the last equation we have written only the term divided by e, since this 


alone can produce terms 0. ts of the kind weseek. Integrating the last two 


as we integrated in the former case, we obtain 


1 n” 1nd Ards 62. 
es — ] Saha h iat s cand Eeas 
e Eat 008 8 + Gide a sin 0, 
1 n” 1 nd. A?d.e”? 
00 eS pie ye cee LOVES 
: be a tae en>d.e” dt pte 
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Augmenting, in the expression for ae , e and @ by these quantities, we ob- 


tain, regard being had only to the terms which are independent of sines or 
cosines of angles, 


pan Bnd. Ade? 


Increasing, in the expression for ae , the elements n, e and @ by their vari- 


dt 
ations dn, de and 30, and preserving only the terms independent of the sines 
or cosines of angles, we get 


In like manner as before, rejecting the constant part of this which coalesces 
with n,, we obtain 


de”, (2) 


When formulas (1) and (2) are applied to all the terms of R, to which 
each is applicable, and the results added, we shall have the complete value 


of 3. a since it is plain that the combination of two different terms in R 
will always produce terms in 6. a involving the sines or cosines of angles. 


Denoting the mean anomalies of the moon and sun by & and £’, and the 
mean angular distance of the bodies by 7, the part of a R, which is indepen- 
dent of e, may be written 


ak = A,+ A; cos 2r + A, cos &’ + A, cos (2r-—&’) + A, cos (27+&’). 


Formula (1) applied to this series gives 


d d(Ai+ Ab+ A? 
6, $= _s5n ( RS Jere. 


We can obtain the terms in & multiplied by e from the series just given 
by using the equation 


OR _,ORd.logr , oR da 
Oe or. de OA de 


2 Rese +9 sine. 
Or 
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Whence 
G.ak 


a = — 2A, cos § — 3A, cos (2t — €) + A, cos (27 + €) 


— A, cos (§— &') — A, cos (& + &’) 

— 3A, cos (2c — &’ — €) + A, cos (27 —& + &) 

— 3.As cos (2c + &’ —&) + A, cos (2r + & + €). 
\ a 


my 


Applying formula (2) to this series gives 
O. ee (445 + Aj + At) —$(Ai+ AS + At) + 5 (9A + 9434 9A})] o.€” 


=o 4 [40 (At + Ab + A) —10(243 + AD] 2. 6”. 
Adding this to the expression given by formula () 5 


3. a= nly (At + Ab + Ad) —10 (243 + A] 6. e”. 


But, denoting the constant term of aR? by K, we have 


K= Ai +4(4i+4; + Aj + Aj). 
Or 

Aji + A} + Ai=2K—(245+4+ Ai), 
and 


dé d a 
0.5 =n 7a [PK —1§8 (243 + Ad] 0. 0. 


But we have 
oR = 4 coo 6 cos 2(A—2') + Zc084A—2/)],. 
nit al’ 
and hence & is equal to the constant term of 43 —,; ,. In consequence, 
1a 


denoting the constant term of ©. by ZL, we shall have 


e 
ees o [agee — 158 (942 + AD) | 0.6". 
Also we evidently have 
5 n' a? 


tor ae = 4, + A, cos é", 
and thus 
a L=2A}+ A}. 5 
Substituting this value 


dg d fp 
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16 
But the constant term of a is known to be 1 + 1e”; hence, in fine, 


dé n/* 
Op fatal 1 oem ie Cen 


To obtain ae we must add to n both this term and that which arises, in 


dt 
eae Qna® OR . : 
the first approximation, from the term — ete in the differential equa- 
12 13 
tion for de , which is therefore equal to the constant term of — eee tak 
dt n 7 
12 
is, to — ~ (1+ e). Thus 
Fan— = (1 + get) — Ce - agpe jo. C7 


We could have added to the first two terms of this equation a term 
4 
Bo e?, where B is a numerical coefficient, equal to the aggregate of the 


constants we have virtually neglected whenever we wrote 6. e” for ¢”, but it 
will be easily seen that this would not change the final result. We evidently 
have 


n” ae 
m=n — ae + 32's). 


From which, to a sufficient degree of approximation , 


n 
ae ee 
i) Ng 


Substituting this value of n, we get 


dé n” n'* 
amt (g ma 3: 3741 me) C8 oN 
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MEMOIR No. 35. 
Note on Hansen’s General Formulae for Perturbations. 
(American Journal of Mathematics, Vol. IV, pp. 256-259, 1881.) 


The last form in which Hansen expressed the perturbations of the mean 
anomaly and equated radius vector is exhibited by the following equations : 


neonstoe feb (ae) bea 


y= 0 —3 f (Gia, 


(Equations 36 and 37, p. 97.)* 
It will be perceived that the right-hand member of the first of these in- 


volves three quantities, viz. W, v and oe . But the last of these quantities 


has no share in defining the position of the body, and it is desirable to get rid 
of it, provided that can be done without complicating the equation. This is 
readily accomplished by means of the equation (33, p. 95) 


WZ) h, 
Oban A(l +)? f 


The result is 
W+¥ 


Nz = Nb + Cy + eae 


nat . 


Why Hansen has not put the equation in this form I cannot imagine ; 
the advantage, not only as regards simplicity of expression, but also in point 
of ease of computation, is evident. 

Hansen develops W by Taytor’s theorem, and, limiting ourselves to 
the second power of the disturbing force, we have 


Pesan eee aw. ue dy 
| e— W, +( Jet) mie = W.—2-Fe on. 


When this value is substituted for W in the equation for mz, we have a 
differential equation of the first order and degree for the determination of dz, 


*See Auseinandersetzung einer zweckmissigen Methode zur Berechnung der absoluten Storungen der kleinen 
Planeten. Von P. A. Hansen. Erste Abhandlung. (Abhandlungen der Kéniglichen Sachsischen Gesellschaft der 
Wissenschaften. Band III.) The numbering of the equations and the paging are from this volume. 
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the integral of which is well known. Terms of three dimensions with re- 
spect to disturbing forces being neglected, this procedure furnishes the equa- 
tion 

not = (1 —2v) yh [(1 + 2») W, + *] mde , 


which, however, is without interest other than analytical, as its use involves 
more labor than that of the equation given by HaNnsEN. 

Hansen’s equation for the determination of » has the disadvantage of 
not affording the constant term of this quantity, andis inconvenient in com- 
puting the portion, of the form 


At+ BP +C#Uh+...., 


which is independent of the arguments g, g’, &c., as the values of A, B, &c., 
must be determined to a degree of accuracy much beyond what is necessary 
in the case of the otherterms. As all the arbitrary constants admissible have 
been introduced by the integrations which give 2, it is evident there must 
exist an equation determining » without additional integrations. HANSEN 
has virtually employed this in the place where he shows how the constant 
term of y is to be obtained, but has nowhere given it explicitly. This lacuna 


I propose to fill here. 
The equation 39, p. 97, 
h h h 


Sie eames 2 eae ea g: 
Doe a is ee og Co ne Is pate 


may be employed to discover the value of wen The known expressions for 
0 


cos and £ sin @ are 
a Qo 


BS Renee iy eg AY ae Suey a 

a ee je+ (72 ofa cosy + 4(J% J S|) COB 27 +. . oy 
‘ey 

0 


2 sin w = (72 ey sinr + 3(J2 ss 7!) sin Draenei. 


where HanseEn’s notation for the BrsseL1An function is employed, and the 
subscript zero, which properly belongs to e, is, for convenience in writing, 
omitted. In his memoirs, where the mean anomaly is employed as the in- 
dependent variable, Hansen directs to compute only the parts of W, which 
are independent of y or which have + y in their arguments; thatis, the parts 


which have the form 
X, + X, cosy + X, siny, 
X), X, and X, being independent of y. 


350 COLLECTED MATHEMATICAL WORKS OF G. W. HILL 


It will be easily perceived that, if we put 


é 
P=3 _, —.., 
TIE 
2 3 


P being thus a constant, the three first terms of W). must have the value 


h LAE 5 ge thel och 


ee ; 


In this equation we may substitute for @ its value obtained from equa- 


tion 38, and thus we obtain 


———-—y-n— (1+) (1+ S#)_1= x, + PX. 
(l+y*(1 + ) 

di 

d. bz 


This equation, when is known, gives v without additional integra- 


dt 
tions. Toputitintoaform suitable for computation, we add to each member 
such a quantity as will make the first equal to — 67, then dividing both mem- 


bers by — 6 we get na 
RO wna 


3 (1+ (1 ik 


+ Qv + vf 


as 7) 
dt 


y=- 41% +Px]-yfaty Seer |+ 


This equation is rigorous. If we may restrict ourselves to terms of the 
first order with respect to disturbing forces, it reduces to 


1a. 0% 
2 fag ” 


y= —4[X,4+ PX] — 


or, if terms of the second order must be included, to 


7 2 
=~ $14 + PXI-3SE +S ee] ee. 
The function usually tabulated is com. log (1+ v) ; and we have 
1a. 0% d. oz 


tio 
com. log (1 +») = { — 4X, + PXI—3S™ + 4[ & +47] sat 


M being the modulus of common logarithms. 


These equations are as readily used as those given by Hansen, and are 
free from the disadvantages, previously mentioned, which belong to the latter. 
All the quantities involved, except X,, have already been obtained in the 
computation of dz. Also X, is readily got by putting y = 0 in the terms of 
W, which involve this quantity, and summing two and two together the terms 
which result. 
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MEMOIR No. 36. 


Notes on the Theories of Jupiter and Saturn. 


(The Analyst, Vol. VIII, pp. 33-40, 89-93, 1881.) 


On account of their large masses and the near approach to commensura- 
bility of their mean motions, Jupiter and Saturn offer the most interesting, 
as well as the most difficult, field for research in the planetary perturbations 
of the solar system. In the following remarks, without treating the subject 
in a complete manner, which would be impossible here, I intend only to point 
out a method of procedure and give a few illustrations of its use. 

At present we shall notice only the introaction of the sun, Jupiter and 
Saturn. It will facilitate matters much if we employ differential equations 
in which the potential function is the same for both planets. Thisis accom- 
plished by an orthogonal transformation of variables. Let us suppose that 
the coordinates of the sun in space are denoted by 

X,Y and Z, 
those of Jupiter by 
X+atm, Vryt+rxy' andZ+2+4+ x, 


and those of Saturn by 
X+e+xux, Vy t+rxyandZ4+2 +x, 


where x is a small constant to be so determined that the variables a, a’,... 
may be orthogonal. 
M, m and m’ denoting severally the masses of the sun, Jupiter and 
Saturn, the vis viva T of the system is represented by the equation 
27d? = MdX*? + m (dX + dz + xdz')? + m! (AX + da’ + xdx) 
+ similar terms in Y, y, y' and Z,z, 2’ 


Se ; m + xm! m’ + xm 2) 
= (M+ m +m!) (aX + py de + ap ey de 


Bahia yt any) 2 
+ (m+ xm eat dx 


, 2 
+ (m' + 2m — fp ) dg’? 


PSO, (« (m ae m’) as a a a ed 


M+m+m 
_+ similar terms in Y, y, y’, Z, 2, 2’. 
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In order that the system of variables may be orthogonal, the coefficient 
of dada! in this expression must vanish, which gives us, for the determina- 
tion of x, the quadratic equation 


ay + 2)e+ Pens 


Of this the smaller root must be taken. Employing Bessel’s values of the 


masses of Jupiter and Saturn, sy = 10475879 a = 3501.6. Hence 


” — 4551.479x+1=0, 
whence we get 


1 1 3 
o— TRB (asstays) + ...=0.0002197088 . 


For brevity we will put 


m + xm’)? 
2=™M + xm — pe eae ; 
, 2 
? anh gle = eae 
fi Fe an + 


When the numerical values are substituted these equations give 


# = 0.9990467623 m, we’ = 0.9997145123 m’. 


As we do not wish to know X, Y and Z, but only the six variables =, 

y, %, «', y' and 2, which assign the positions of Jupiter and Saturn relatively 

to the sun, we can altogether neglect the first term in the last expression for 
7, and write 

de? + dy? + dz 


ae 2QdP ae 


, dz” + dy” + dz? 
2dt? : 


If we put 
e+y+e=r, we py?t Por, al tyy +w=rr's, 
the expression of the potential function is 


re Mm a) Mn! 1 mm 1 
[9 + Qerr’s + xP 77)8 Er? + Qarr’s + Prt }k © L—x [r? — arr’s t+ 7" hh 


From the last term it will be seen that the motion of two planets, whose | 
coordinates are severally x,y, zand a’, y’, 2, relatively to each other, is 
homothetic with the relative motion of Jupiter and Saturn. 


NOTES ON THE THEORIES OF JUPITER AND SATURN 353 


The differential equations of motion are 


CAs Ga dy _ 1 a2 dz _ 1 aa 
ae Oe? OE Se Oy? Mua Ep aa 
dx’ _ 1 02 dy __1 @8 dz 1 aa 
dt? ei Ox'’ ie a TH Oy"’ GF Ww Oz ° 


The first two radicals in Q may be expanded in series proceeding 
according to ascending powers of x; and, since this constant is so small, the 
cube and higher powers of it may be neglected. Thus 


12 
2= ae ois — «Mm oe — «Mn or i—} x Mm = (1 — 3s”) 
Ls me 1 
—4 eMm' 5 ; 1 —3s’) Bk aay 


1—x[r?—¢rst rh 


If for © are substituted only the first two terms of this expression, the 
differential equations are easily integrated, and the variables x, y, z and a’, 
y', # represent the motion of two planets moving according to the laws of 
elliptic motion, whose mean motions are 


ue 


ina 


In terms of symbols whose meaning is well known, we will put 
L= Vy [Mma], L! = v [Mn'p'a’) 
G= V¥ (Mal —€)), G’ = Vf [Mm'a'a’ (1 — e)], 
H= ¥v (Mmpa (1 — @)] cosz, H! = VW [Mm'p'a (A—e’)] cos 7’, 
and denote the mean anomalies by / and /’, the distances of the perihelia from 


the nodes by g and g’ and the longitudes of the nodes by f and A’, and 
moreover, put 


, / yl”? 
a Mr Mow sw f)s—peu (al sw bjo—ay 
my mm’ ji 
a l—x [r?—2rr'st 7] ° 


We have then the following system of differential equations for deter- 
mining the elements 21,G,H,L',G',#f’,1,9,h,U,9,u:— 


dL _ OR ad _ _ ok dL! _ OR qv _ _ aR 
ht Oke? Up eRe. Fis MaleicOhe Pi enn Teas W BA 
dG _ aR dg__ OR dq’ _ aR dg __ OR 
a - Og’ line OG: We Oe. fae one. OG” 
dH _ oR dh_ OR dH’ _ OR dh’ ___ oR 
ers Vee Ginlnign. dein oR” FOS NW 5 1 


in which it is understood that & is expressed in terms of these elements. 
33 
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As risa function of the three elements Z, G, Jonly, and» of L/, G', 1’ 
only, it follows that the six elements H,g, h, H', g' and X enter in F only 
through s; hence we have the equations 


(OR _ ak as ak _ OR as Oh _ aR as 

OF Si OR OO; tO Nes OH ns oh Qs Oh’ 
OR _ OR as OR _ ak as OR _ Ok as 
OF 0s oy° OH’ Os OH'’ “Qi = Os On 


The expression for s being given by 
rr's = ax + yy + 22, 


and v and v’ denoting the true anomalies, the rectangular coordinates have 
the equivalents 


x =r [cos h cos (v + g) — cost sinh sin (v + )], 

y =r[sin h cos (v + g) + cost cosh sin (v+g)], 
Z2=fr sind sin(v+g), 

a’ = [cos h’' cos (v' + g') — cos?’ sinh’ sin (v' + 9’) ], 
y' =Y' [sin h’ cos (v' +g’) + cost’ cos A’ ae + 9')], 


z=? sin 7’ sin (v' + 9’). 


Whence the following expression for s, 

s = cos (h — h’) cos (v + g) cos (v' + g’) + cost cost’ cos (h —h’) sin (v +9) sin (v' + 9’) 
+ cos 7 sin (hk — h’) cos (v +g) sin (v' +9’) 
— cos isin (h—h’) sin (v + g) cos (v' + 9) 
+ sin? sin?’ sin (v + g) sin (v' +9’). 


Remembering that v and v’ contain only the same elements as 7 and 7’, 
and that 


;- = VE—T peas a) ee Vv G? — H? He 
cost = sin 7 = at cos i = Tay, sin? = a 
it will be found that 
VGH cosh + VG"—H" cos’j=0, - 


4 (C= H’ sinh + ¥@?— A” sinh']=0, 
TlH + H] =e 


Hence we have the following integrals of the differential equations, 
V @— H’ cosh + ¥ G?— HA” cos h' =a constant , 


V@—H sinh + ¥ @G?— H” sin h’ =a constant , 
H+ H' =a constant. 
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These integrals may be employed to diminish the number of differ- 
ential equations. Thus far the system of planes to which az, y,z... are 
referred has been left indeterminate ; let us now assume that the plane of 
maximum areas, called by Laplace the invariable plane, is chosen for the 
plane of xy. In this case it is well known that the constants of the first 
two of the integrals, given above, become zero. Then we shall have 


V¥ @— H’ cosh + of G? — A” cosh’ = 0, 
¥@— A sinh + 7 G?— HA” sinh’ = 0, 
Hero Vcr 


oe being an arbitrary constant. But, since 7 and 7 are supposed contained 
between 0° and 180°, the radicals in these expressions must be taken posi- 
tively. Consequently the equations are equivalent to 


h! =h + 180°, yipaag 7 eae ye Nae 


These equations determine the values of the elements H, H! and /’ in terms 
of the rest, and they may be used to eliminate them from &. Then it is plain, 
from the expression of s, given above, that A will also disappear from R, 
and we shall have 
R= function (L, 4, L', G',1,9,759'), 
and ¢ takes the much simpler form 
s=—cos(v—v +9g—g') + ae sin (v + g) sin (v’ + 9). 

As to the partial derivatives of & with respect to L, L',/,U, 9,9’, they 

are evidently ere by this elimination of the elements H, H’, h, h’. 


But and e 5 oy denoting the derivatives of & on the supposition of 


its containing the elements H, H’,h, h’, we have 

an) _ OR OR OH OR OH’ 
(30 EVOG)) Ole OG Ol Ou: 
(Se) = Oh oh OH OR OL 
og’ 0G’ OH Oo’ oH’ OG 


But we also have 


es CAC a ay 
OH OH! dt 


hence 


(32) - OR OR O(H+H’)_ OR 
og)" 0G oH OG OG’ 
pane nee O(H+H) _ oR 
CG/= 0G SoH OG’ og 


as 
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Moreover 


@R_ OR OH, Ok OH’ _ OR (H+ H)_ OR 
“ave (al ehyrolp in raWak even UT \elies Oc Olum 


Thus the system of differential equations still retains its canonical form, 
and is 


aL VOR UAL Ook TudGe Wok \ ide Manon 
a OT Gaerne ae TN COd Oy tt NO 
db SOR) Vee NG Re dg ciate Pata een 
a OL? Gen? Malye mOG. Sea aoe 


After this system of eight differential equations is integrated, the value of 
h is found by a quadrature from the equation 

dh __ OF 

dt Oc) 

These integrations introduce nine arbitrary constants which, together 
with c, make ten. The reference of the coordinates to any arbitrary planes 
introduces three more, but one of these coalesces with the constant which 
completes the value of h. 

The time ¢ does not explicitly enter #, hence the complete derivative 
of it with respect to ¢ is 

aR _QR aL, oR dl 

dt OL dt Ol dt 
dL dl 
Aids 
just given, we shall find that it vanishes; hence 


If, in this are substituted the values of . ., from the equations 


R= a constant 


is an integral of the system of differential equations. This integral may be 
employed to eliminate one of the elements, as Z, from the equations. We 
can also take one of the elements, as /, for the independent variable in 
place of . The system of equations, to be integrated, is then reduced to 
the ix 


oR ok oR 
aL! aay) a@_ ag dg _ sO 
7 5 eR i) alge on ae ae aruepe ole 
OL OL OL 
OR OR OR 
aUaioe OL’ dg og ag? og 
do ORD diy a one? Me OR. 
OL oL fe) 
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A simpler form can be given to them. If the solution of R =a constant 


gives 
i= function (L/, G).G’,.U', 9, 9°, tl), 


and Z is supposed to stand for the right member of this, the foregoing equa- 
tions can be written 


Bab ea ob) aah) ab 
Gn Noe? a Og Gi\ ts Hed. 
MI ROD Oda OE! dg 2), OL 
Clin ol eo Ge ERE OG: 


When the values of L/, G, G’, 7, g and g’ in terms of 7 have been de 
rived from the integrals of these, they can be substituted in the equation 
= =— 2 , which will then give tin terms of/, by a quadrature. By 
inverting this we shall have / in terms of ¢; and by substituting this in equa- 
tions previously obtained we shall have the values of all the other elements 
in terms of ¢. 

It will be noticed that # is a homogeneous function of L, L/, G, Gand 
c of the dimensions — 2; hence we shall have 


oR 1, OF ok 1 OF rai Semaneyny gil 
Lart LT az’ t Gaqat aq t+? 3, = — 2h =a constant, 


and, as a consequence of this, 


Bee des odo e ycde! s  BR ix oor. 
Latlat+Ga+e eee a = *# =a constant. 
Thus, if the rate of motion of each angular element /,/. . ., be multiplied 
by the linear element which is conjugate to it, the sum of the products is 
invariable. 
The sines of half the inclinations of the orbits on the plane of maximum 

areas are 

Bendy (G+ G@—o/(G —G+e) 

Oe a Vv [ 4cG | : 


eit (G' + G—o/(G—G4’' +c) 

Lone V : 4c!’ | i 

Thus, in the special case where the two planets move in the same plane, 
we have 


sin 


G+G@=c. 


This equation may be employed to eliminate one of the elements G or 
G' from &. In the same case, the expression for s is reduced to 


s=—cos(v—v' +9— 9’). 
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Then, if we put 
G—G =T g-g =7> 


R will be a function of Z,Z/,1,1,U,y, and we shall have, for determi- 
ning these variables, the system of differential equations 


AT BR. atts OR oa lat 
LEN 3) A ato tees, di. Or” 
ai OR hae) a ok 
7 a Figs OL en Gaye CEEOL 


After these are integrated, the value of g + g’ will be got by a quadra- 
ture from the equation 
dg+g') __ of 
dt Ruhw ues Yam 
If the value of Z is obtained from the solution of R= a constant, and 


we have 
L = function (2, 7,1 ,7,)), 


and /is adopted as the independent variable in place of ¢, the solution of 
this special case is reduced to the integration of the four equations 


60 SOL grt eb er oe dy __ aL 
Spl: Nagle Sopp alee eres 


Cea) i at 
The angle between the planes of the orbits of Jupiter and Saturn is 
about 17°. This is small enough to make the terms, which are multiplied 
by the square of the sine of half of it, and which are besides of two or more 
dimensions with respect to disturbing forces, practically insignificant. Thus, 
while we are engaged in developing those terms of the coordinates which 
demand the highest degree of approximation relatively to disturbing forces, 
we shall assume that the planes coincide ; the determination of the effect of 
non—coincidence of these planes being reserved to the end, when it will be 
always sufficient to limit ourselves to the first power of the disturbing force. 
The coordinates usually preferred by astronomers are the logarithm of 
the radius vector, the longitude and the latitude. We suppose that the two 
Jast are referred to the plane of maximum areas. Let these coordinates be 
denoted by the symbols log. p, 4 and @; and let the subscript (.) be applied 
to A and @ when we wish to designate the similar coordinates corresponding 
to the variables x, y, z, x, y',2. Then we have 


p cos 8 cos 24 = 7 cos f, cos A, + x7’ Cos f’, Cos 1’, 
pcos # sin 2=7 Cos #, sin 2, + x7" cos #’, sin 2’, , 
p sin 8 =r sin 2, + x7’ gin f’,. 


NOTES ON THE THEORIES OF JUPITER AND SATURN 359 


From the first two equations are readily obtained the following two: — 


p cos 8 cos (A—A,) = r cos 8, + x7’ cos f’, cos (A", —4,), 
p cos # sin (A—Ao) = xr” COs B’o Sin (A’0— Ao). 


In the developments in infinite series which follow, the eccentricities 
of the orbits will be regarded as small quantities of the first order, the 
squares of the inclinations of the orbits on the plane of maximum areas as 
quantities of the third order, and x also asa quantity of the same order. 
Then all terms, whose order is higher than the sixth, will be neglected. 
This degree of approximation will be found amply sufficient for the most 
refined investigations. 

Under these conditions, we get 


12 


loge = logr + plog| 142% s+ 2% 


U 12 
=logrt+x—stpe5 (1 + 2s’), 


r’ cos f’, 


A=aA 
anf 7’ COS fo 


12 
sin (4’, — do) — 4x? “y sin SG! — Ae); 
7’ y’ 
= fo + x Fe SA « 


We will write » for sin 42. Then, to the sufficient degree of approxi- 
mation, 
yr’ 


rT s=—1" cos(v—v' + g—y) + a(n +7! & sin (2+ 9) sin (’ +9’). 


In like manner 


vi 7 
r cos f, 


i pee 
F COB Bo sin (4’ — A.) =x (1 + 7? — 9”) “ sin (v—v' +9—9') 


— x7} sin Git) ag-— 9) + aa? sin(I ++ 9+9'). 


The expressions for A) and (, in terms of elliptic elements are given by 
Delaunay.* Log r, as well as the following expressions 


7, C8 (o' +g!) =— ge OR g' + (1 £6) RW +9) + Ge — Fo) 08 (+9) 
+ go? (3l +9/) + Fe en AU +9) 
ge? ng!) + geen 9’), 

ein F9) =— Get ge) ng + —e) gin +9) + Ge— Fe) ty) 


* Théorie du Mouvement dela Lune. Tom. 1, pp. 56-59. 


‘ 
i 
oN 
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+ ate sin 8 + 9) + sin (47 + 9) \ 
cos cos a 
FB? gin O- 9) Fre? gin C—9), | 


are found in a memoir by Prof. Cayley.* With these data we get 
12 
logp =logat+4i@+Aet+aet+x 5 
— (¢— ge — 6) cos 1—(Ge— pret + Ze) cos 21 


— Ge— aye) cos 3] — (41 e* — 128 €°) cos 41 
— 822 & cos 5J— $29 ¢° cos 61 


—«2f [1-¢ —4e"— (+ n'y] 008 0-1 + 9-9!) 


+ ($e — Fe’ — Bee") cos (21 —U' + g—g’) + (— ge’ + 2ee') cos(l + g—g') 
+ (—ge—JZe + fee”) cos (l’ —g + 9') + ($e' —3 e?— Lee’) cos (1— 2 + g—g’) 
+ 426 cos (37 —1 + 9—9') — $e cos (1+ —g +9’) 
+ ee’ cos (g — g') — Zee! cos (21+ 9—9’) 
— fee! cos (27 —97 + g') + Zee’ cos (22 — 27 + g—9’) A 
+ 8e cos (7—3l' + g—g’) + he” cos (J+ + 9-9’) a 
+ He cos (41—l + g —9') — zy & cos (214+ '—9 +9’) a 
— 51 ee’ cos (31 +9 —9') + Fee’ cos(I—g + 9’) . 
+ 42 ¢¢ cos (3) — 2l' + g —g') — Ze ee’ cos (1 + 2 —9 +g’) 
— 8, ee” cos (37 —g + 9') + 7% ee” cos (20—3l' + gy —9') 
— 7, ee? cos (7 + 9—9') + sail cos (2+ 7 +9 —9') 
a 1 é® cos (1 — 40 +9—9) + pe? cos (2+ 20 +9—9’) 
+ tryoos +l +g +9) + yeS cos (2 — a + 29 — 24'), 
Aa=ltgth+ Re—fe + Be) sind + Ge —fpe + Ae) sin 2 

+ (}$¢— 480) sin 31 + (4,08 et — 484.6%) sin 4/ | 

+ 10o7 e sin 5] + 1223 e sin 61 

+(—7? — 7 + 4y%e?) sin (22 + 29) + 47% sin (41 + 49) 

+ (—2yPe + 2277e*) sin (37 + 2g) + (277e — F776’) sin (1 + 29) 

— 13 7'¢ sin (41 + 29) —$77’e’ sin 29 

— 5277e sin (51 + 29) + Jy 7%’ sin (1 — 29) 

+x “fae — fe? + 7? —y") sin (I—U +9—9') 
+ (g$e— fe — Zee”) sin (QV—l + 9—7) 
+(hetpe—fee") sin (—g +g!) +(— $¢ + $e’) sin 0 +9—J) 


* Tables of the Development of Functions in the Theory of Elliptic Motion. Mem. Roy. Astr. 
Soc., Vol. XXIX, p. 191. 
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+ (ge — $e%— fete’) sin (0 — 2 + g—g’) + 42 e sin (31—/ + g—9’) 
+ ge@sin(]+U—g tg’) + $e’ sin (gy — 9!) — Zee! sin (20 + g—g’) 
+ 4 2 sin (2/’—g + 9’) + fee’ sin (21 — 27 + g — 9’) 
+ Ze? sin (7— 3! +g—g') + fe? sin(0 + +9- 9’) 
+ #7 @ sin 47—U' +9 —9') + pe sin (22 4+ — 9 +9’) 
— $j ee’ sin (81 +9 —g') — 8, ee’ sin (I—g + 9’) 
+ 7% ee sin (31 — 2 + g—g’) + py ee’ sin (1 + 21’ —g + 9’) 
+ 33, ce’? sin (31’ —g + 9’) + 35 ee? sin (21 — 31’ + g — 9’) 
— jg ce’? sin (’ + 9 — 9’) + Bee” sin (22 + 7 + g—g’) 
+ £e% sin (7— 4’ +g — 9’) + pe? sin (1 + 2 + 9-9’) 
—7 sin (3J—U + 89—9') +p? sin(l t+ +g +9} 
+437 sin (21 — 20’ + 2g — 29’), 


B= (2n —2ne? + sly ye*) sin (1 + g) — 47 sin (31 + 38g) + (2ne — § ye) sin (27 + 9) 
— 27e sin g + (fe — 4g net) sin (381 + g) + (478 — xy ne“) sin (1 —g) 
+ $e’ sin (47 + g) + de sin (27 —g) + $28 yet sin (51 + 9) 
+ 9% ye sin (3) —g) — 7%e sin (4] + 39) + ve sin (27 + 39) 
Ul 

+x “ { 7 sin (2—V + 2g —g') + (9 + 27’) sin ( +9’) 
+ $e sin (3/—I' + 2g —g’) — $7e sin (J—I' + 29 —9’) 
—  $re' sin (21 + 2g —g’) + $7’ sin (27 — 21’ + 29 —9') 
+ £(y + 2y’)e sin 2 +7 +9’) —4(% + 27’)e sin 7—l —g’) 
+4 (7 + 21/)e sin (20 + 9')—3 (n + 27’) e sing! } 


As written, these expressions give the coordinates of Jupiter. Those 
of Saturn are obtained by removing the accent from all the accented sym- 
bols, and applying it to those which are unaccented, x excepted, for which 
we have x/=x. Also it is to be remembered that we have h’ = h + 180°. 

The coordinates of the two planets are obtained by employing in these 
formulas, for the quantities involved in them, the values they actually have 
at the time in question. The latter are determined by the differential equa- 
tions previously given; but, instead of integrating these equations in one 
step, we may, as Delaunay has done in the lunar theory, divide the process 
into a series of transformations of the variables involved ; each of which 
must be made not only in the expressions for log p, 2, @, log 9’, a’, @, 


but also in &. 
As the introduction of J as the independent variable does not appear 


to be advantageous, we will suppose that the six variables L , LE Pb By 
are employed and that ¢ is the independent variable. 
34 
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Delaunay’s method, somewhat amplifted, amounts to this: — selecting 
the argument 0= i+ dl! + iy, suppose, for the moment, that F# is lim- 
ited to the terms 


— B—A,cos(t+ vl + i"y)—A,cos2Ql+il +iyt+..., 


where B, A,..., are functions of Z, Z/ and I only. Then if it is found 
that the differential equations, corresponding to this limited #, are 
satisfied by the infinite series 

6=(E+c) + 6, sin [6,(¢ +¢)) + 6 sin 2[(¢+c)]+..., 

1=() +),(¢+¢) +1, sin[@(¢+ ¢)] +1, sin2[@é+ec)]+..., 

r=) +R (+0) + sin [o,(¢+0]+Usin2(0,(¢+o]+..., 

r=(N+né+O+7 sin [Ot +¢)] +7. 8in 2[o¢+o}t+..., 

L=L,+ L, cos (¢,(¢+ ¢)] + L,cos2[m(t+ec)]+..., 

=I, + Lj cos [0,(¢ + c)] + L,cos2[4(¢+ ce] +..., 

rl =I +, cos [4 (¢+c¢)] +L, cos2[6,(¢é+e)]+..., 


where ¢, (/), (/') and (v) are arbitrary constants, the last three being equiv- 
alent to two independent constants, as we have the relation 


(M+¢v@UV)+"M=0, 


and all the other coefficients are known functions of three other constants, 
a, a’ and e, we can replace 

L by In + L, cos (1+ 0 + 0"y) + L,cos2(l+al +a"y) +. .., 

L! by IL, + L, cos (1 + 00 + Wy) + Leos 2 (ital +a" y)t+..., 

VT byl, + FT, cos(il+ i + ty) 4+ FT, cos2(lt+evl + iy) t+..., 

L by 1+ 1, sin (+00 +0") + 1, sin® (+d +e'y)+..., 

Voy U + isin +e +a) + h sinQ(lgergeys..., 

yby y +7, 8in (+00 +07) + y, sin A(+0 +7) +..., 


and will have, for determining the new variables, /, /, y, a, a’, e, pre- 
cisely the same differential equations as we started with, provided we make 
all these substitutions in the function #, and regard the new variables L, 
L', T as connected with a, a’, e by the relations 

Dit heh Panes 

LHI, + (Li + 26D, +...), 

Dis Te a Oy Fea eer ely, 


It will be perceived that, as long as we are dealing with terms of R, 
whose arguments involve J or 7’ or both, the second members of the three 
equations, last written, have values which differ from the elliptic values of L, 
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L/ and T only by quantities of the second order with respect to disturbing 
forces. Hence, if we propose to neglect third order terms, until we have 
reduced # to a function of the argument y only, we can assume that LZ, L/ 
and I’ which are the elements conjugate to the arguments /, / and y, are 
expressed throughout in terms of a, a’ and e, in the same way as in the ellip- 
tic theory. It may be added that these third order terms are found in 
experience to be much smaller than those which arise in other ways. 
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